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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
46 ]. This is test number [ 116 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (46 ) | 0.00 (0)
Mathematica | 100.00 ( 46 ) | 0.00 (0)
Fricas | 100.00 (46 ) | 0.00 (0)
Maple 91.30 (42) | 870 (4)
Maxima 78.26 (36) |21.74 (10)
Mupad | 52.17 (24) | 47.83 (22)
Giac 52.17 (24) | 47.83 (22)
Sympy 43.48 (20 ) | 56.52 ( 26 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 52.174 0.000 0.000 47.826
Mathematica 41.304 10.870 0.000 47.826
Maple 13.043 30.435 0.000 96.522
Fricas 4.348 47.826 0.000 47.826
Giac 0.000 4.348 0.000 95.652
Mupad 0.000 4.348 0.000 95.652
Maxima, 0.000 30.435 0.000 69.565
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Maxima, 10 40.00 0.00 60.00

Mupad 22 0.00 100.00 0.00

Giac 22 100.00 0.00 0.00

Sympy 26 92.31 7.69 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.33

Rubi 0.52

Maple 0.66

Sympy 2.53

Maxima 3.43

Giac 4.25
Mathematica 8.27

Mupad 14.01

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 32.35 1.66 19.50 0.97
Mupad 35.08 1.23 24.00 1.20
Giac 63.25 1.40 22.00 1.10
Rubi 180.33 1.00 80.00 1.00
Maple 278.38 1.64 20.00 1.00
Fricas 713.30 2.92 141.00 2.80
Mathematica | 872.39 1.81 95.50 1.10
Maxima 1101.83 28.19 516.00 8.01

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1:

Rubi number of rules

Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{45, 9}[10}[14}[15}[19} 20} 21} 22} 23} 27} [28}[32}[33} 37 [38) |42} |3, |44} |45 [46]}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {[12}[16}[17[41]}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e
2.1.2 Mma. . . . . . e e
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade { [1366,7 5 [1 213, 0/C7 18 24,25 26,29 30,51 54,55 36,59 A0, )
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { (125,075 003, 15 2 25,26, 2950, 51,5 55, 56,1}
B grade {[12)[16,[17,[39%,40] }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {[3[8}[I3[I8 26,31 }

B grade {[1267L1 I3 (107 Z4.23,29, 50,55 i1}
C grade { }

F normal fail {[34,[35,[39}[40] }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { }

B grade { (12335, 2 67 2 252293031 5, 50, B9 AT )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade { }
B grade { (12671013 03161718 B 25,2950}
C grade { }

F normal fail {[3|[8}[26][31] }
F(-1) timedout fail { }

F(-2) exception fail {[34}[35][36,[39,140}[41] }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac
A grade { }

B grade {[13[18}

C grade { }

F normal fail {12356, 1) 2 (16728 25,26, 29,50, 51} 54 3536, B9, A0 1 )
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad
A grade { }
B grade { }
C grade { }
F normal fail { }

F(-1) timedout fail { [12)3)5)7 5.} 12 6 7 24,25 26,29, B0, 5 5% 5,56, B9, 0} T
}

F(-2) exception fail { }

2.1.8 Sympy
A grade { }
B grade { }
C grade { }

F normal fail { [12)B) 67 BT} 12 3} 16} 7 15 24,25 26,29 50} 51 5% 5,50, 59, 0} T
}

F(-1) timedout fail {[21/[44}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 218 756 936 1085 0 0 0
N.S. 1 1.00 0.96 3.33 4.12 4.78 0.00 0.00 0.00
time (sec) N/A 0.428 0.125 1.459 0.432  0.345 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 151 440 516 675 0 0 0
N.S. 1 1.00 0.96 2.80 3.29 4.30 0.00 0.00 0.00
time (sec) N/A 0.360 0.152 1.340 0.400 0.344 0.000 0.000 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 93 87 142 0 343 0 0 0
N.S. 1 1.00 094 1.53 0.00 3.69 0.00 0.00 0.00
time (sec) N/A 0.263 0.062 0.389 0.000  0.330 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 22 20 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 1.22 1.11 1.22
time (sec) N/A 0.197 6.839 0.436 0.540 0302 0.655 0.395 12.767
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 46 20 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 2.56 1.11 1.22
time (sec) N/A 0.200 5.629 0.501 0.593 0.269 2.549 2.127 13.044
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 371 371 329 1517 3403 1887 0 0 0
N.S. 1 1.00 0.89 4.09 9.17 5.09 0.00 0.00 0.00
time (sec) N/A 0.721 2.046 1.705 0.709 0376 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 262 262 232 679 1704 1096 0 0 0
N.S. 1 1.00 0.89 2.59 6.50 4.18 0.00 0.00 0.00
time (sec) N/A 0.555 2.730 1.731 0.465 0.344 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 134 134 123 191 0 525 0 0 0
N.S. 1 1.00 0.92 1.43 0.00 3.92 0.00 0.00 0.00
time (sec) N/A 0.342 1.108 0.418 0.000  0.311 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 507 37 41 22 24
N.S. 1 1.00 1.10 1.00 25.35 1.85 2.05 1.10 1.20
time (sec) N/A 0.228 30.852 0.759 1.029  0.289 1.069 1.342 13.128
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 624 48 76 22 24
N.S. 1 1.00 1.10 1.00 31.20 2.40 3.80 1.10 1.20
time (sec) N/A 0.223 24.751 0.956 1.378  0.282 2.133 29.705 13.161
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 152 216 417 1285 516 0 0 0
N.S. 1 1.00 1.42 2.74 8.45 3.39 0.00 0.00 0.00
time (sec) N/A 0.544 2.107 0.551 0.456  0.296 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 119 119 528 236 377 292 0 0 0

N.S. 1 1.00 4.44 1.98 3.17 2.45 0.00 0.00 0.00
time (sec) N/A 0.456 6.693 0.529  0.426  0.269 0.000 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 104 53 273 99 0 248 79
N.S. 1 1.00 1.55 0.79 4.07 1.48 0.00 3.70 1.18
time (sec) N/A 0.306 1.000 0.463 0314 0291 0.000 0.319 13.613

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 391 27 27 22 24

N.S. 1 1.00 110 100 1955 135 135 110  1.20

time (sec) N/A 0.230 7.803 0.480 0.522 0.245 1.052 0.302 13.254

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 522 51 58 22 24
N.S. 1 1.00 110 100 2610 255 290 110 1.20
time (sec) N/A 0236 6.312 0414 0901 0266 2.118 0566 13.149

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 288 288 1447 810 4283 933 0 0 0

N.S. 1 1.00  5.02 2.81 14.87 3.24 0.00 0.00 0.00
time (sec) N/A 0916 7.953 0.656 1.332  0.304 0.000 0.000 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 229 229 925 453 1035 493 0 0 0

N.S. 1 1.00 4.04 1.98 4.52 2.15 0.00 0.00 0.00

time (sec) N/A 0.705 7.169 0.584 0.781 0.296 0.000 0.000 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 140 172 86 1058 183 0 798 247
N.S. 1 1.00 123 0.61 7.56 1.31 0.00 5.70 1.76

time (sec) N/A 0.400 1.977 0.615 0.356  0.290 0.000 0.565 19.320

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 3956 57 54 22 24
N.S. 1 1.00 110 1.00 197.80 2.85 270 110  1.20
time (sec) N/A 0.232 13.653 0.444 10.617 0.292 1.967 0.315 14.134

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 29
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 4471 99 105 22 24
N.S. 1 1.00 1.10 1.00 223.55 4.95 5.25 1.10 1.20
time (sec) N/A 0.228 15.908 0.440 38.235 0.271 7.338 1.185 14.172
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.20
time (sec) N/A 0.218 1.225 0.323 0.647  0.282 0.000 0.400 13.490
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 24 20 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 1.33 1.11 1.22
time (sec) N/A 0.205 11.379 0.321 0.363 0.280 5.083 0.287 13.550
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.20
time (sec) N/A 0.231 1.219 0.184 0.573 0.268 1.820 0.303 13.379

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 365 756 936 1085 0 0 0
N.S. 1 1.00 1.61 3.33 4.12 4.78 0.00 0.00 0.00
time (sec) N/A 0.442 0.478 1.012 0.423 0336 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 203 440 516 675 0 0 0
N.S. 1 1.00 1.29 2.80 3.29 4.30 0.00 0.00 0.00
time (sec) N/A 0.366 0.252 0.984 0.382 0.324 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 93 104 142 0 343 0 0 0
N.S. 1 1.00 1.12 1.53 0.00 3.69 0.00 0.00 0.00
time (sec) N/A 0.270 0.013  0.296 0.000  0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 15 20 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 0.83 1.11 1.22
time (sec) N/A 0.205 0.995 0.326 0489 0258 0.680 0414 13.145

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 17 20 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 0.94 1.11 1.22
time (sec) N/A 0.202 1.529 0.526 0.519 0.260 2.616 2.205 13.624

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 364 364 646 1489 3267 1823 0 0 0

N.S. 1 1.00 177  4.09 8.98 5.01 0.00 0.00 0.00
time (sec) N/A 0.730 2.593 1.649 0.720 0.375 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 257 356 662 1641 1056 0 0 0

N.S. 1 1.00  1.39 2.58 6.39 4.11 0.00 0.00 0.00

time (sec) N/A 0.549 1541 1.375 0473 0366 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 131 151 190 0 505 0 0 0

N.S. 1 1.00 1.15 1.45 0.00 3.85 0.00 0.00 0.00

time (sec) N/A 0.338 0.547 0.493 0.000 0.325 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 501 36 17 22 24
N.S. 1 1.00 1.10 1.00 25.05 1.80 0.85 1.10 1.20
time (sec) N/A 0.225 46.000 0.936 1.050 0.270 1.017 2.190 13.948

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 618 47 19 22 24
N.S. 1 1.00 1.10 1.00 30.90 2.35 0.95 1.10 1.20
time (sec) N/A 0.221 28.327 0.649 1.459 0.272  2.037 53.580 13.595

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 526 526 449 0 0 2309 0 0 0

N.S. 1 1.00 0.85  0.00 0.00 4.39 0.00 0.00 0.00

time (sec) N/A 1.300 1.442 0.000 0.000  0.516 0.000 0.000 0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 394 394 338 0 0 1625 0 0 0

N.S. 1 1.00  0.86 0.00 0.00 4.12 0.00 0.00 0.00
time (sec) N/A 1.118 1.122 0.000 0.000 0.459 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 33

Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 257 214 516 0 1041 0 0 0

N.S. 1 1.00 0.83 2.01 0.00 4.05 0.00 0.00 0.00

time (sec) N/A 0.744 0.725 0.560 0.000 0.451 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 298 27 17 22 24
N.S. 1 1.00 1.10 1.00 14.90 1.35 0.85 1.10 1.20
time (sec) N/A 0.235 1.743 0.456 0.843 0.265 1.013 0.353 13.376

Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 439 51 19 22 24

N.S. 1 1.00 110 1.00 21.95 255 095 110 1.0

time (sec) N/A 0229 12303 0413 1.331 0278 2025 0.793 13.353

Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F(2) B F F  F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1523 1523 20116 0 0 7008 0 0 0

N.S. 1 1.00 13.21 0.00 0.00 4.60 0.00 0.00 0.00
time (sec) N/A 3.244 22.307 0.000 0.000 0.714  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1117 1117 11147 0 0 4274 0 0 0

N.S. 1 1.00 9.98 0.00 0.00 3.83 0.00 0.00 0.00
time (sec) N/A 2.520 20.077 0.000 0.000 0.638 0.000 0.000 0.000

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 582 582 1037 1289 0 2080 0 0 0

N.S. 1 1.00 1.78 2.21 0.00 3.57 0.00  0.00 0.00
time (sec) N/A 1.422 11.645 0.639  0.000 0.491 0.000 0.000 0.000

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2279 55 19 22 24

N.S. 1 1.00 110 1.00 11395 275 095 110  1.20

time (sec) N/A 0.233 22.663 0.493 13.539 0.291 1916 0.512 16.839

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2918 96 20 22 24
N.S. 1 1.00 110 1.00 14590 4.80 1.00 110  1.20
time (sec) N/A 0.228 41.364 0.394 39.391 0.301 7.220 3.119 17.963

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.20
time (sec) N/A 0.223 2.654 0.434 0.731 0.295 0.000 0.438 14.158
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 17 20 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 0.94 1.11 1.22
time (sec) N/A 0.203 0.662 0.174 0.388 0.285 4.680 0.298 12.978
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.20
time (sec) N/A 0.226 0.883 0.175 0.530 0.256 1.518 0.362 13.157

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [3] had the largest
ratio of [.187500000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade i“:é’; uzi:e antlfaicr;:zlve leaf size integrand leaf size
1] A 3 3 1.00 18 0.167
2 A 3 3 1.00 18 0.167
3| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
6 A 3 3 1.00 20 0.150
7 A 3 3 1.00 20 0.150
8 | A 3 3 1.00 18 0.167
9 | N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
11| A 3 3 1.00 20 0.150
12/ A 3 3 1.00 20 0.150
3[| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
16| A 3 3 1.00 20 0.150
17| A 3 3 1.00 20 0.150
ig| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of numjber of no.rma?lize.d integrand umber of rules
# | grade Sj:f; uzg;e antlljaefrgztwe leaf sige | Mtegrand leaf size
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 20 0.000
24| A 3 3 1.00 18 0.167
25| A 3 3 1.00 18 0.167
26/ A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
29| A 3 3 1.00 20 0.150
30| A 3 3 1.00 20 0.150
31| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
34| A 3 3 1.00 20 0.150
35| A 3 3 1.00 20 0.150
36/ A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
39| A 3 3 1.00 20 0.150
40/ A 3 3 1.00 20 0.150
4| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 20 0.000

2.3. Detailed conclusion table specific for Rubi results
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CHAPTER
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11

3.12
3.13
3.14
3.15

3.16

3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24
3.25
3.26
3.27

[(c+ dz)3(a + asec(e + fz))dz
[(c+ dz)2(a + asec(e + fz)) dz

[(c+dz)(a+ asec(e+ fz))dz .

f %‘(EB"‘M de . ..... ...
a+asec(e+fx)

J T era dz ..o

[(c+ dz)3(a+ asec(e + fr))? dz
[ (c+dz)?(a + asec(e + fx))? da

[(c+dz)(a+ asec(e+ fz))?dz
2
J e g
(a+asec(e+fz))
J T (ckda)? de ... .....

(ct+dz)®
[ sde

(ct+dz)?
[t sdr

+d.
fa-l—a;:(-}c—(:-l-fx)dx .........

f (c+dz) (a+a sec(e+fz))

(c+dz)? (a+a sec(e+fz))

(c—i—dz
f (a—i—asec(e_,_fz))z de . ... .. ..

j‘ (c+dz dr
(atasec(e+fz))2 v = -0
+d.
sl W0

(c+dz)(ata sec(r»z—{-f:;c))2

(C+dz)2(a+a sec(etfz))2 d.’IJ .....
J(c+dz)™(a + asec(e + fz))" dx
[(c+ dz)™(a+ asec(e + fz)) dz

(c+dxz)™
f a+asec(etfz) de ... ... ...

[(c+ dz)3(a + bsec(e + fz))dz .
[(c+ dz)*(a + bsec(e + fz))dz .

[(c+dz)(a+ bsec(e + fz))dz .

a+bsec(e+fz)
f T o+dz de . .. ......
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328 [ W AT oo
329 [(c+dz)*(a+bsecle+ fr))?de . .. ... ... 2001
330 [(c+dz)*(@a+bsecle+ fr))?de . . . . ... 209
331  [(c+dz)(a+bsecle+ fz))?dx. . . . ... 2161
3.32 [ ltbselehfnl gy
3.33 [ledbeet [l gy
334 [ dn L PRY)
335 [ dn L 238
336 [ #&m AT . 247
337 [ e +bsec(e T 250
338 [ rmamm G
339 [t adT 260
340 [ +b:;?:-i)- E AT 263
3.41 m dx ... 276!
3.42 e +bsec(e FaE AT 283
343 [ et T T
344  [(c+dz)™(a+bsec(e+ fr))"dz . . . .. ...
345  [(c+dz)™(a+bsec(e+ fr))dr . .. ... 297
346 [

a+bsec(e+fz)




output
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3.1 [(c+dz)*(a+ asec(e + fz))dz

3.1.1 Optimalresult . . . ... .. .. .. .. 40}
3.1.2 Mathematica [A] (verified) . . . . . ... ... .. oo 41
3.1.3 Rubi [A] (verified) . . . . . ... .. 41
3.1.4 Maple [B] (verified) . ... ... . ... ... 43
3.1.5  Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 43l
3.1.6 Sympy [F] . . . . . 44
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 5]
3.1.8 Giac [F] . . . o 45

3.1.9 Mupad [F(-1)] . . . . o

3.1.1 Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dz)*  2ia(c+ dz)?arctan (ei(e+fm))
4d f
3iad(c + d.’l?)2 PolyLog (2, _Z'ei(e+fac)>
+
IZ
3iad(c + dz)? PolyLog (2, ie"¢+/2))
_ 7
6ad?(c + dz) PolyLog (3, —iei(t/2))
_ "
6ad?(c + dz) PolyLog (3, ie'**/2))
_|_
73
6iad® PolyLog (4, —ie'(c+f))
_ i
6iad® PolyLog (4, ie'+/2))
Iz

/(c +dz)*(a + asec(e + fz)) dzx =

1/4x*ax (d*x+c) ~4/d-2*I*a*(d*x+c) “3*arctan(exp (I*(f*x+e))) /f+3*xI*xaxd* (d*x+c)
~2*polylog(2,-Ixexp(I*(f*x+e)))/£72-3xI*a*xd* (d*x+c) “2*polylog(2,I*xexp (I*(£f
xx+e))) /f72-6%a*xd”~2* (d*x+c) *polylog(3,-I*exp (I*(f*x+e))) /£~ 3+6%a*xd 2% (d*x+
c)*polylog(3,I*xexp(I*(f*x+e)))/f"3-6*I*a*d"3*polylog(4,-I*exp(I*(f*xx+e)))/
£74+6*I*axd~3*polylog(4,I*exp(I*(f*x+e)))/f"4

31.  [(c+dz)*(a+asec(e+ fz))dx




input

output
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3.1.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 218, normalized size of antiderivative = 0.96

dx)? 2i(c+d 3 t i(e+fx)
/(c—|— dz)*(a + asec(e + fz))dz = a (c+de)t  2ifc+ dv)’arctan (e )
4d 7
N 3id(f*(c + dz)? PolyLog (2, —ie“*/*)) + 2idf (c + dz) PolyLog (3, —ie'**/*)) — 2d? PolyLog (4, —ie®
7
N 3d(—if?(c + dz)? PolyLog (2,i€"“*/®)) + 2d( f(c + dz) PolyLog (3, ie*/2)) + id PolyLog (4, te‘**/®
Iz
[Integrate[(c + d*x)"3*(a + axSecl[e + f*xx]),x] J

ax((c + d*x)~4/(4*d) - ((2*I)*(c + d*x) "3*ArcTan[E~(I*(e + £xx))])/f + ((3
*I)*xd* (£72*(c + d*x) "2*PolyLog[2, (-I)*E~(I*(e + f*x))] + (2xI)*d*fx(c + d
*x) *PolyLog[3, (-I)*E~(Ix(e + f*x))] - 2*d"2xPolyLogl[4, (-I)*E~(I*(e + f*x
ND)/£74 + (3xd*((-I)*£~2*(c + d*x) ~2xPolyLog[2, I*E~(I*(e + f*x))] + 2+d
*(fx(c + d*x)*PolyLog[3, I*E~(I*(e + fx*x))] + I*d*PolyLogl[4, I*E~(I*(e + £
*x))1)))/£74)

3.1.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used — 3, Mumber of rules _ ( 157 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(asec(e + fz) + a) dz
| 3042

/(c+d:c)3 (acsc (e + fo + g) +a> dx
| 4678
/ (a(c+ dz)*sec(e + fz) + a(c + dz)?) dz

l 2009

31.  [(c+dz)*(a+asec(e+ fz))dx
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2ia(c + dz)® arctan (/7)) 6ad?(c + dz) PolyLog (3, —iei(¢+/2))

) f - f3
6ad?(c + dz) PolyLog (3, iet(¢*/2)) N 3iad(c + dz)? PolyLog (2, —iei(¢+f2))

3 72
3iad(c + dz)? PolyLog (2, ie'(¢*/2)) N a(c+dz)*  6iad> PolyLog (4, —iei(¢+f2)) N

f2 4d f4
6iad> PolyLog (4, ie’(c+/2))
Iz

+

inputLInt[(c + d*x)"3*%(a + a*Secl[e + f*x]),x]

output | (ax(c + d*x)~4)/(4xd) - ((2*I)*ax(c + d*x) 3*xArcTan[E~(I*(e + f*x))])/f +
((3*I)*axd*(c + d*x) 2*PolyLog[2, (-I)*E~(I*(e + £*x))])/£72 - ((3*I)*a*xd*
(c + d*x)~2+PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (6%axd~2*(c + d*x)*PolyLo
gl3, (-I)*E~(I*(e + £*x))])/f"3 + (6%axd~2x(c + d*x)*PolyLog[3, I*E~(I*(e
+ £*x))]1)/£73 - ((6%I)*axd”~3*PolyLogl[4, (-I)*E~(I*(e + f*x))])/f"4 + ((6*I
)*a*xd~3*xPolyLog[4, I*E~(Ix(e + f*x))])/f~4

3.1.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 Int[(cscl[(e_.) + (£_.)*(x_)]1*(b_.) + (a_))~(n_.)*((c_.) + (d_.)*(=x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

31.  [(c+dz)*(a+asec(e+ fz))dx
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3.1.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 755 vs. 2(200) = 400.

Time = 1.46 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

. 6a d3 polylog(3,iei(fz+e))x 2ia d3e3 arctan(ei(fz"'e)) 3ae2cd? 1n(1+iei<fw+e)) 3a dzcln(l—ie“f“‘”"'e))w2 3ac?dIn
risch 3 + 1 3
f f f f
inputLint((d*x+c)“3*(a+a*sec(f*x+e)),x,method=_RETURNVERBOSE) J

output | axd~2*c*x~3+3/2*a*xd*c”2*xx"2+a*c"3*x+6/f " 3*xa*d~3*polylog (3, I*xexp (I* (f*x+e))
)*x+1/f 4*a*xe"3*%d"3*1n(1-I*exp (I*(f*x+e)))-1/f*a*d~3*1n(1+I*exp (I* (f*x+e))
)*x~3+1/f*a*d~3%1n(1-I*exp(I*(f*x+e)))*x"3-6/f"3*a*xd"3*polylog(3,-I*exp(Ix*
(f*x+e)) ) *x+6/f " 3*%a*d~2*c*polylog (3, I*exp (I*(f*x+e)))-1/f 4*a*e"3*xd"3*1n(1
+I*xexp (I*(f*x+e)))-6/f"3*a*d"2xcxpolylog(3,-Ixexp(I*(f*x+e)))-2+I/f*a*xc”3*
arctan(exp (I*(f*x+e)))+1/4*a*d”~3*x~4+1/4*a/d*c”4-6xI*a*d"3*polylog(4,-I*ex
p(I*(f*x+e)))/f~4+2+1/f 4xa*d"3*e 3*arctan (exp(I* (fxx+e)))-6*I/f 3*axc*d 2
xe~2*arctan (exp (I* (fxx+e)))+6*I/f " 2xaxc~2*d*exarctan(exp (I*(f*x+e)))+6xI1/f
“2%axd~2*c*polylog(2,-I*exp (I*(f*x+e)))*x-6%I/f 2%a*d~2*c*polylog(2, I*exp(
Ik (f*x+e)) ) *x+3/f " 3*kaxe”2%c*kd™2x1n (1+I*exp (I* (£xx+e)))+3/f*axd~2*c*1ln(1-I*
exp (Ix(fxx+e)))*x~2+3/f*a*c”2+d*1n(1-I*exp (I* (f*x+e)) ) *x+3/f 2*a*c”2*d*1n(
1-I*xexp (I*(f*x+e)))*e—-3/f*a*c”2xd*1n(1+I*exp (I*(f*x+e)))*x-3/f " 2*a*c~2xd*1
n(1+I*xexp (I*(f*x+e)))*e-3/f*a*d 2xc*1n(1+I*xexp(I*(f*x+e)))*x"2-3/f 3*a*xe”2
*xc*d~2*%1n(1-Ixexp (I* (f*x+e)))-3*I/f " 2%a*xd~3*polylog(2, I*xexp (I* (f*x+e)))*x"
2+3*%I/f~2*%a*d"3*polylog(2,-I*exp (I*(f*x+e)))*x"2-3%I/f 2*a*c”2*d*polylog(2
, Ixexp (I (f*x+e)))+3*I/f"2xaxc~2*d*polylog(2,-I*exp (I*(f*x+e)))+6*I*axd 3
polylog(4,I*xexp(I*(f*x+e)))/f~4

3.1.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.35 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c + dz)?(a + asec(e + fx)) dz = Too large to display

input‘integrate((d*x+c)“3*(a+a*sec(f*x+e)),x, algorithm="fricas")

31.  [(c+dz)*(a+asec(e+ fz))dx



output

input

output
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1/4% (a*d~3*xf74%x"4 + 4¥axcxd™2+f74*x"3 + Gkaxc 2xd*f"4*xx"2 + 4xaxc”3*kf"4xx
+ 12xIxa*d”~3*polylog(4, I*cos(f*x + e) + sin(f*x + e)) + 12kIxaxd”3*polyl
og(4, I*cos(f*x + e) - sin(f*x + e)) - 12xI*axd~3*polylog(4, -Ixcos(f*x +
e) + sin(f*x + e)) - 12*Ikxa*d~3*polylog(4, -I*cos(f*x + e) - sin(f*x + e))
- 6% (I*xaxd~3*f72%x"2 + 2%I*a*xc*d~2*f 2*x + I*a*xc~2*d*f~2)*dilog(I*cos(f*x
+ e) + sin(f*x + e)) - 6*%(I*xaxd~3*f72%x"2 + 2xI*axc*d~2*f~2%x + I*a*xc™2*d
*f"2)xdilog(I*xcos(f*x + e) - sin(f*x + e)) - 6% (-I*axd"3*f"2%xx"2 - 2xIxa*c
*q"2*f"2xx — I*kaxc™2*d*f~2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6% (-Ix
a*d"3*xf72xx"2 - 2xIkakxc*d " 2xf 2*x - Ixaxc 2+d*f~2)*dilog(-I*cos(f*x + e) -
sin(f*x + e)) - 2x(axd"3xe”3 - 3*axckd 2xe”2xf + 3xakxc 2xdkexf"2 - a*c” 3
f73)*log(cos(f*x + e) + Ixsin(f*x + e) + I) + 2x(a*xd"3*e”3 - 3*a*xc*kd 2xe”2
*f + 3xaxc”2xdxexf~2 - axc”3xf"3)*log(cos(f*x + e) - I*sin(f*x + e) + I) +
2% (a*xd”~3*f"3*x"3 + 3kaxckd"2*f73*x"2 + 3*akc”2xd*f"3*x + a*d"3*e”3 - 3xa*
cxd"2xe"2*f + 3xakxc”2xdxe*f~2)*log(I*cos(f*x + e) + sin(f*x + e) + 1) - 2%
(a*d~3*£73%x"3 + 3xakckxd"2*xf"3*x"2 + 3kaxc 2xd*f"3*x + a*xd"3*e”3 - 3kaxc*d
“2xe"2xf + 3xaxc”2xdxexf~2)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x*(ax
d"3*£73*%x"3 + 3*kakckd"2xf"3*x"2 + 3*axc 2xd*f"3%x + axd"3%e”3 - 3xaxc*xd"2*
e"2xf + 3kaxc 2xd*exf~2)*log(-Ixcos(f*x + e) + sin(f*x + e) + 1) - 2%x(axd”
3*f73%x73 + 3*axcxd 2*xf"3*%x"2 + 3JkakxcT2xd*f"3*x + axd"3*%e”3 - 3*akckd 2*e”
2*f + 3xaxc”"2+dxexf~2)*xlog(-I*cos(f*x + e) - sin(f*x + e) + 1) - 2x(axd...

3.1.6 Sympy [F]

/(c+dx)3(a—|—asec(e+fx)) dx=a</c3dx—|—/c3sec(e—|—fx) dx+/d3x3dm

+/3Cd2$2 da:+/3c2da:dx+/d3z3 sec (e + fx)dx

+ / 3cd*z? sec (e + fz)dz + / 3cdz sec (e + fx) dx)

p

Lintegrate((d*x+c)**3*(a+a*sec(f*x+e)),X)

-/

(a*(Integral(c**B, x) + Integral(c**3*sec(e + f*x), x) + Integral (d**3*x**3
, X) + Integral(3*c*d**2*x**2, x) + Integral (3*c**2*d*x, x) + Integral (d**
‘3*x**3*sec(e + f*x), x) + Integral (3*cxd**2xx**2xsec(e + f*x), x) + Integr
|al(3xck*2xdxx*sec(e + £*x), X))

S

31.  [(c+dz)*(a+asec(e+ fz))dx
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3.1.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.43 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c +dz)3(a + asec(e + fz)) dx = Too large to display

p
inputLintegrate((d*x+c)“3*(a+a*sec(f*x+e)),x, algorithm="maxima")

~—

output | 1/4*%(4x(f*x + e)*axc™3 + (f*x + e) 4*axd~3/f"3 - 4x(f*x + e) 3*xaxd"3*e/f"3
+ 6% (f*x + e) 2xaxd"3xe"2/f"3 - 4*(f*x + e)*axd"3xe"3/f"3 + 4*x(f*x + e)”3
*axcxkd~2/f72 — 12k (f*x + e) "2%axcxd"2xe/f"2 + 12%(f*x + e)*axcxd"2xe~2/f"2
+ 6% (£xx + e) 2%axc”2xd/f - 12+ (f*x + e)*axc”2xd*e/f + 4xaxc”3xlog(sec(f*
x + e) + tan(f*x + e)) - 4xaxd”~3xe”3xlog(sec(f*x + e) + tan(f*x + e))/f"3

+ 12xakxc*d"2xe"2*xlog(sec(f*x + e) + tan(f*x + e))/f72 - 12*a*c”2xd*e*xlog(s
ec(f*x + e) + tan(f*x + e))/f + 2x(12+I*a*d"3*polylog(4, I*e~(Ixf*x + I*e)
) - 12+Ixa*d"3*polylog(4, -Ixe” (I*f*x + Ixe)) - 2*%(I*(f*x + e) 3xa*d”3 + 3
*(-I*a*xd~3*e + Ikakxcxd™2+f)*(f*x + e) 2 + 3*(I*xa*d"3*e”2 - 2kI*axckd 2xexf
+ Ixaxc™2xd*xf~2)*(f*x + e))*arctan2(cos(f*x + e), sin(fxx + e) + 1) - 2x(
Ix(fxx + e) " 3*axd”"3 + 3*(-I*a*d"3xe + Ixaxckxd"2*f)*(f*x + e)"2 + 3x(I*xaxd”
3ke"2 - 2*I*akxckxd 2*e*xf + Ixa*xc ™ 2xd*xf~2)*(f*x + e))*arctan2(cos(f*x + e),

-sin(f*x + e) + 1) — 6x(I*(f*x + e) 2%a*d™3 + I*axd"3*e”2 - 2*I*a*c*xd 2*xex
f + Ikaxc™2*d*f~2 + 2% (-I*axd"3*e + Ikakxcxd 2*f)*(f*x + e))*dilog(I*xe” (I*f
*x + I*e)) - 6x(-Ix(f*x + e) 2*a*d~3 - I*a*d~3*e~2 + 2*I*axckd 2kexf - I*a
*xCcT2%d*f72 + 2% (I*a*d"3xe - I*a*xcxd™2*xf)*(fxx + e))*dilog(-Ixe” (Ixf*xx + Ix
e)) + ((fxx + e) 3*a*d™3 - 3*x(a*d"3*e - axcxd™2*f)*(f*x + e)~2 + 3*(a*xd"3*
€72 - 2xaxckd”2%exf + axc"2xd*f"2)*(f*x + e))*log(cos(f*x + e)"2 + sin(f*x
+ e)”2 + 2xsin(f*x + e) + 1) - ((f*x + e) 3*axd™3 - 3x(a*d"3*e - axcxd 2%
f)*x(f*x + e)”2 + 3*k(axd™3*e”2 - 2kaxckd 2xe*xf + akc 2xd*xf"2)*x(f*x + e))...

3.1.8 Giac [F]

/(c+dx)3(a+asec(e+fa:))dz = /(dx+c)3(asec (fx+e)+a)de

-

input  integrate((d*x+c) “3*(ata*sec(f*x+e)),x, algorithm="giac")

N

output integrate((d*x + c)“3x(axsec(f*x + e) + a), x)

31.  [(c+dz)*(a+asec(e+ fz))dx
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3.1.9 Mupad [F(-1)]

Timed out.

/(c+dx)3(a+asec(e+fx))dx = / (a—i—

(c+dz)’dz

input Lint((a + a/cos(e + f*x))*(c + d*x)~3,x)

output Lint((a + a/cos(e + f*xx))*(c + d*x)~3, x)

31.  [(c+dz)*(a+asec(e+ fz))dx
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3.2 [(c+dz)*(a+ asec(e + fz))dz

3.2.1 Optimalresult . . . ... .. . .. . 4T
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 43
3.2.3 Rubi [A] (verified) . . . .. ... . 43
3.24 Maple [B] (verified) . ... ... . ... .. 49
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... 50
3.2.6 Sympy [F] . . . . . b1l
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 52
328 Giac [F] . . . 52
3.29 Mupad [F(-1)] . . . . o 53

3.2.1 Optimal result

Integrand size = 18, antiderivative size = 157

/(c +dz)?*(a + asec(e + fz)) dzx =

a(c+dz)®  2ia(c+ dz)?arctan (ei(e+fm))
3d f

2iad(c + dz) PolyLog (2, —ie'(t/2))

+
72

2iad(c + dz) PolyLog (2, ie'*/2))
_ 7

2ad? PolyLog (3, —ie'(ct/2))
_ 5

2ad? PolyLog (3, ie'**/2))

3

output(1/3*a*(d*x+c)‘3/d—2*I*a*(d*x+c)‘2*arctan(exp(I*(f*x+e)))/f+2*I*a*d*(d*x+c)
‘*polylog(2,—I*exp(I*(f*x+e)))/f“2—2*I*a*d*(d*x+c)*polylog(2,I*exp(I*(f*x+e
‘)))/f”2-2*a*d”2*polylog(3,—I*exp(I*(f*x+e)))/f“3+2*a*d“2*polylog(3,I*exp(I
*(£xx+e)))/£73

| —

3.2.

[(c+ dz)*(a + asec(e + fz))dz
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3.2.2 Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.96

/(c +dz)*(a+ asec(e + fz)) dzx

((c +dz)®  2i(c+ dr)?arctan (/)
=a

3d f
N 2id(f(c + dz) PolyLog (2, —ie**f2)) + id PolyLog (3, —ie"¢+/®)))
73
2d(—if(c + dz) PolyLog (2,ie"“*/®)) + d PolyLog (3, ie'(c*/2)))
input LIntegrate [(c + dxx)"2*%(a + a*Sec[e + f*x]),x] \J

output‘a*((c + d*x)~3/(3%d) - ((2%I)*(c + d*x) 2xArcTan[E~(Ix(e + f*x))])/f + ((2
‘*I)*d*(f*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + f*x))] + I*d*PolyLog[3, (-I)*
\E“(I*(e + £xx))1))/£73 + (2xd*((-I)*fx(c + d*x)*PolyLog[2, I*E~(I*(e + f*x
‘))] + dxPolyLog[3, I*E~(Ix(e + £*x))]1))/£73)

3.2.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ¢ 157 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)*(asec(e + fz) + a) dz
| 3042

/(C+d§£‘)2 (acsc (e + fo + g) +a> dx
| 4678
/ (a(c+ dz)?sec(e + fz) + a(c + dz)?) dz

l 2009

32.  [(c+dz)*(a+asec(e+ fz))dx
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2ia(c + dr)? arctan (ei(c+/)) N 2iad(c + dz) PolyLog (2, —ie!(c+/2))

f f?
2iad(c + dz) PolyLog (2, iei(e+fw)) + a(c+ dx)3 2ad? PolyLog (3, —iei(e"'f”)) +
12 3d f3
2ad? PolyLog (3, ie*(¢+/2))
13
input LInt [(c + d*x)~2*(a + axSec[e + f*x]),x] J

( N

(ax(c + d*x)"3)/(3*d) - ((2*I)*a*x(c + d*x) 2xArcTan[E~(I*(e + f*x))])/f +
‘((2*1)*a*d*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + £*x))]1)/£f72 - ((2*I)*axd*(c
‘ + d*x)*PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (2*%a*d~2*PolyLogl[3, (-I)*E~(I
L*(e + £xx))])/£73 + (2*a*d"2xPolyLog[3, I*E~(Ix(e + f*x))]1)/£f"3

output

~

3.2.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.2.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 439 vs. 2(138) = 276.

Time = 1.34 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

. 2d2 In (1—iet(fzte) 2acd In (1—iei(fzte) 2a d? polylog(3,ie(fz+e)
risch ad§m3 + adc:z:2 + aczz + ag_f; __ae n( f31,e ) ac n( fz2e )e + a poyoii(3 Jie )
input Lint ((d*x+c) ~2*(a+a*sec(f*x+e)) ,x,method=_RETURNVERBOSE) J

32.  [(c+dz)*(a+asec(e+ fz))dx
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output | 1/3%a*d~2*x"3+a*d*c*x~2+a*c”2*x+1/3%a/d*c”~3-1/f " 3*%a*e"2*d"2*1n (1-I*exp (I*(
fxx+e)))+2/f"2xaxc*d*1n(1-I*xexp (I* (f*x+e)))*e+2xa*d~2xpolylog(3,I*xexp (I* (£
xx+e))) /£73+2/fxa*cxd*1n(1-I*exp (I* (f*x+e))) *x+2xI/f"2*a*c*d*polylog(2,-I*
exp (Ix(fxx+e)))+2*I/f"2xa*d~2+polylog(2,-I*exp(I* (f*x+e)) ) *x+4*I/f " 2*xa*xc*d
xexarctan (exp (I*(fxx+e)))-2*%I/f"3*a*d 2xe"2*arctan(exp (I*(f*x+e)))+1/£"3*a
*xe”2%d"2x1n (1+I*exp (I* (f*x+e)))-2*a*d~2*xpolylog(3,-I*exp(I*(f*x+e)))/£73-2
*I/f~2xaxcxd*polylog(2, I*xexp (I*(f*x+e)))+1/f*a*d~2*1n(1-I*exp(I*(f*x+e)))*
x"2-1/f*axd"2x1n(1+I*exp (I* (f*x+e)))*x"2-2*I/f*a*c 2*arctan (exp (I*(f*x+e))
)-2/fxa*c*d*1n(1+Ixexp (I* (fxx+e)) ) *x-2/f " 2*axc*d*1ln(1+I*exp (I* (fxx+e)))*xe-
2+I/f"~2*a*d~2*polylog (2, I*exp (I*(f*x+e)))*x

3.2.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.34 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

/(c +dz)?(a+ asec(e + fz)) dx
_ 2ad?f3z® + 6 acdf*z® + 6 ac’ f3x — 6 ad*polylog(3,i cos (fz + €) + sin (fz + e)) + 6 ad’polylog(3, i cos

inputLintegrate((d*x+c)‘2*(a+a*sec(f*x+e)),X, algorithm="fricas") J

32.  [(c+dz)*(a+asec(e+ fz))dx
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output | 1/6% (2%a*d~2*xf"3%x"3 + 6*akxckd*f~3*x"2 + 6*akxc”2xf"3*x - 6xa*xd"2*polylog(3
, Ikcos(f*x + e) + sin(f*x + e)) + 6xa*d"2*polylog(3, I*cos(f*x + e) - sin
(f*x + e)) - 6*a*d”2*polylog(3, -I*cos(f*x + e) + sin(fxx + e)) + 6*xaxd™2x
polylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*axd 2*f*x + Ikakckxd*f)*d
ilog(I*cos(f*x + e) + sin(f*x + e)) - 6*%(I*a*xd 2*f*x + I*a*c*d*f)*dilog(I*
cos(f*x + e) - sin(f*x + e)) - 6*%(-Ixa*d"2xf*x — I*axcxd*f)*dilog(-I*cos(f
*x + e) + sin(f*x + e)) - 6x(-I*axd 2xf*x - Ixaxckd*f)*dilog(-I*cos(f*x +
e) - sin(fx*x + e)) + 3x(axd™2*e”2 - 2xaxckd¥exf + axc~2xf"2)*log(cos(f*x +
e) + I*sin(f*x + e) + I) - 3%(a*d™2xe”2 - 2%axcxd*exf + axc”2*f~2)*log(co
s(f*x + e) - Iksin(fxx + e) + I) + 3*(axd™2%f"2%x"2 + 2xakxckd*f™2xx - a*xd”
2%e”2 + 2*xakxckxdxexf)*xlog(I*cos(f*x + e) + sin(f*x + e) + 1) - 3*(a*d™2xf"2
*X"2 + 2xaxckd*f"2xx - akd"2xe”2 + 2xakckdxexf)*log(I*cos(f*x + e) - sin(f
*x + e) + 1) + 3x(a*xd™2xf"2%x"2 + 2kakckd*f"2%x - axd"2*e”2 + 2xaxckdxexf)
*xlog(-I*cos(f*x + e) + sin(f*x + e) + 1) - 3x(axd"2*f72*x"2 + 2kaxckxd*f 2%
X - axd"2xe”2 + 2xaxcxdxexf)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3x(
axd~2%e”2 - 2xakckdxexf + axc”2+f"2)*log(-cos(f*x + e) + I*sin(f*x + e) +
I) - 3x(a*d™2%e”2 - 2%akckd*exf + axc™2*xf~2)*log(-cos(f*x + e) - I*sin(f*x
+e) + I))/f3

N

3.2.6 Sympy [F]

/(c+dz)2(a+asec(e—l—fx)) dx=a(/c2dz+/c2sec(e+fx) dx+/d2z2dz
+/2cdaz:dav+/d23c2 sec (e + fz)dz

+ / 2cdz sec (e + fx) dx)

inputLintegrate((d*x+c)**2*(a+a*sec(f*x+e)),x)

7

output

ax(Integral(c**2, x) + Integral(c**2*sec(e + f*x), x) + Integral (d**2*x**2
, x) + Integral(2*c*d*x, x) + Integral(d*x2*x*x2*sec(e + f*x), x) + Integr
al(2*c*d*x*sec(e + f*x), x))

N

32.  [(c+dz)*(a+asec(e+ fz))dx




inputLintegrate((d*x+c)“2*(a+a*sec(f*x+e)),x, algorithm="maxima")

output

input Lintegrate ((d*x+c) ~“2x(ataxsec(f*x+e)) ,x, algorithm="giac")

output

-
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3.2.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.40 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a + asec(e + fz))dx

+

2 (wa;g)sadz — 8Uztefad’e | 6(fote)ade? + 6 ac?log (sec (fz +

6 (fz+e)2acd __ 12(fz+te)acde
f? f? f f

_6(fx+e)ac2+

~—

1/6% (6% (f*x + e)*axc™2 + 2% (f*x + e) 3xa*d™2/£f72 - 6*(f*x + e) 2*xa*xd™2*e/f
"2 + 6x(f*x + e)*a*xd"2%e”2/f72 + 6x(f*x + e) 2¥akckxd/f - 12x(f*x + e)*axcx
dxe/f + 6xaxc”2xlog(sec(f*x + e) + tan(f*x + e)) + 6xa*d”2*e"2xlog(sec(f*x
+ e) + tan(f*xx + e))/f72 - 12xa*xcxd*exlog(sec(f*x + e) + tan(f*x + e))/f
+ 3% (4xa*d~2xpolylog(3, Ixe~(Ixfxx + Ike)) - 4*axd~2+polylog(3, -Ixe” (Ixf*
x + Ixe)) - 2x(I*(fxx + e) 2%a*d™2 + 2k (-I*a*d"2%e + Ikxaxckd*f)*(fxx + e))
*arctan2(cos(f*x + e), sin(f*x + e) + 1) - 2% (I*x(f*x + e) " 2*%a*xd"2 + 2x(-Ix*
axd~2%e + Ixakxcxd*f)*(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) -
4x(Ix(f*x + e)*a*xd™2 - Ixa*d"2*xe + I*axcxd*f)*dilog(Ixe” (Ixf*x + Ixe)) -
4x(-I*x(f*x + e)*axd™2 + I*axd"2%e - Ixakckd*f)*dilog(-Ixe” (I*f*x + Ixe)) +
((fxx + e)"2*axd~2 - 2*(a*d™2*e - akckxd*f)*(f*x + e))*log(cos(f*x + e)~2
+ sin(f*x + e)72 + 2#sin(f*x + e) + 1) - ((f*x + e)"2%axd™2 - 2*(a*d"2*e -
axcxd*f) *(f*x + e))*log(cos(f*x + e)~2 + sin(fxx + e)”2 - 2xsin(f*x + e)

+ 1))/£72) /£

N

3.2.8 Giac [F]

/(c+dx)2(a+asec(e+fx))dz = /(d:c+c)2(asec (fz+e)+a)de

~—

J

integrate((d*x + c)~2*(axsec(f*x + e) + a), x)

32.  [(c+dz)*(a+asec(e+ fz))dx
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3.2.9 Mupad [F(-1)]

Timed out.

/(c+dx)2(a+asec(e+fx))dx = / (a—i—

(c+dz)’dzx

input Lint((a + a/cos(e + f*x))*(c + d*x)~2,x)

output Lint((a + a/cos(e + f*xx))*(c + d*x)~2, x)

32.  [(c+dz)*(a+asec(e+ fz))dx
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3.3 [(c+dx)(a+ asec(e + fz))dz

3.3.1 Optimalresult . .. ... .. .. .. . 54
3.3.2 Mathematica [A] (verified) . . . . . .. ... ... oo HY!
3.3.3 Rubi [A] (verified) . . . .. ... .. 5%
3.34 Maple [A] (verified) . ... ... . ... .. 50
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. by
3.3.6 Sympy [F] . . . . . 57
337 Maxima [F] . . ... .. bY
338 Giac [F] . . . bY
3.39 Mupad [F(-1)] . . . o o bY

3.3.1 Optimal result

Integrand size = 16, antiderivative size = 93

a(c+dzx)? 2ia(c+ dz)arctan (ei(e+fx))
2d f
iad PolyLog (2, —ie'¢+/®))
+
72
iad PolyLog (2, z‘ei(6+fx))
_ 7

/(c + dz)(a + asec(e + fz))dz =

e N

1/2%ax* (d*x+c) "2/d-2*I*a*(d*x+c)*arctan(exp (I*(f*x+e))) /f+I*a*xd*polylog(2,-
‘I*exp(I*(f*x+e)))/f“2—I*a*d*polylog(2,I*exp(I*(f*x+e)))/f‘2 J

output

3.3.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.94

/(c +dz)(a + asec(e + fz)) dz

_a(f(fz(2c+ dz) — 4i(c+ dx) arctan (e"“*/™)) + 2id PolyLog (2, —ie’**/®)) — 2id PolyLog (2, ie’**/®)
= 27

input LIntegrate[(c + d*x)*(a + a*Sec[e + f*x]),x] J

33.  [(c+dz)(a+ asec(e+ fz))dz



output‘ (ax (f*(f*xx*x(2%c + d*x) - (4*I)*(c + d*x)*ArcTan[E~(I*(e + f*x))]) + (2*I)x*

Output‘/(a*(c + d*x)~2)/(2%d) - ((2*%I)*a*x(c + d*x)*ArcTan[E~(Ix(e + f*x))])/f + (I
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‘d*PolyLog[2, (-I)*#E~(I*x(e + £*x))] - (2xI)*d*PolyLogl[2, I*E~(Ix(e + f*x))]
)/ (2%£72)

3.3.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 198 Ryjles used = {3042,
integrand size
4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c + dz)(asec(e + fz) + a) dx
| 3042
/(c+ dz) (acsc (e +fz+ g) +a> dz
| 4678

/(a(c + dz)sec(e + fz) + a(c+ dz))dx

| 2009
2ia(c + dz) arctan (ei(e+fx)) a(c+ dx)? N iad PolyLog (2, —iei(e+f“))
f 2d f?
iad PolyLog (2, ieX(¢+/2))
12

N

—

Int[(c + d*x)*(a + a*Sec[e + f*x]),x]

——

‘*a*d*PolyLog[Q, (-I)*E"(I*(e + £*x))])/£f"2 - (I*a*d*PolyLog[2, I*E~(I*(e +
£xx))1)/£72

~

33.  [(c+dz)(a+ asec(e+ fz))dz
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3.3.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a )) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bx*Cscle + f#*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.3.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
<d((fm+e)1n(1+aﬂ(fw+f))+(fz+e)1n(1ig(fw+e>)+idﬂog(1+ie«fz+e))id“og(liexfz+f))
f
1 2
parts a(idz -I-wc) + -
— et (fr+e) _i(fzte)\ ;g
_ adeln(sec(fz+e)+tan(fz+e)) ad( (fz+e) ln(1+ze1 )+(fac+e) ln(l ie >+zdllo;
derivativedivides | = In(sec(fote) Hian(fote)) ki * 7 i
acln(sec(fa+e)+tan(fz+e))— ade 1n(sec(fm+;)+tan(fm+e)) " lld(*(fz+e) In (1+iei(fz+e) ) +(fz+e) 1n(1,iei(fz;-e) ) +4 diloy
default
f
i adz? _ 2iacarctan(e'fte))  adln(14ie!/=+))z  adln(14ie’f7F))e adln(1—ieifate))g
risch -+ azc ; : i n .
input Lint ((d*x+c)* (ata*xsec(f*x+e)) ,x,method=_RETURNVERBOSE) J

output | ax(1/2+d*x"2+x*c)+a/f# (1/£4d* (- (£4x+e)¥1n(1+Ixexp (I* (f4x+e)))+(f*x+e)*1n(1 |
‘—I*exp(I*(f*x+e)))+I*dilog(1+I*exp(I*(f*x+e)))—I*dilog(l—I*exp(I*(f*x+e)))
‘ )+c*1n(sec(f*x+e)+tan(f*x+e))-e/f*d*1n(sec(f*x+e)+tan(f*x+e))) ‘

33.  [(c+dz)(a+ asec(e+ fz))dz
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3.3.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.33 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c+dx)(a+asec(e+ fz))dz
_ad 222 4+ 2 acf?x — i adLis(i cos (fz + e) + sin (fr + €)) — i adLiy(i cos (fz + e) — sin (fz + €)) + i adl

s

input Lintegrate ((d*x+c)*(ata*sec(f*x+e)),x, algorithm="fricas")

—/

output | 1/2% (a*d*f~2*x"2 + 2%axc*f~2*x - I*a*dxdilog(I*cos(f*x + e) + sin(f*x + e)
) - Ixaxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*a*xd*dilog(-I*cos(f*x +

e) + sin(f*x + e)) + I*a*xdxdilog(-I*cos(f*x + e) - sin(f*x + e)) - (axd*e

- axc*f)*log(cos(f*x + e) + Ixsin(f*x + e) + I) + (axd*e - axcxf)*log(cos(
f*x + e) - Ixsin(f*x + e) + I) + (axdxf*x + axdxe)*log(I*cos(f*x + e) + si
n(f*x + e) + 1) - (axd*f*x + axd*e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1)
+ (a*dxf*x + akxdxe)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (axd*f*x +

axdxe)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) - (a*d*e - a*c*f)*log(-cos(
fxx + e) + I*sin(f*x + e) + I) + (axd*e - axc*f)*log(-cos(f*x + e) - I*sin
(f*x + e) + I))/f"2

3.3.6 Sympy [F]

/(c+d:c)(a+asec(e+fx))dz:a(/cdw+/csec(e+fa:)dm+/d:cdx
+/d:csec (e+ fzx) dx)

input ‘ integrate ((d*x+c)*(at+axsec(f*x+e)) ,x) ‘

p
output‘a*(Integral(c, x) + Integral(c*sec(e + f*x), x) + Integral(d*x, x) + Integ
‘ral(d*x*sec(e + f*x), x)) ‘

33.  [(c+dz)(a+ asec(e+ fz))dz
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3.3.7 Maxima [F]

/(c—i—dx)(a—i—asec(e—l—fa:))dz = /(dm+c)(asec (fz+e)+a)dz

inputLintegrate((d*x+c)*(a+a*sec(f*x+e)),x, algorithm="maxima")

output | 1/2* (a*d*f*x~2 + 2%axcxf*x + 4xaxdxf*integrate((x*cos(2*f*x + 2%e)*cos(f*x
+ e) + x*sin(2*fxx + 2xe)*sin(f*x + e) + x*cos(f*x + e))/(cos(2*f*x + 2%e
)72 + sin(2*f*x + 2%e)”2 + 2xcos(2*f*x + 2*e) + 1), x) + axcxlog(cos(f*x +
e)”2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - axc*log(cos(f*x + e)”2 + si
n(f*xx + e)”2 - 2*sin(f*x + e) + 1))/f

3.3.8 Giac [F]

/(c+dx)(a+asec(e+fm)) dx = /(da:+c)(asec (fr+e)+a)dz

inputLintegrate((d*x+c)*(a+a*sec(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)*(akxsec(f*x + e) + a), x)

3.3.9 Mupad [F(-1)]

Timed out.

/(c+dz)(a+asec(e+fx))dac=/<a+m) (c+dz) dz

inputtint((a + a/cos(e + f*x))*(c + d*x),x) J

output‘int((a + a/cos(e + f*x))*(c + d*x), x)

33.  [(c+dz)(a+ asec(e+ fz))dz




CHAPTER 3. LISTING OF INTEGRALS 59
3.4 f a+asec(e+fx) dx
ct+dx

34.1 Optimalresult . .. .. ... . . ... . ... YY)
3.4.2 Mathematica [N/A] . . . . ... bY¢)
343 Rubi [N/A] . . . oo 60
3.44 Maple [N/A] (verified) . . . . . . . .. L 611
3.4.5 Fricas [N/A] . . . . o 611
3.4.6 Sympy [N/A] . . . . e 611
347 Maxima [N/A] . . . . o 62
348 Giac [N/A] . . . . o 621
349 Mupad [N/A] . .. 62

3.4.1 Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—asec(e—l— fz)
c+dx

dr = Int(

a+ asec(e+ fz) i

c+dx

)

)

output LUnintegrable ((ataxsec(f*x+e))/(d*x+c) ,x)

-/

3.4.2 Mathematica [N/A]

Not integrable

Time = 6.84 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—asec(e—l—fx) d:cz/
c+dz

a+ asec(e + fz)

c+dx

dz

input LIntegrate[(a + axSecl[e + £*x])/(c + d*x),x]

~—

output LIntegrate[(a + a*Sec[e + f*x])/(c + d*x), x]

34, [ oreselerio) g
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/asec(e+ fr)+a i
c+dx

l 3042

dz

acsc(e+fm—|—%)+a
/ c+dzx

l 4681

/asec(e+ fz) +adac
c+dz

input‘ Int[(a + axSec[e + f*x])/(c + d*x),x]

output ‘ $Aborted

3.4.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (f_.)*(x_)1*(_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

34, [ oreselerio) g
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3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.44 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+asec(fm+e)dw
dr +c

input Lint ((at+axsec(f*xx+e) )/ (d*x+c),x)

output Lint ((ata*sec(f*x+e))/(d*x+c),x)

3.4.5 Fricas [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+asec(e+fav)d$:/asec(fav+e)+ada3
c+dr dz +c

input Lintegrate ((ataxsec(f*xx+e))/(d*x+c) ,x, algorithm="fricas")

output Lintegral((a*sec(f*x +e) + a)/(d*x + c), x)

3.4.6 Sympy [N/A]
Not integrable

Time = 0.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/a+asec(e+fx)dx=a /sec(e—i—fa:)dx_'_/ 1 s
c+dz c+dx c+dz

input Lintegrate ((a+a*sec(f*x+e))/(d*x+c) ,x)

-/

output La*(Integral(sec(e + fxx)/(c + d*x), x) + Integral(l/(c + d*x), x))

34, [ oreselerio) g
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3.4.7 Maxima [N/A]

Not integrable

Time = 0.54 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a+asec(e+fx)d$:/asec(fx+e)+adx
c+dz dr+c

inputLintegrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="maxima")

output‘(2*a*d*integrate((cos(2*f*x + 2xe)*cos(f*x + e) + sin(2*f*x + 2xe)*sin(f*x
‘ + e) + cos(fxx + e))/((d*x + c)*cos(2*f*x + 2*xe)"2 + (d*x + c)*sin(2*f*x
‘+ 2%e)"2 + d*x + 2%(d*x + c)*cos(2xfxx + 2%e) + c), x) + axlog(d*x + c))/d

3.4.8 Giac [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—i—asec(e—i—f:v)dx:/a,sec(fz+e)+adx
c+dz dr +c

input Lintegrate ((ata*sec(f*x+e))/(d*x+c) ,x, algorithm="giac")

output Lintegrate((a*sec(f*x +e) +a)/(d*x + c), x)

3.4.9 Mupad [N/A]

Not integrable

Time = 12.77 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

at oo
/a—l—asec(e+fx) dxz/ cos(etfa) 4
c+dx ct+dx

input Lint((a + a/cos(e + fxx))/(c + d*x),x)

—

output Lint((a + a/cos(e + f*x))/(c + d*x), x)

34, [ oreselerio) g
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3.5  [urededdy

3.5.1 Optimalresult . .. ... ... ... ... ..
3.5.2 Mathematica [N/A] . . . . ... . .
353 Rubi [N/A] . . . oo
3.5.4 Maple [N/A] (verified) . . . . . . ... ... L Lo
3.5.,5 Fricas [N/A] . . . . .
3.5.6 Sympy [N/A] . . . .
3.5.7 Maxima [N/A] . . . . . e
3.5.8 Giac [N/A] . . . . o
3.5.9 Mupad [N/A] . ...

3.5.1 Optimal result

Integrand size = 18, antiderivative size = 18

a+asec(e+ fr) . a+ asec(e + fx)
/ (c+ dz)? do = Int ( (c+dzx)?2 x)

p
output LUnintegrable ((ata*sec(fxx+e))/(d*x+c)~2,x)

~—

3.5.2 Mathematica [N/A]

Not integrable

Time = 5.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+asec(e+ fr) , [ a+asec(e+ fzx)
/ (ctd? = / ctdn)r ©

input LIntegrate[(a + axSecle + fxx])/(c + d*x)72,x]

e

output tIntegrate[(a + a*Sec[e + f*x])/(c + d*x)"2, x]

~—

a+asec(e+fzx
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3.5.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

asec(e + fz) +a
/ (c+ dx)? de

l.3042

dz

acsc(e+ fz+3)+a
/ (c+ dz)?

J'4681

asec(e + fz)+a
/ (c+ dz)? de

input LInt[(a + axSec[e + f*x])/(c + d*x)~2,x] J

output L$Aborted J

3.5.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl[(e_.) + (f_.)*(x_)1*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a+asec(e+fzx
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3.5.4 Maple [N/A] (verified)

Not integrable

Time = 0.50 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+asec(fm+e)dw
(dz + ¢)*

input Lint ((ataxsec(fxx+e))/(d*x+c)~2,x)

output Lint ((ata*sec (f*x+e) )/ (d*x+c)~2,x)

3.5.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+asece+ fz) . [asec(fr+e)+a
/ (c+ dz)? d‘”_/ drreo?  ©

inputLintegrate((a+a*sec(f*x+e))/(d*x+c)“2,x, algorithm="fricas")

outputtintegral((a*sec(f*x + e) + a)/(d"2%x"2 + 2*c*d*x + c”2), x)

3.5.6 Sympy [N/A]
Not integrable

Time = 2.55 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.56

a+ asec(e + fx) / sec (e + fx) / 1
= d
/ (c+ dzx)? dz a( c? + 2cdzx + d?z? dz + e + 2cdz + d2a?

input Lintegrate ((ata*xsec(f*x+e))/(d*x+c)**2,x)

output‘a*(Integral(sec(e + £xx)/(cx*2 + 2xckdkx + d**2*x*x2), x) + Integral(1l/(c*
‘*2 + 2xckd*x + dxx2*xx**2), x))

a+asec(e+fx
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3.5.7 Maxima [N/A]

Not integrable

Time = 0.59 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+asec(e+ fz) .,  [asec(fr+e)+a
/ (c+dx)? dz = / (dx + c)2 dz

input Lintegrate ((ataxsec(f*xx+e))/(d*x+c) "2,x, algorithm="maxima")

output

(2% (axd"2*x + axcxd)*integrate((cos(2xf*x + 2xe)*cos(f*x + e) + sin(2*f*x

+ 2%e)*sin(f*x + e) + cos(fxx + e))/(d"2*%x"2 + 2xckxd*x + (d™2%x"2 + 2*c*d*

X + c72)*cos(2*fxx + 2%e)”2 + (d72%x72 + 2*ckd*x + c”2)*sin(2*xf*xx + 2%e) "2
+ ¢c72 + 2x(d"2*xx"2 + 2*c*xd*x + c~2)*cos(2xfxx + 2*e)), x) - a)/(d"2*x + c

*d)

3.5.8 Giac [N/A]

Not integrable

Time = 2.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+asec(e+ fx) .,  [asec(fr+e)+a
/ (c+dx)? dz = / (dx + c)2 de

inputLintegrate((a+a*sec(f*x+e))/(d*x+c)‘2,x, algorithm="giac")

output Lintegrate((a*sec(f*x +e) + a)/(d*x + c)72, x)

3.5.9 Mupad [N/A]

Not integrable

Time = 13.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

(c+ dx)? v (c+dz)’

/ a + asec(e + fz) @+ oerfo) i

a+asec(e+fzx



CHAPTER 3. LISTING OF INTEGRALS

67

input Lint((a + a/cos(e + f*x))/(c + d*x)~2,x)

output Lint((a + a/cos(e + f*x))/(c + d*x)~2, x)

a+asec(e+fzx
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3.6 [(c+dz)*(a+ asec(e + fz))* dz

3.6.1 Optimalresult . .. ... ... . .. ... 69]
3.6.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 70
3.6.3 Rubi [A] (verified) . . . . . . ... .. [Tl
3.6.4 Maple [B] (verified) . ... ... . ... ... 72
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... (73l
3.6.6 Sympy [F] . . . . . . (74
3.6.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 75
3.6.8 Giac [F] . . . . . 76
3.6.9 Mupad [F(-1)] . . . . o 76
36. [(c+dz)*(a+asec(e+ fzr))*dz
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3.6.1 Optimal result

Integrand size = 20, antiderivative size = 371

/(C +dz)*(a+ asec(e + fz))*dr = —

ia*(c+dz)®  a®*(c+ dx)*

f 4d
4ia®(c + dz)? arctan (e'¢+/7))
f .
3a?d(c + dz)?log (1 + e(eHf=)
f2
6ia’d(c + dz)? PolyLog (2, —ie'**/2))
_|_
f2
6ia’d(c + dz)? PolyLog (2, iei(6+fz))
Iz
3ia’d?(c + dz) PolyLog (2, —e(ct/2))
73
12a2d?(c + dz) PolyLog (3, —ie'(c*/2))
73

N 12a%d?(c + dz) PolyLog (3, ie'(c*/2))

3
N 3a?d® PolyLog (3, —e%(et/2))
2f4
12ia%d? PolyLog (4, _iei(e-i-fx))
Iz
12ia2d® PolyLog (4, iei(e+fz))
Iz

N a*(c+ dzx)®tan(e + fz)

f

—-I*a~2x(d*x+c) ~3/f+1/4*%a~2*(d*x+c) “4/d-4*I*a~2* (d*x+c) ~"3*arctan(exp (I* (f*x
+e))) /f+3*a~2xd* (d*x+c) “2*1n(1+exp (2% I* (f*x+e))) /£72+6*I*a~2xd* (d*x+c) “2*p
olylog(2,-I*exp(I*(f*x+e))) /£ 2-6xI*a~2xd* (d*x+c) “2*polylog(2, I*xexp (I*(f*x
+e)) ) /£72-3*I*a"~2xd~2* (d*x+c) *polylog (2, —exp (2*xI* (fxx+e) ) ) /£~3-12%a~2xd~2x*
(d*x+c)*polylog(3,-I*exp (I*(f*x+e)))/f~3+12%a~2xd~2* (d*x+c) *polylog(3, I*ex
p(I*x(f*x+e)))/£73+3/2*%a"2xd"3*polylog(3,-exp(2*xI* (fxx+e))) /f~4-12%I*a~2+d"
3*polylog(4,-I*exp(I*(fxx+e)))/f 4+12%I*a"~2+xd"3*polylog(4,I*exp (I*(f*x+e))

)/f~4+a” 2% (d*x+c) ~3xtan(f*x+e) /f

36. [(c+dz)*(a+asec(e+ fzr))*dz
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3.6.2 Mathematica [A] (verified)

Time = 2.05 (sec) , antiderivative size = 329, normalized size of antiderivative = 0.89

/(c +dz)3(a + asec(e + fz))? dzx
_ laz <_4z'(c +dzx)3 N (c+dz)* B 16i(c + dz)® arctan (e'¢+/®))

4 f d f
24zd(c + dIL')2 POlyLog (2, _iei(e-i-fm)) 242(1(6 + de‘)2 PolyLog (2, iei(e—i—f:c))
+ _
f? f2
n 6d(22(c + dz)?log (1 + €2(e+/) — %df (c + dz) PolyLog (2, —e*(©+/2) 4 ¢ PolyLog (3, —e2(¢+/2))
£4
484> (f(c + dz) PolyLog (3, _iez‘(e+fz)) + id PolyLog (4, _,I:ei(e+fz)))
_ 7
4842 ( f(c+ dx) PolyLog (37 z’ei(e”m)) + id PolyLog (4’ jeilet fz)))
+ 7i
N 4(c + dz)3 tan(e + fx)>
input LIntegrate [(c + d*x)~3*(a + axSec[e + f*x])~2,x] J

output | (a"2*x(((-4*I)*(c + d*x)~3)/f + (c + d*x)~4/d - ((16*I)*(c + d*xx) " 3*ArcTan[
E~(I*(e + £*x))])/f + ((24*I)*d*(c + d*x) 2*PolyLog[2, (-I)*E~(Ix(e + f*x)
)1)/£72 - ((24*I)*d*(c + d*x) 2#PolyLog[2, I*E~(I*(e + f*x))])/f72 + (6%d*
(2%£72%(c + d*x)~2xLogl[l + E~((2*I)*(e + f£*x))] - (2*I)*d*f*(c + d*x)*Poly
Logl[2, -E~((2xI)*(e + f*x))] + d"2*PolyLog[3, -E~((2*I)*(e + f*x))]1))/f~4
- (48*d"2*(f*(c + d*x)*PolyLog[3, (-I)*E~(I*(e + f*x))] + IxdxPolyLogl[4, (
-D*E"(I*x(e + £*x))]1))/f74 + (48%d™2x(fx(c + d*x)*PolyLog[3, I*E~(I*(e + £
*x))] + I*dxPolyLogl[4, I*E~(I*(e + £*x))]1))/f"4 + (4*%(c + d*x)~3xTan[e + f
*xx])/£))/4

36. [(c+dz)*(a+asec(e+ fzr))*dz
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3.6.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(asec(e + fz) + a) dzx
| 3042

/(c+dm)3 (acsc (e+fx+ g) +a)2d:1:

l 4678

/ (a®(c + dz)3sec®(e + fz) + 2a*(c + dz)? sec(e + fz) + a®(c + dz)?) dz

| 2009
4ia®(c + dx)3 arctan (ei(e+f””)) 3ia’d?(c + dz) PolyLog (2, —e%(eJrf"’))
- f - £ -
12a%d?(c + dz) PolyLog (3, —ie’®*/2))  12a2d?(c + dz) PolyLog (3, ie?*+f2))
3 + 73 +
6ia’d(c + dz)? PolyLog (2, —ie{¢*/®)  6ia%d(c + dz)? PolyLog (2, ie'¢+f)) N
f? - 2
3a2d(c + dz)?log (1 + e*+f2))  2(c+ dx)3 tan(e + fx) _ia*(c+dzx)® | a*(c+dx)*
7 f _ f 4d
3a2d3 PolyLog (3, —e%(¢+f2))  12ia2d3 PolyLog (4, —ie'(¢*/2))  12ia%d® PolyLog (4, ie'(¢+f2))
271 ) Iz i Iz

input‘ Int[(c + d*x)~3*(a + a*Secl[e + f*x])~2,x]

36. [(c+dz)*(a+asec(e+ fzr))*dz
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output | ((-I)*a~2*(c + d*x)"3)/f + (a"2*(c + d*x)"4)/(4xd) - ((4*I)*a"2*(c + d*x)~
3xArcTan[E~(I*(e + £*x))])/f + (3*a"2xd*(c + d*x) 2*Log[l + E~((2*I)*(e +
fxx))1)/£72 + ((6*%I)*a~2xd*(c + d*x) "2*PolyLog[2, (-I)*E~(I*(e + f*x))])/f
2 - ((6xI)*a~2*d*(c + d*x) 2*PolyLogl[2, I*E~(I*(e + f*x))])/£f72 - ((3*I)*
a~2*d"2*(c + d*x)*PolyLog[2, -E~((2*I)*(e + f*x))]1)/£f73 - (12*a~2xd"2x(c +
d*x)*PolyLog[3, (-I)*E~(I*(e + fxx))])/£f73 + (12*a~2*%d"2*(c + d*x)*PolyLo
g3, IxE~(Ix(e + £*x))])/f"3 + (3*a~2xd"3*PolyLog[3, -E~((2*I)*(e + f*x))]
)/ (2%£74) - ((12*%I)*a~2xd"3*PolyLog[4, (-I)*E~(Ix(e + £f*x))]1)/f"4 + ((12%I
)*a~2*%d~3%PolyLog[4, I*E~(I*(e + f*x))]1)/f"4 + (a"2%(c + d*x) 3*Tan[e + fx*
x])/f

3.6.3.1 Defintions of rubi rules used

e

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_.))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.6.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1516 vs. 2(334) = 668.

Time = 1.70 (sec) , antiderivative size = 1517, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1517

p
input | int ((d*x+c) 3% (ata*sec(f*x+e)) " 2,x,method=_RETURNVERBOSE)

36. [(c+dz)*(a+asec(e+ fzr))*dz



output
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4%I/f~4%a~2*d"3*e"3*arctan (exp (I* (fxx+e)))+6*I/f 3%a~2*d ~3*e 2xx-6+I1/f 3*a

~2%d"3*polylog(2,-I*xexp (I*(f*x+e)))*x-6*I/f 4*a~2*d"3*polylog(2,-I*exp (I*(
fxx+e)))*xe-6xI/f"3*%a"2+%d"3*polylog(2, Ixexp (I*(f*x+e)))*x—-6+I/f 4*a~2*d"3*p
olylog(2,I*exp(I*(f*x+e)))*e-6*%I/f 2*a"~2*c~2*d*polylog(2,I*xexp (I*(f*x+e)))
—-6%I/f*xa~2%c*d"2xx"2-3*I/f " 3%a”~2xc*d"2*polylog(2,-exp (2*I* (f*x+e)))+3*I/f"
4xa”~2xexd~3*polylog(2,-exp(2*I* (f*x+e)))+6*%I/f 2*a~2*d"3*polylog(2,-I*exp(
Ik (f*x+e)) ) *x"2-6%I/f"2xa"2*d"3*polylog(2,I*exp (I*(f*x+e))) *x"2+6%I1/f " 2%a"
2xc~2*d*polylog(2,-I*exp (I*(f*x+e)))-6%I/f " 3%a"2%e 2*c*d~2+6/f ~4*a~2%d " 3*p
olylog(3,-I*exp(I*(f*x+e)))+6/f 4*xa~2+d"3*polylog(3,I*exp (I*(f*x+e)))-6/f*
a”2xd"2xc*1n(1+Ixexp (I* (f*x+e))) *x"2+6/f*a~2+%d"2*c*x1n(1-I*exp (I* (fxx+e)) ) *
X~2-6/f"3*a"2%e*d"3*1n(1+exp (2*I* (fxx+e))) *x+12/f " 3*ka~2xc*d~2*e*1n (exp (I*(
fxx+e)))+6/£"3*xa~2+%d"3*1n(1+Ixexp (I* (f*x+e)) ) *xexx+6/f"2xa~2+c"2xd*1n(1-I*e
xp(I*(f*xx+e)))*e-6/f"2%a~2*c”2*d*1n (1+I*xexp (I* (f*x+e))) *e+6/f"2*a”2*c*d 2%
In(1+exp (2*I* (f*x+e)))*x+6/f*a~2xc~2*%d*1n(1-I*exp (I* (f*x+e)))*x-6/f*a~2xc”
2xd*1n(1+I*exp (I* (f*x+e)))*x-6/f"3*xa"2*e"2xc*d~2*1n(1-I*exp (I* (f*x+e)))+6/
£73*%a~2*%e 2*%cxd"2x1n (1+Ixexp (I* (f*x+e)))+6/f"3*a"2xd"3*1n(1-I*xexp (I* (f*x+e
)) ) *exx+1/4%a”~2xd"3*%x"4+1/4%a"2/d*xc"4+a"2xd"2*c*kx"3+3/2%a"2xd*c”2*x"2+a 2%
C™3*x+2*I*a”~ 2% (d"3*x"3+3*%c*xd~2%x"2+3*c"2*d*x+c"3) /£/ (1+exp (2*xI* (f*x+e) ) ) +1
2+1/f"~2%a"~2*c 2*d*e*arctan (exp (I* (£*x+e)))-12*I/f 2%a~2*d "~ 2*c*polylog(2,I*
exp (I* (f*x+e)) ) *x+12+I/f " 2%a"~2+%d " 2*c*polylog(2,-Ixexp (I* (f*x+e)))*x-12%. ..

3.6.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1887 vs. 2(318) = 636.

Time = 0.38 (sec) , antiderivative size = 1887, normalized size of antiderivative = 5.09

/(c + dz)3(a + asec(e + fz))* dr = Too large to display

;
input  integrate((d*x+c) “3*(ata*sec(f*x+e))~2,x, algorithm="fricas")

36. [(c+dz)*(a+asec(e+ fzr))*dz
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output | 1/4*(24*I*a"~2*d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(f*x + e)) +
24*I*a~2xd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24%
I*xa~2*d"3*cos(f*x + e)*polylog(4, -Ixcos(f*x + e) + sin(f*x + e)) - 24xI*a
~2%d"3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) - sin(f*x + e)) - 12%(I*a"2
*d"3*%f72%xx72 + I*ka"2xc"2*d*f72 - I*xa”"2%cxd"2+f + I*(2*xa”2*cxd"2+%f72 - a~2%*
d~3*f)*x) *cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12x(I*a~2xd"
3xfT2xx"2 + I*ka~2kc"2kd*f"2 + I*a~2kcxd"2xf + I*(2*%a~2*cxd"2*xf"2 + a~2xd"3
*xf)xx)*kcos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*a~2*d 3%
£72%x72 - I*a~2%c”™2xd*f"2 + Ixa~2%ckd™2+f - Ix(2*a~2%c*d"2*f72 - a~2xd"3*f
)xx)*cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12%(-I*a~2xd"~3xf
T2%x72 - Ixa”2%c"2xd*f72 - Ixa”2kckd"2+f - Ix(2*a"2%c*kd"2*xf72 + a~2xd"3*f)
xx)*cos (f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e)) - 2*(2*a"2xd"3*e”3
- 2%a”~2%c"3*f73 - 3*%a"2%d"3*%e”2 + 3*x(2*a"2*c”2*d*e - a"2*%c"2*xd)*f72 - 6x*(a
“2%cxd"2xe”2 - a”2xc*kd"2*e)*f)*cos(f*x + e)*log(cos(f*x + e) + I*ksin(fxx +
e) + I) + 2%(2%a"2%d"3%e”3 - 2*a”2%c”3*f"3 + 3*%a”"2*%d"3%e”2 + 3% (2¥a"2%c"2
*dke + a”2xcT2*d)*f72 - 6x(a”2xckd"2%e”2 + a~2kc*d"2*e)*f)*cos(f*x + e)*lo
g(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(2%a~2+d"3*f£73*x"3 + 2%a~2%d"3*e”
3 + 6xa”2xc 2xd*e*xf"2 - 3*%a~2+%d"3*e”"2 + 3*(2*a"2*ckd"2*f"3 + a"2xd"3*f"2)*
X2 - 6%(a”2%kcxd"2%e”2 - a”2xckd"2%e)*f + 6x(a"2xcT2xd*f73 + aT2*ckd"2*f"2
)xx)*cos(f*x + e)*log(I*cos(f*x + e) + sin(fxx + e) + 1) - 2%(2%a™2xd"3...

3.6.6 Sympy [F]

/(c +dz)*(a+ asec(e + fz))*dz = a® (/ Adr + /2c3 sec (e + fx)dz
—i—/c3 sec’ (e + fx) dx+/d3z3 dar:—l—/3cd2352 dx
+/3czdzd:c+/2d3:c3 sec (e + fz)dx
+ /d3x3 sec’ (e + fz)dz + /60d2ac2 sec (e + fx)dx
—|—/3Cd2x2 sec’ (e + fx) dr+/602dx sec (e + fx)dx

+ /302dx sec’ (e + fx) da:)

input | integrate ((d*x+c)**3*(ata*sec(f*x+e))**2,x)

36. [(c+dz)*(a+asec(e+ fzr))*dz
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output | ax*2x(Integral (c#*3, x) + Integral(2kcx*3*sec(e + f*x), x) + Integral(c**3
xsec(e + fxx)**2, x) + Integral (d**3*x**3, x) + Integral (3*kckd**2xx**2, x)
+ Integral (3*c**2xd*x, x) + Integral (2*d**3*x*x3*sec(e + f*x), x) + Integ
ral (d**3*x**3xsec(e + f*x)*x2, x) + Integral (6xc*d**2xx**2*sec(e + f*x), x
) + Integral(3*c*xd**2*x**2xsec(e + f*x)**x2, x) + Integral (6 c**2xd*x*sec(e
+ fxx), x) + Integral(3xcx*2*d*x*sec(e + f*x)**2, x))

3.6.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3403 vs. 2(318) = 636.

Time = 0.71 (sec) , antiderivative size = 3403, normalized size of antiderivative = 9.17

/(c +dz)?(a + asec(e + fz))? dz = Too large to display

7

input‘integrate((d*x+c)‘3*(a+a*sec(f*x+e))‘2,x, algorithm="maxima")

-

output | 1/4*(4x(fxx + e)*a~2xc™3 + (fxx + e) "4*xa~2xd"3/f"3 - 4x(f*x + e) ~3*a”~2*d"3
xe/f"3 + 6% (fxx + e) 2%a"2xd"3*e"2/f"3 - 4*(fxx + e)*a”"2+%d"3*e”3/f"3 + 4x*(
fxx + e) " 3*%a"2xcxd"2/f72 - 12x(fxx + e) "2*%a"2xc*xd"2*e/f"2 + 12*(f*x + e)*a
“2%ckd"2xe"2/f72 + 6% (fxx + e) "2*%a"2xc”2*xd/f - 12x(f*x + e)*a”2kc 2xd*e/f
+ 8xa~2+c”3*log(sec(f*x + e) + tan(f*x + e)) - 8xa~2xd"3*e"3*log(sec(f*x +
e) + tan(fxx + e))/f"3 + 24xa”~2*c*d"2xe"2*log(sec(f*x + e) + tan(f*x + e)
)/£72 - 24xa~2+c”2xdxexlog(sec(f*x + e) + tan(f*x + e))/f - 4x(4xa~2*d"3*e
3 - 12*%a”2*c*kd"2xe"2*f + 12%a”2*c”2*kd*exf"2 - 4*%a~2xc”3*f"3 + 4x((f*x + e
) "3xa"2*d"3 - 3*%(a”2*%d"3*e - a"2xckxd"2*xf)*(f*x + e)72 + 3*x(a"2xd"3*e”"2 - 2
*a " 2xckd"2xexf + a"2%c 2*d*f72)*x(fxx + e) + ((f*x + e) " 3*a"2%d"3 - 3*x(a”"2*
d"3%e — a"2xc*kd"2*xf)*(fxx + e)”2 + 3*x(a"2*%d"3*e”2 - 2¥a~2kc*kd"2ke*f + a2
cT2%d*f"2) % (f*x + e))*cos(2xfxx + 2%e) + (I*(f*x + e) 3*a~2%d~3 + 3*(-I*xa~
2xd"3xe + I*a~2%ckd " 2*xf)*x(fxx + e)~2 + 3% (I*a~2xd"3*e”2 - 2*I*a~2kcxd 2*xe*
f + Ixa~2xc 2xd*f~2)*(f*x + e))*sin(2*f*x + 2%e))*arctan2(cos(f*x + e), si
n(fxx + e) + 1) + 4x((f*x + e)”"3*a"2xd"3 - 3*(a~2*%d"3*e - a ~2xckxd~2*f)*(fx*
X + e)”2 + 3x(a”2xd"3*e”2 - 2*xa”~2kckd"2kexf + a"2xc”2*d*f"2)*(fxx + e) + (
(f*x + e)"3xa"2*d"3 - 3*(a”2*%d"3*e - a~2xcxd"2*f)*(f*x + e)”2 + 3*x(a~2*d"3
*e”2 - 2%a”2*ckd"2xexf + a~2xc 2*xd*f"2) *x(f*x + e))*cos(2*f*x + 2xe) + (I*(
f*x + e)73%a"2xd"3 + 3k (-I*a"2+%d"3*e + I*xa~2xcxd"2*xf)*(f*x + e)72 + 3*x(I*a
“2x%d"3%e"2 — 2kIka"2kckd"2%exf + I*xa"2xc”2xd*xf"2)k (fxx + e))*sin(2xfxx ...

36. [(c+dz)*(a+asec(e+ fzr))*dz
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3.6.8 Giac [F]

/(c +dz)3(a + asec(e + fz))?dz = / (dz + ¢)*(asec (fz +e) +a)’dz

inputLintegrate((d*x+c)“3*(a+a*sec(f*x+e))‘2,x, algorithm="giac")

output Lintegrate((d*x + c)"3x(a*xsec(f*x + e) + a)”2, x)

3.6.9 Mupad [F(-1)]

Timed out.

/(c +dz)3(a+ asec(e + fz))*dxr = / (a + m)2 (c+dz)’de

inputtint((a + a/cos(e + f*x))~2x(c + d*x)~3,x)

outputtint((a + a/cos(e + f*x)) 2%(c + d*x)~3, x)

36. [(c+dz)*(a+asec(e+ fzr))*dz
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3.7

3.7.1
3.7.2
3.7.3
3.7.4
3.7.5
3.7.6
3.7.7
3.7.8
3.7.9

[(c+dz)*(a+ asec(e + fz))* dz

Optimal result . . ... ... ...
Mathematica [A] (verified) . . . . .
Rubi [A] (verified) . ... ... ..
Maple [B] (verified) . . ... ...

Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....

Sympy [F] . ... ... ......

Maxima [B] (verification not implemented) . . . . . . . ... ... ... ...

Giac [F] . .............

3.7.1 Optimal result

Integrand size = 20, antiderivative size = 262

/(c +dz)*(a + asec(e + fx))? dzx

ia2(0+ dx)2 N a2(c+ dx)3
f 3d
4ia? (c+ dx)Z arctan (ei(e-{—fx))
f .
2a2d(c + dz) log (1 + 622(3+fz))
f2

N 4ia®d(c + dz) PolyLog (2, —ie'(c*/2))

Iz
4ia®d(c + dz) PolyLog (2, ie'(¢t/2)
Iz
ia’d? PolyLog (2, —e?(¢+/))
_ A
4ad? PolyLog (3, —ie'(ct/2))
_ B
4a2d? PolyLog (3, z'ei(e+fw))
+
73
a*(c+ dx)*tan(e + fz)
f

3.7.

[(c+ dz)*(a + asec(e + fz))* dx
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output | ~I*a~2*(d*x+c) “2/f+1/3*a”~2* (d*x+c) ~3/d-4*I*a”~2* (d*x+c) “2*arctan (exp (I* (f*x
+e))) /f+2xa”~2xd* (d*x+c) *1n(1+exp (2% I* (fxx+e)) ) /£~ 2+4*I*a"~2*d* (d*x+c) *polyl
og(2,-I*exp (I*(f*xx+e)))/f~2-4*I*xa~2*d* (d*x+c)*polylog(2,I*exp(I*(f*x+e)))/
£72-I*a~2*d"2*polylog(2,-exp(2*xI* (f*x+e)))/f~3-4*a~2*d"2*polylog(3,-I*exp(
Ix(f*xx+e)))/f~3+4%a~2%d"2*polylog(3, I*exp(I*(f*x+e))) /£~ 3+a"2*x (d*x+c) "2*ta
n(f*xx+e)/f

3.7.2 Mathematica [A] (verified)

Time = 2.73 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.89

/(C + dz)?*(a + asec(e + fz))* dz
1, ((C +dz)®  12i(c+ dz)? arctan (e'¢+/"))
=_a _

3 d [
3i(f(c + dz) (f(c+ dz) + 2idlog (1 + €*(©*+/2))) + @2 PolyLog (2, —e*(¢+/2)))
_ A
N 12id( f (c + dz) PolyLog (2, —ie"*+/®) + id PolyLog (3, —ie"“+/®))
f3
N 12d(—if(c + dz) PolyLog (2,4e"¢*/®)) + d PolyLog (3, ie'(¢*/2)))
f3

3(c+ dzr)*tan(e + fx))
" 7

inputtlntegrate[(c + d*xx)"2*(a + a*xSec[e + f*x])~2,x]

output | (a”2*((c + d*x)~3/d - ((12*I)*(c + d*x) 2*ArcTan[E~(Ix(e + f*x))])/f - ((3
*I)*x(f*(c + d*x)*(f*(c + d*x) + (2*%I)*d*Log[l + E~((2*I)*(e + f*x))]1) + d~
2xPolyLog[2, -E~((2*I)*(e + £*xx))]))/£7"3 + ((12*I)*d*(f*x(c + d*x)*PolyLogl[
2, (-D*E~(Ix(e + f*x))] + I*d*PolyLog[3, (-I)*E~(I*(e + £f*x))]))/£f73 + (1
2*%d* ((-I)*f*(c + d*x)*PolyLogl[2, I*E~(I*(e + f*x))] + d*PolyLogl[3, I*E~(Ix*
(e + £*x))1))/£°3 + (3*(c + d*x)~2*Tan[e + £*x])/£))/3

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.7.3 Rubi [A] (verified)
Time = 0.55 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 150 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?(asec(e + fz) + a)? dzx
| 3042

/(c+ dz)? (acsc (e + fr+ g) + a)2 dx
| 4678
/ (a®(c + dz)?sec®(e + fz) + 2a*(c + dz)? sec(e + fz) + a®(c + dz)?) dz

l 2009

4ia®(c + dz)? arctan (e¥(¢+f2)) N 4ia®d(c + dz) PolyLog (2, —iei(¢+f2))
- f f?
4ia?d(c + dz) PolyLog (2,ie'c*/®)  2a2d(c + dz) log (1 + %(c+f2))
2 + 2
f f
a®(c + dz)2tan(e + fz) ia*(c+dx)?  a2(c+dz)®  ia%d?PolyLog (2, —e%(c+ /o))
- 3. £3
4a%d? PolyLog (3, —ie'(¢*/2))  4a2d?PolyLog (3, ie'(*+72))
I " I

+

input | Int[(c + d*x)~2*(a + a*Sec[e + f*x])~2,x]

output

((-I)*a~2*x(c + d*x)"2)/f + (a"2+(c + d*x)"3)/(3%d) - ((4xD)*a"2x(c + d*x)~
2xArcTan[E~(I*x(e + £*x))])/f + (2*a"2xd*(c + d*x)*Logl[l + E~((2xI)*(e + f*
x))1)/£72 + ((4*I)*a~2xd*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + f*x))])/f"2 -
((4xI)*a~2+d*(c + d*x)*PolyLog[2, I*E~(I*(e + £xx))])/£f"2 - (I*a~2*d"2%Po
lyLog[2, -E~((2*I)*(e + £*x))])/£f"3 - (4*a~2xd~2xPolyLog[3, (-I)*E~(I*(e +
£xx))])/£73 + (4*a~2*d"2+PolyLog[3, I*E~(I*(e + £*x))])/£f"3 + (a"2x(c + d
*xx) "2*Tan[e + f*xx])/f

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.7.3.1 Defintions of rubi rules used

ruk32009‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

e

inputL

3.7.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 678 vs. 2(237) = 474.

Time = 1.73 (sec) , antiderivative size = 679, normalized size of antiderivative = 2.59

method | result

2a2d? ln(l—iei(f$+e>)x2 2a2e2d? ln(l-{—iei(fx“'e)) 2a2d? 1n(1+e2i(fx+e))z 4a2d261n(ei(fx+e))

2a2cd ln(1+e2i(f’”'

risch

f f3 f? f?

f2

~—

int ((d*x+c) “2* (a+a*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE)

output

-2/f*a~2*d"2*1n(1+I*exp (I* (f*x+e)) ) *x~2+2/f*a~2xd"2*1n(1-I*exp (I* (f*x+e)))
*x"2+2/f"3%a"2%e"2xd"2*1n (1+I*exp (I* (f*x+e)) ) +2/£"2%a"2*d"2*1n (1+exp (2% I*(
fix+e)))*x+4/£"3%a"2%d"2%ex1n (exp (I* (f*x+e)))+2/f 2%a~2xc*kd*1n (1+exp (2%I*(
f*x+e)))-4/f"2%a~2*xc*d*1n(exp (I* (f*x+e)))-2/f 3%a"2*e 2*d~2*1n(1-I*exp (I*(
f¥x+e)))-2+I/f*a~2%d"2*x"2-4*I/f*a"~2xc 2xarctan (exp (I* (fxx+e)))-2*I/f"3*a"
2%e"2xd"2+2%I*a” 2% (d"2*x"2+2*c*xd*x+c”2) /f/ (1+exp (2+I* (f*x+e)))+a~2*kd*c*x"2
+a”~2xc”2+x-4/fxa"2*%ckd*x1n (1+I*exp (I* (£*xx+e))) *x+4/f"2xa~2*c*kd*1n(1-I*exp (I
x (fxx+e))) *e+4/f*a~2*%cxd*1n(1-I*xexp (I* (f*x+e))) *x-4/f"2%xa~2xc*d*1n(1+I*exp
(I*(f*x+e)))*e—4*xI1/f"3*%a~2xd"2*e 2*arctan (exp(I*(f*x+e)))-4*I/f"2%xa~2%d 2%
exx—-4*I/f"2%xa~2%d"2*polylog (2, I*exp (I*(f*x+e)))*x+4*I/f~2%a"2*d"2*polylog(
2,-I*xexp (I*(f*x+e)))*x—4*I1/f~2*%a~2xc*d*polylog(2, I*xexp (I* (f*x+e)))+4xI/£"2
*a~2xcxd*polylog(2,-I*exp (I*(f*x+e)))+8*I/f " 2*a~2*c*kd*e*arctan (exp (I* (f*xx+
e)))+1/3%a~2*d"2xx"3+1/3%a~2/d*xc~3-I*a"~2*xd"2*polylog(2,-exp (2*I* (f*x+e)))/
£73-4%a~2xd"2*polylog(3,-I*xexp (I*(f*x+e))) /£ 3+4*a~2+d"2*polylog(3, I*exp (I
*x(fxx+e)))/£73

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.7.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1096 vs. 2(225) = 450.

Time = 0.34 (sec) , antiderivative size = 1096, normalized size of antiderivative = 4.18

/(c +dz)?*(a + asec(e + fz))* dr = Too large to display

input‘integrate((d*x+c)“2*(a+a*sec(f*x+e))“2,x, algorithm="fricas")

output

-1/3*%(6*%a"2xd"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6
*a~2*%d"2*cos (f*x + e)*polylog(3, I*cos(f*x + e) - sin(f*x + e)) + 6%a~2%d”
2xcos (f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6%a~2*d"2*cos(
fxx + e)*polylog(3, -I*cos(f*x + e) - sin(f*x + e)) + 3*(2xI*a~2xd 2*xf*x +

2xI*a~2kckd*f - I*a~2*d"2)*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*x +
e)) + 3*%(2+I*a~2xd"2*f*x + 2%I*ka~2xckd*f + I*a~2xd"2)*cos(f*x + e)*dilog(I
xcos(f*x + e) - sin(f*x + e)) + 3x(-2xI*a~2xd"2xf*x — 2%Ixa~2*cxd*f + I*a”
2%d"2) *cos (f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*(-2%I*a~2*d"
2xf*x - 2kxI*a~2xckxd*f - I*a~2*xd~2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - si
n(fxx + e)) - 3*%(a"2%d"2%e”2 + a”2%c"2*xf72 - a"2xd"2*e - (2¥a"2*ckd*e - a”
2xcxd) *f)*kcos (f*x + e)*log(cos(f*x + e) + I*sin(f*x + e) + I) + 3x(a~2xd"2
xe"2 + a"2+c”2+f72 + a"2*%d"2%e - (2*%a"2*cxd*e + a~2xc*kd)*f)*cos(f*x + e)*1
og(cos(f*x + e) - I*sin(f*x + e) + I) - 3*x(a”™2*d"2*%f"2*x"2 - a"2*%d"2*e"2 +

2%a~2kckd*exf + a~2*d"2%e + (2%a”2*ckd*f"2 + a”2%d”2*f)*x)*cos(f*x + e)*1
og(I*xcos(f*x + e) + sin(f*x + e) + 1) + 3*(a"2%d"2*f72%x"2 - a"2%d"2*e™2 +

2%a"2xcxd*exf - a"2%d"2%e + (2%a"2kckd*f"2 - a~2%d"2xf)*x)*cos(f*x + e)*1
og(I*cos(f*x + e) - sin(f*x + e) + 1) - 3%(a™2xd"2*f72*x"2 - a™2%d"2%e"2 +

2%a~2kcxd*exf + a”2%d"2xe + (2%a"2*cxd*f"2 + a"2%d"2*f)*x)*cos(f*x + e)*1
og(-Ixcos(f*x + e) + sin(f*x + e) + 1) + 3x(a”2xd"2*f"2*x"2 - a”2*d"2*xe"2
+ 2%a"2xckdxexf - a”2xd"2%e + (2¥a"2xckd*f"2 - a"2#d"2xf)*x)*cos(fxx + ...

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.7.6 Sympy [F]

/(c + dz)%(a + asec(e + fx))* dz = a® (/ c®dz + /202 sec (e + fz) dx
+ /02 sec® (e + fz)dx + /dzac2 dx + /ZCdz dx
+ / 2d*z% sec (e + fx) dz + /d2:1:2 sec’ (e + fz)dx

+ /4cd:c sec (e + fz)dx + /ZCdx sec’ (e + fx) da:)

;
input  integrate ((d*x+c)**2* (at+axsec(f*x+e))**2,x)

output | a**2*(Integral(c**2, x) + Integral(2*c**2*sec(e + f*x), x) + Integral(c**2
xsec(e + fxx)**2, x) + Integral (d**2*x**2, x) + Integral(2*cxd*x, x) + Int
egral (2¢d**2xx**2*sec(e + f*x), x) + Integral (d**2*x**2*sec(e + f*x)**2, x
) + Integral(4*c*d*x*sec(e + f*x), x) + Integral(2xc*d*x*sec(e + f*x)**2,

x))

3.7.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1704 vs. 2(225) = 450.

Time = 0.46 (sec) , antiderivative size = 1704, normalized size of antiderivative = 6.50

/(c + dz)*(a + asec(e + fz))? dz = Too large to display

inputLintegrate((d*x+c)‘2*(a+a*sec(f*x+e))“2,x, algorithm="maxima")

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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1/3%(3x(f*x + e)*a~2%c™2 + (f*x + e) 3*a~2+%d~2/f"2 - 3*x(f*x + e) " 2%a~2xd"2

xe/f"2 + 3k (fxx + e)*a”~2%d"2*e”2/f"2 + 3x(f*x + e) "2*xa”~2*cxd/f - 6x(f*x +
e)*a~2kcxd*e/f + 6*%a~2+c”2xlog(sec(f*x + e) + tan(f*x + e)) + 6xa~2xd"2xe”
2xlog(sec(f*x + e) + tan(f*x + e))/f72 - 12*a~2*cxd*exlog(sec(f*x + e) + t
an(f*x + e))/f + 3x(2*a”"2xd"2%e"2 - 4*a~2xckdxexf + 2ka~2%c"2*%f"2 - 2x((fx*
X + e)72%a"2+%d"2 - 2x(a"2xd"2*%e — a"2*ckd*f)*(fxx + e) + ((f*x + e) " 2*a"2%
4”2 - 2*%(a”2*d"2xe - a"2xckd*f)*(f*x + e))*cos(2*f*xx + 2xe) + (I*x(f*x + e)
“2%a"2%d"2 + 2% (-I*a”2%d"2%e + I*xa~2xcxdxf)*(f*x + e))*sin(2xfxx + 2%e))*a
rctan2(cos(f*x + e), sin(f*x + e) + 1) - 2+x((f*x + e) 2*a"2*%d"2 - 2*(a”~2*d
“2%e - a~2%ckxd*f)*(fxx + e) + ((fxx + e) " 2%a~2%d~2 - 2% (a”~2xd"2*e - a~2*c*
dxf)*(£xx + e))*cos(2xf*xx + 2xe) + (Ix(f*x + e)72%a”2xd"2 + 2x(-I*a~2*d~2*
e + Ixa~2%cxd*xf)*(f*x + e))*sin(2xf*x + 2%e))*arctan2(cos(f*x + e), -sin(f
*x + e) + 1) + 2k ((f*x + e)*a"2xd"2 - a~2xd"2*e + a"2*ckxd*xf + ((fxx + e)*a
“2%d"2 - a"2xd"2%e + a”2%c*d*f)*cos(2xfxx + 2ke) - (~I*(f*x + e)*a"2xd"2 +
I*a~2%d"2%e - I*a~2kcxd*f)*sin(2*xf*x + 2*e))*arctan2(sin(2*f*xx + 2*e), co
s(2xf*x + 2%e) + 1) - 2% ((f*x + e) "2*%a™2xd"2 - 2*(a”2xd"2*e — a~2xc*d*f)*(
f*x + e))*cos(2*f*xx + 2xe) - (a”2*%d"2*cos(2xf*x + 2*e) + I*a~2xd"2*sin(2*f
*xX + 2%e) + a”2+%d"2)*dilog(-e” (2*Ixfxx + 2xIxe)) - 4x((f*x + e)*a~2+d"2 -
a~2xd"2*e + a~2*ckd*f + ((£xx + e)*a”~2*d"2 - a~2xd"2%e + a~2*ckd*f)*cos(2*
fxx + 2%e) + (I*(f*x + e)*a~2xd"2 - I*a~2+%d"2*e + I*a~2xc*d*f)*sin(2xf*. ..

3.7.8 Giac [F]

/(c +dz)*(a+ asec(e + fz))*dr = / (dz + c)*(asec (fz +e) +a)’ dz

-

inputLintegrate((d*x+c)‘2*(a+a*sec(f*x+e))‘2,x, algorithm="giac")

output

-/

N

integrate((d*x + c) "2x(axsec(f*x + e) + a)~2, x)

_

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.7.9 Mupad [F(-1)]

Timed out.

/(c+dac)2(a+asec(6+ fz))? do = / (a—l— cos (

e+ fx

a

))2@>+dxfdx

inputtint((a + a/cos(e + f*x))~2%(c + d*x)~2,x)

output Lint((a + a/cos(e + f*xx))"2x(c + d*x)~2, x)

3.7.  [(c+dz)*(a+asec(e+ fz))*dz
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3.8 [(c+dz)(a+ asec(e + fz))* dzx

3.8.1 Optimalresult . .. ... ... .. ... 851
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 85
3.8.3 Rubi [A] (verified) . . .. ... ... R0
3.84 Maple [A] (verified) . . . . ... .. ... B7
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... ]Y
3.8.6 Sympy [F] . . . . . 88
3.87 Maxima [F] . . ... ... . ]9
3.88 Giac [F] . . . . ]9
3.89 Mupad [F(-1)] . . . o o 90

3.8.1 Optimal result

Integrand size = 18, antiderivative size = 134

2 2 4ia%(c+d tan (eiletfz)
/(c +dz)(a + asec(e + fr))*dx = a*(c ;-ddx) _ dia*(c+ da) a;c an (e )
a?dlog(cos(e + fz)) = 2ia’dPolyLog (2, —ie'c*/2))
+ +
f? IE
2ia*d PolyLog (2,1€/¢™/®)  a2(c + dz)tan(e + fz)
_ E n ;

e N

1/2%a~2* (d*x+c) ~2/d-4*I*a"2* (d*x+c)*arctan(exp (I* (f*x+e)))/f+a~2*d*1n(cos(
‘f*x+e))/f‘2+2*I*a‘2*d*polylog(2,—I*exp(I*(f*x+e)))/f‘2—2*I*a‘2*d*polylog(2
L,I*exp(I*(f*x+e)))/f“2+a‘2*(d*x+c)*tan(f*x+e)/f

output

3.8.2 Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.92

/(c +dz)(a + asec(e + fx))* dx

_ a®(f*(c+ dz)? — 8idf (c + dx) arctan (&/**/®)) + 2d* log(cos(e + fx)) 4 4id? PolyLog (2, —ie!**/®)) — 4
N 2df?

e

inputLIntegrate[(c + dxx)*(a + a*Sec[e + f*x])~2,x]

~—

38.  [(c+dz)(a+ asec(e+ fz))*dx
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output‘ (a~2%(£f~2x(c + d*x)~2 - (8*I)*d*f*(c + d*x)*ArcTan[E~(Ix(e + f*x))] + 2*d~

input LInt[(C + dxx)*(a + axSecl[e + f*x])~2,x]

output‘ (a"2x(c + d*x)~2)/(2xd) - ((4*xI)*a~2*%(c + d*x)*ArcTan[E~(I*(e + f*xx))])/f

'2%Log[Cos[e + f*x]] + (4*I)*d~2%PolyLog[2, (-I)*E~(I*(e + £*x))] - (4*I)xd |
| ~2#PolyLog[2, I*E~(I*(e + £*x))] + 2xd*f*(c + d*x)*Tanle + £*x]))/(2*d*f"2 |
D |

3.8.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(asec(e + fz) + a)? dz
| 3042

/(c—i—dm) (acsc (e+fm+ g) +a>2dx

l 4678

/ (a®(c + dz)sec?(e + fz) + 2a*(c + dz) sec(e + fz) + a*(c + dz)) dz

| 2009
4ia®(c + dz) arctan (e'c*/®)  g2(c 4 dz)tan(e + fz)  a®(c+ dz)?
a f + T
2ia%d PolyLog (2, —ie**/®))  2ia%d PolyLog (2,ie'**/2))  a2dlog(cos(e + fz))
f2 - f2 + f2

-

~—

‘+ (a"2*d*Log[Cos[e + f*x]]1)/£f72 + ((2xI)*a~2*d*PolyLogl[2, (-I)*E~(Ix(e + £
\*x))])/f‘z - ((2xI)*a~2xd*PolyLog[2, I*E~(I*(e + f*x))]1)/f"2 + (a~2*(c + d
‘*x)*Tan[e + fxx])/f

-/

38.  [(c+dz)(a+ asec(e+ fz))*dx
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3.8.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a )) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.8.4 Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.43

method result
2a2 <d((fz+e) ln(1+’iei(‘)‘.:'3+e>
2 2d1 Zct,
parts az(%dIL‘Z + iL'C) + a dtan(ffm—i—e)ac + a n(c;sQ(fm—i—e)) + a’c a,nf(fz—l—e) +
2
derivativediVideS a2ctan(fz+e)— aZde ta;(fz-ﬁ—e) +a2d((fw+e) tan(fz-fi—e)-}—ln(cos(fz-{—e))) +2a2cln(sec(fm+e)+tan(fm+e))— 2a“delIn(sec(fz
2 2 2
default azctan(fw—f-e)—a detax;(fa:+e) +a d((fz+e) tan(fm}»e)+ln(cos(fm+e))) +2a2cln(sec(fz+e)+tan(fa:+e))—2“ deIn(sec(fz
. a2d z2 2 2ia?(dz+c) azdln(1+e2i(f’”+e)) _ 2a2dln(ei(fm+e)) _ 4iazcarctan(ei(fw+e)) é
risch = ta‘zc+ Fi+edTare) 72 72 7 +
inputtint((d*x+c)*(a+a*sec(f*x+e))‘2,x,method=_RETURNVERBOSE) J

output‘a‘2*(1/2*d*x‘2+x*c)+a‘2/f*d*tan(f*x+e)*x+a‘2*d*ln(cos(f*x+e))/f‘2+a‘2/f*c*
‘tan(f*x+e)+2*a‘2/f*(1/f*d*(—(f*x+e)*ln(1+I*exp(I*(f*x+e)))+(f*x+e)*1n(1—I*
\exp(I*(f*x+e)))+I*dilog(1+1*exp(1*(f*x+e)))—I*dilog(1—1*exp(1*(f*x+e))))+c
*In(sec(f*x+e) +tan(f*x+e))-e/f+d*In(sec(f*x+e)+tan(frx+e))) |

38.  [(c+dz)(a+ asec(e+ fz))*dx
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3.8.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 525 vs. 2(114) = 228.

Time = 0.31 (sec) , antiderivative size = 525, normalized size of antiderivative = 3.92

/(c—i— dz)(a + asec(e + fz))* dx
_ 2 a’dcos (fr + e) Lig(i cos (fz + €) +sin (fz + €)) — 2i a®d cos (fz + €) Liz(i cos (fz + €) — sin (f -

inputLintegrate((d*x+c)*(a+a*sec(f*x+e))“2,x, algorithm="fricas") J

e N

output | 1/2%(-2xI*a~2*d*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 2xIxa”
2xdxcos (f*x + e)*dilog(Ixcos(f*x + e) - sin(f*x + e)) + 2xI*a~2xdxcos(f*x
+ e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2xIxa~2*d*cos(f*x + e)*dilog(
-Ixcos(f*x + e) - sin(f*x + e)) - (2%a~2*dxe - 2*a~2xcxf - a~2xd)*cos(f*x
+ e)xlog(cos(f*xx + e) + I*sin(f*x + e) + I) + (2%a"2*dxe - 2%a~2xcxf + a~2
*d)*xcos(f*x + e)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(a"2*xd*f*x + a
~2*xd*e) *cos (fxx + e)*log(Ixcos(f*x + e) + sin(f*x + e) + 1) - 2x(a”2xd*f*x
+ a”2*d*e)*cos(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(a"2xd
xf*x + a~2+d*e)*cos(f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x%(
a~2*dxf*x + a~2+d*e)*cos(f*x + e)*log(-I*cos(f*x + e) - sin(f*x + e) + 1)
- (2%a"2xd*e - 2xa”2*c*f - a"2*d)*cos(f*x + e)*log(-cos(f*x + e) + Ixsin(f
*x + e) + I) + (2*%a"2xdxe - 2*a~2*c*f + a~2*d)*cos(f*x + e)*log(-cos(f*x +
e) - Iksin(f*x + e) + I) + (a"2kd*f~2%xx"2 + 2¥a~2kc*f~2*x)*cos(f*x + e) +
2% (a”2*d*xfxx + a~2kcxf)*sin(fxx + e)) /(£ 2*%cos(f*x + e))

& J

3.8.6 Sympy [F]

/(c+dx)(a+asec(e+fx))2dz = a? (/cdx—l—/2csec (e + fx)dx
+/csec2 (e—i—fx)dx—l—/dmdx
—I—/2drsec (e + fz) dgz'qL/d:):sec2 (e + fx) dac)

input‘integrate((d*x+c)*(a+a*sec(f*x+e))**2,x) ‘

38.  [(c+dz)(a+ asec(e+ fz))*dx
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output‘a**2*(Integra1(c, x) + Integral(2xc*sec(e + f*x), x) + Integral(c*sec(e +

‘f*x)**2, x) + Integral(d*x, x) + Integral(2+d*x*sec(e + f*x), x) + Integra
‘l(d*x*sec(e + f*x)**2, x))

3.8.7 Maxima [F]

/(c+dx)(a+asec(e—|—fx))2 dx = /(dx+c)(asec (fx+e)+a)de

.
input  integrate((d*x+c)*(ata*sec(f*x+e))~2,x, algorithm="maxima")

output

1/2% (2~ 2xd*£72+x72 + 2%a”~2xcxf"2%x + (a"2xd*f"2%x"2 + 2%a”~2xc*f2%x)*cos(2
*f*xx + 2%e)”2 + (a”2%d*f"2%xx"2 + 2%a~2%ckxf 2%x)*sin(2xf*x + 2%e) "2 + 2x(a”
2+d*xf"2+x72 + 2*a”~2*ckf"2*x)*cos (2*xf*kx + 2*e) + 8k (a~2xd*f " 3*cos(2xf*x + 2
*e) "2 + a"2xd*f"3*ksin(2*f*x + 2%e) "2 + 2xa~2kd*f"3*kcos(2*f*x + 2xe) + a~2*
d*f~3)*integrate ((x*cos(2*xf*x + 2*e)*cos(f*x + e) + x*sin(2*f*x + 2%e)*sin
(f*x + e) + x*cos(f*xx + e))/(fxcos(2*f*xx + 2*e)”2 + f*sin(2xfxx + 2%e)”2 +
2%fxcos (2*%f*x + 2xe) + f), x) + (a"2xd*xcos(2*f*xx + 2*e) 2 + a~2*d*sin(2*f
*X + 2%e)”2 + 2¥a”2kdxcos(2xf*x + 2%e) + a"2xd)*log(cos(2xf*x + 2%xe)”2 + s
in(2*f*x + 2%e)”2 + 2xcos(2xf*x + 2*%e) + 1) + 2x(a"2xckxf*cos(2*f*x + 2%e)”
2 + a”2xcxf*sin(2xf*xx + 2%e) "2 + 2xa~2*cxfxcos(2*f*x + 2%e) + a”2+cxf)*log
(cos(f*x + e€)~2 + sin(f*x + e)~2 + 2%sin(f*x + e) + 1) - 2k (a~2*kcxf*cos (2%
fxx + 2%e) "2 + a~2*ckfrsin(2*xfkx + 2%e) "2 + 2xa"2*ckfxcos(2kf*xx + 2%e) + a
~2xc*f)*log(cos(f*x + e)”2 + sin(f*x + e)72 - 2xsin(f*x + e) + 1) + 4*x(a™2
*d*xfxx + a~2xc*kf)*sin(2*f*x + 2xe))/ (£ 2xcos(2*xf*x + 2%e)”2 + £ 2xsin(2*xf*
X + 2%e) "2 + 2%f"2xcos(2xfxx + 2*e) + £72)

3.8.8 Giac [F]

/(chd:c)(a—l—asec(e+f3n))2 dx = /(dx+c)(asec (fx+e)+a)de

input‘integrate((d*x+c)*(a+a*sec(f*x+e))‘2,x, algorithm="giac")

output‘integrate((d*x + c)x(axsec(f*x + e) + a)72, x)

38.  [(c+dz)(a+ asec(e+ fz))*dx
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3.8.9 Mupad [F(-1)]

Timed out.

/(c+d:c)(a—|—asec(e+ fr))idr = / (a—l—

a

cos (e + f x)

)2(c+d:c) dz

input Lint((a + a/cos(e + f*x))~2x(c + d*x),x)

output Lint((a + a/cos(e + f*x))~2*(c + d*x), x)

38.  [(c+dz)(a+ asec(e+ fz))*dx
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3.9 f ((1—|—asec(e+fas))2 dx

ct+dz
3.9.1 Optimalresult . . .. ... .. ... . . OT]
3.9.2 Mathematica [N/A] . . . . . .. . OT]
3.9.3 Rubi [N/A] . . . . o 92
3.9.4 Maple [N/A] (verified) . . . . . . ... .. 93
3.9.5 Fricas [N/A] . . . . . 93
3.9.6 Sympy [N/A] . . . 93
3.9.7 Maxima [N/A] . . . . . . 94
3.9.8 Giac [N/A] . . . . . 94
3.99 Mupad [N/A] . . . 95

3.9.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(a+asec(e+fa:))2d _q t((&—i—asec(e+fav))2 )
c+dx v= c+dx -

output Unintegrable((a+a*sec(f*x+e)) 2/ (d*x+c),x)

N\ J

3.9.2 Mathematica [N/A]

Not integrable

Time = 30.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

(a + asec(e + fac))2 (a+ asec(e + fz))?
/ c+dx c+dx

input LIntegrate[(a + axSec[e + f*x])72/(c + d*x),x]

output‘ Integrate[(a + a*Sec[e + f*x])~2/(c + d*x), x]

39, [ lotasclerso) g
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3.9.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {3042,
integrand size
4681)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (asec(e + fz) + a)? i
c+dx

J’3042

dz

(acsc (e+fa:+ g) +a)2
/ c+dx

l 4681

/ (asec(e + fx) +a)2da:
c+dz

input LInt[(a + axSec[e + f*x])~2/(c + d*x),x]

output L$Aborted

rule 3042

rule 4681

3.9.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

39, [ lotasclerso) g
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3.9.4 Maple [N/A] (verified)

Not integrable

Time = 0.76 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+asec(fw+e))2dx
dz +c

input ‘ int ((a+a*sec(f*x+e)) "2/ (d*x+c) ,x)

output Lint ((ata*sec (f*x+e)) "2/ (d*x+c) ,x)

3.9.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

(a + asec(e + fx))? (asec(fz +€) +a)’

c+dx dr +c de

inputtintegrate((a+a*sec(f*x+e))‘2/(d*x+c),x, algorithm="fricas")

output Lintegral((a’?*sec(f*x + e)72 + 2%a”"2xsec(f*x + e) + a”2)/(d*x + c), x)

3.9.6 Sympy [N/A]
Not integrable

Time = 1.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.05

(a + asec(e + fr))? dr — o (/2sec(e+fx) ﬂIH_/Secz(e—l—fx) dw"‘/c_:dwdx)

c+dx c+dx c+dx

input ‘ integrate ((ata*sec(f*x+e))**2/(d*x+c) ,x)

p
output‘ ax*2* (Integral (2xsec(e + f*x)/(c + d*x), x) + Integral(sec(e + f*x)**x2/(c
‘+ d*x), x) + Integral(l/(c + d*x), x))

39. f m“'zi%w))z dz
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3.9.7 Maxima [N/A]

Not integrable

Time = 1.03 (sec) , antiderivative size = 507, normalized size of antiderivative = 25.35

(a+asec(e+ fz))? | [ (asec(fz+e)+a)
c+dx dx_l/ dr +c de

inputLintegrate((a+a*sec(f*x+e))‘2/(d*x+c),x, algorithm="maxima")

/

output | ((a"2*xd*f*x + a~2xc*f)*cos(2xf*x + 2%e) "2xlog(d*x + c) + 2¥a”2*kd*sin(2*f*x

+ 2%e) + (a"2*d*xf*x + a"2xcxf)*log(d*x + c)*sin(2xf*x + 2%e)”2 + 2x(a”2xd
*f*xx + a~2xc*f)*cos(2xfxx + 2*xe)*log(d*x + c) + (d™2xf*x + cxd*xf + (d~2*fx*
X + cxdxf)*cos(2*xf*x + 2%e) "2 + (d~2xf*kx + ckd*f)*sin(2*f*x + 2%e) "2 + 2x(
d~2xf*x + ckd*f)*cos(2xf*x + 2%e))*integrate(2*(2+(a~2xd*f*x + a~2*c*f)*co
s(2xfxx + 2xe)*kcos(f*x + e) + 2x(a~2xd*f*x + a~2kckf)*cos(f*x + e) + (a2
d + 2x(a"2xd*xf*x + a”2*cxf)*sin(f*x + e))*sin(2*f*xx + 2xe))/(d"2*f*x"2 + 2
*ckdkfxx + cT2xf + (d72*%f*x72 + 2xckd*fxx + cT2*%f)*cos(2*fxx + 2%xe)”2 + (d
“2xfxx"2 + 2kckdkfrx + cT2*f)*sin(2xfxx + 2k%e) "2 + 2% (d72*f*x72 + 2kckxdkf*
X + c”2xf)*cos(2*f*x + 2%e)), x) + (a~2*d*xf*x + a~2*cxf)*log(d*x + c))/(d~
2%f*x + cxd*f + (d"2xf*x + ckd*f)*cos(2*f*x + 2%xe) "2 + (d"2*f*x + c*xd*f)x*s
in(2*f*x + 2%e)”2 + 2x(d"2*f*x + cxd*f)*cos(2*f*xx + 2xe))

3.9.8 Giac [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ asec(e + fz))? (asec(fz +e) +a)’
c+dz dr +c

dz

;
integrate((ata*sec(f*x+e))~2/(d*x+c),x, algorithm="giac")

output‘ integrate((a*sec(f*x + e) + a)~2/(d*x + c), x)

39, [ lotasclerso) g
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3.9.9 Mupad [N/A]

Not integrable

Time = 13.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2

(a + asec(e + fz))? <a + cos(eifw))

dz = dz
c+dz ct+dzx

input Lint((a + a/cos(e + f*x))~2/(c + d*x),x)

output Lint((a + a/cos(e + £*x))~2/(c + d*x), x)

39. f m“ji#”a))z dz
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3.10 f (a+a Sec(e+f:c))2 dx

(ct+dz)?
3.10.1 Optimalresult . . .. ... . . . ... ... 96!
3.10.2 Mathematica [N/A] . . . . . . . . . 961
3103 Rubi [N/A] © © o oo oo oo a7
3.10.4 Maple [N/A] (verified) . . . . . .. .. ..
3.10.5 Fricas [N/A] . . . . .
3.10.6 Sympy [N/A] . . . o
3.10.7 Maxima [N/A] . . . . . .. 99
3.10.8 Giac [N/A] . . . . . o 99
3.10.9 Mupad [N/A] . . . o 100

3.10.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+ tzjej(ix;fw))? e — Tnt ( (a+ cz:if(;w;fww , x)

output LUnintegrable ((ataxsec(f*x+e)) "2/ (d*x+c)~2,x) J

3.10.2 Mathematica [N/A]

Not integrable

Time = 24.75 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a+ asec(e + fz))? dp — (a+ asec(e + fz))?

(c+ dx)? = (c+ dx)? dz

p
input LIntegrate[(a + a*Sec[e + f*x])~2/(c + d*x)~2,x]

~—

output LIntegrate[(a + axSec[e + f*x])72/(c + d*x)72, x]

~—

a-a sec(e xr 2
3.10. [ (taseclehfn) gy
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3.10.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (asec(e + fz) + a)? i
(c+dzx)?

l 3042

dzx

/ (acsc(e+ fx+ %) +a)2
(c+ dx)?

J'4681

/ (asec(e + fz) + a)? e
(c+ dz)?

inputLInt[(a + a*Sec[e + f*x])"2/(c + d*x)~2,x]

output L$Aborted

rule 3042

rule 4681

3.10.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(0_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a-a secle 9 2
3.10. [ letascfo) gy
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3.10.4 Maple [N/A] (verified)

Not integrable

Time = 0.96 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+asec(fz+ e))zdx
(dz + ¢)?

input Lint ((ata*sec(f*x+e)) "2/ (d*x+c)"2,x)

output  int ((at+a*sec(f*x+e)) 2/ (d*x+c)"2,x)

N\

3.10.5 Fricas [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.40

dx

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
(¢ +dz)? dr= / (dz + ¢)®

input Lintegrate ((ataxsec(f*xx+e)) 2/ (d*x+c)~2,x, algorithm="fricas")

output‘ integral((a"2*sec(f*x + e)~2 + 2xa"2xsec(f*x + e) + a~2)/(d™2*x"2 + 2xcxdx*
‘x + c”2), x)

3.10.6 Sympy [N/A]

Not integrable

Time = 2.13 (sec) , antiderivative size = 76, normalized size of antiderivative = 3.80

(a + asec(e + fz))? o — & 2sec (e + fz) e sec? (e + fz)
/ ( o

(c+dzx)? c? + 2cdzx + d?z? c? + 2cdx + d?z?

+ / L d
2 + 2cdx + d?z? v

input Lintegrate ((ataxsec (fxx+e))**2/ (d*x+c) **2,Xx)

a-a secle 9 2
3.10. [ letascfo) gy
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output‘a**2*(Integra1(2*sec(e + £*x)/(c*x*2 + 2kckd*x + d**2xx**2), x) + Integral(
\sec(e + f*x)**2/(cx*2 + 2xckdkx + d*¥*2xx**2), x) + Integral(1l/(cx*2 + 2¥c*
‘d*x + dRk2*x*%2), X))

3.10.7 Maxima [N/A]
Not integrable

Time = 1.38 (sec) , antiderivative size = 624, normalized size of antiderivative = 31.20

(a + asec(e + fr))? (asec(fz +e)+a)

d
(c+ dz)? (dz + ¢)® ’

p
inputLintegrate((a+a*sec(f*x+e))“2/(d*x+c)“2,x, algorithm="maxima")

~—

output | - (a~2xd*fxx + a~2kc*f — 2*a”2*d*sin(2xfxx + 2*e) + (a”~2*d*f*x + a~2xcxf)x*c
0s(2*f*x + 2xe) "2 + (a”2kd*f*x + a~2%c*f)*sin(2xf*xx + 2%e) "2 + 2% (a~2*d*fx*
X + a"2%c*f)*cos(2*xfxx + 2xe) — (A73*f*x"2 + 2*c*xd"2xfxx + c”2kd*f + (d73*
£4x72 + 2%cxd"2*fxx + c”2xd*f)*cos(2xf*kx + 2%e) "2 + (A73*f*x"2 + 2%ckxd"2*f
*x + cT2xd*f)*sin(2%f*x + 2%e) "2 + 2% (d"3*f*x"2 + 2kckd"2*f*x + cT2xd*f)*c
os(2*f*x + 2*e))*integrate(4*((a~2*d*f*x + a~2xc*f)*cos(2*f*x + 2xe)*cos(f
*x + e) + (a~2kdxfxx + a~2xc*f)xcos(fxx + e) + (a”2+d + (a~2xd*xf*x + a~2%*c
*f)xsin(fxx + e))*sin(2*f*x + 2xe))/(d™3*f*x"3 + 3*kc*kd "2*Ff*x"2 + 3kc~2kd*f
*x + c73*%f + (d73*%f*x"3 + 3*kckd"2xf*x"2 + 3kcT2xd*kf*x + c”3*f)*kcos(2xf*x +
2%e)”2 + (d"3*f*xx"3 + 3kckd"2xf*x"2 + 3kcT2kd*fxx + cT3*f)*sin(2*fxx + 2%
e)”2 + 2% (d"3*f*x"3 + 3kckd"2*f*x"2 + 3*c"2xdxfxx + c"3*f)*cos(2*f*x + 2xe
)), X))/ (@7 3*%f*x"2 + 2xc*kd"2*f*kx + c”2*d*f + (d73*kf*kx"2 + 2*ckd"2xfxx + ¢~
2%d*f)*cos (2xf*x + 2*%e) "2 + (d"3*f*x72 + 2kxckxd"2xf*x + c™2*d*f)*sin(2xf*x
+ 2%e) "2 + 2% (d73*f*x"2 + 2kckd"2*f*x + cT2xd*f)*cos(2xf*xx + 2%e))

3.10.8 Giac [N/A]

Not integrable

Time = 29.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
/ (¢ + dx)? o= / (dz + ¢)?

a-a sec(e xr 2
3.10. [ (taseclehfn) gy
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input Lintegrate ((ataxsec(fxx+e)) 2/ (d*x+c)"2,x, algorithm="giac")

output Lintegrate((a*sec(f*x +e) + a)72/(d*x + ¢)72, x)

3.10.9 Mupad [N/A]

Not integrable

Time = 13.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2

(a + asec(e + fr))? / <a + COS(e(zrfw)>

2 dr = 3 dx
(c+dx) (c+dx)

input Lint((a + a/cos(e + £*x))"2/(c + d*x)"2,x)

output Lint((a + a/cos(e + f*x))~2/(c + d*x)~2, x)

a-rasec(e T 2
3.10. [ letascfo) gy
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3.11 [l gy

a+a sec(e+fx)
3.11.1 Optimal result . . . . .. . . . ... [10T]
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... L 1071
3.11.3 Rubi [A] (verified) . . . . . . .. .. . 102
3.11.4 Maple [B] (verified) . . . . ... . .. .. 103
3.11.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 104
3.11.6 Sympy [F] . . . . o 105
3.11.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 1051
3.11.8 Giac [F] . . . o o
3.11.9 Mupad [F(-1)] . . . o o 107

3.11.1 Optimal result

Integrand size = 20, antiderivative size = 152

/ (c+dz)? e — i(c+ dz)? N (c+dz)*  6d(c+dz)’log (1+ eiletfa)

a+asec(e+ fz) af 4ad af?
12id?(c + dx) PolyLog (2, _ei(e+fw))
+ 3
af
12d° PolyLog (3, —€'c*/®) (¢ + dz)®tan (£ + L&)
af af

e

Ix(d*x+c) ~3/a/f+1/4*(d*x+c) ~4/a/d-6*d* (d*x+c) “2*x1n(1+exp (I* (f*xx+e)))/a/f"2
‘+12*I*d‘2*(d*x+c)*polylog(2,—exp(I*(f*x+e)))/a/f“3—12*d‘3*polylog(3,—exp(I
*(f*x+e)))/a/f 4~ (dkx+c) “Bktan(1/2+f*x+1/2%e) /a/f J

output

3.11.2 Mathematica [A] (verified)

Time = 2.11 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.42

(c + dx)3
/ a+ asec(e+ fz) de

3 3
8cos(%(e+fa:)) (_%_

cos (alet fal)seete 12 (x(4c3 + 6c%dz + ded?z? + dPz3) cos (2 (e + fz)) +

2a(1 + sec(e

(ctdx)3
3.11. f MT((H_M d.’L'



CHAPTER 3. LISTING OF INTEGRALS 102

input‘ Integrate[(c + d*x)~3/(a + a*Sec[e + f*x]),x]

output| (Cos[(e + f*x)/2]*Sec[e + f*xx]*(x*(4*%c™3 + 6*xc™2%d*x + 4*c*d~2*x~2 + d~3*x
~3)*Cos[(e + £*x)/2] + (8+Cos[(e + £*x)/2]1*(((-I)*£~3x(c + d*x)"3)/(1 + E~
(I*e)) - 3xd*f~2x(c + d*x) 2+Logl[l + E~((-I)*(e + £*x))] - (6*I)*d"2*f*(c
+ d*x)*PolyLog[2, -E~((-I)*(e + f*x))] - 6*d"3*PolyLogl[3, -E~((-I)*(e + fx
x))1))/f74 - (4x(c + d*x) " 3*Secle/2]1*Sin[(f*x)/2]1)/£))/(2*a*(1 + Secle + f
*xx]))

3.11.3 Rubi [A] (verified)
Time = 0.54 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.150, Rules used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+dz)3
/asec(e+fz) +a™

l 3042

/ (c+ dx)3
- dx
acsc(e+ fz+3)+a

l'4679

(8 - s Tha)

l 2009

12id?(c + dz) PolyLog (2, —e**/2))  6d(c + dz)?log (1 + €i¢+f2)) (c+ dz)3 tan (% + %w)
- - +
af3 af? af
i(c4—dm)34_(c4—dw)4 12d° PolyLog (3, —ei(¢+/2))

af 4ad af?

-

input LInt[(c + d*x)~3/(a + axSec[e + f*x]),x]

~—

(ctdx)3
3.11. f MT((H_M d.’L'
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Output‘ (Ix(c + d*x)"3)/(axf) + (c + d*x)~4/(4*axd) - (6*d*(c + d*x) 2*Logl[l + E7(

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

\I*(e + £xx))])/(axf72) + ((12%¥I)*d"2*(c + d*x)*PolyLog[2, -E~(Ix(e + f*x))
‘])/(a*f"B) - (12%d"3*PolyLog[3, -E~(I*(e + f*x))])/(axf~4) - ((c + dxx) 3%
‘Tan[e/Q + (£xx)/2])/(axf)

3.11.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

3.11.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 416 vs. 2(138) = 276.

Time = 0.55 (sec) , antiderivative size = 417, normalized size of antiderivative = 2.74

method | result

Bt n Pegd n 3d c2q2 4 Sa 4 12id?c polylog (2,—e?(fz+e)) 2i(d323+3c d?z2+3c?dz+c3)

6d3e? In (ei(fw'

risch

c
4a a 2a “a + 4ad + afs - fa(etFete)11)

af4

input Lint ((d*x+c) "3/ (ataxsec(f*x+e)) ,x,method=_RETURNVERBOSE)

(ctdx)3
3.11. f MT((H_M d.’L'
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output | 1/4/a*d~3*x"4+1/a*xd"2*c*x~3+3/2/a*xd*c”2%x"2+1/a*xc"3*x+1/4/a/d*xc"4+12xI/a/f
~3*d"2*c*polylog(2,-exp (I*(f*x+e))) -2xI* (d~3*x"3+3*c*d~2*x~2+3*c~2*d*x+c~3
)/f/a/ (exp(I*(f*xx+e))+1)+6/a/f~4*xd"3*xe " 2x1n(exp (I* (f*x+e)))-6/a/f~2%d"3*1n
(exp(I*(f*xx+e))+1)*x~2-12%d"3*polylog(3,-exp (I*(f*x+e)))/a/f~4+6/a/f"2*d*c
~2%1n(exp(I*(f*x+e)))-6/a/f~2xd*xc"2*1n (exp (I* (f*x+e) )+1)+2*I/a/f*d"3*x~3-1
2/a/£72+%d"2*c*1n(exp (I* (f*x+e) ) +1) *x-4*I/a/f~4*d"3*e~3+6*I/a/f*d"2*c*x"2-6
*xI/a/f"3*xd"3xe”2xx+12*%I/a/f"3*d"3*polylog(2,-exp (I*(f*x+e)) ) *x+6*I1/a/f 3*d
“2%c*e”~2+12*%I/a/f"2*d"2xc*e*x—12/a/f"3*%d"2*exc*1n(exp (I* (f*x+e)))

& J

3.11.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(135) = 270.

Time = 0.30 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.39

/ (c+dz)3 e

a+ asec(e + fz)
Bt +Acd? fra’ + 6 Adf'a? + 43 flr 4 (B flat + ded? [P + 6 Adf'a® + 4P fix) cos (fr 4 e) — 24

input‘integrate((d*x+c)“3/(a+a*sec(f*x+e)),x, algorithm="fricas")

output | 1/4*(d"3*£74%x"4 + 4xc*d~2+f"4%x"3 + 6xc”2xd*f"4*x"2 + 4xc”3xf"4xx + (d73*
£74xx74 + 4xc*xd"2%f74%x"3 + 6xc”2*d*f"4*x"2 + 4xc”3*f"4xx)*cos(f*x + e) -
24% (I*d"3*fxx + Ikcxd™"2+f + (I*d"3*f*x + Ixc*xd~2*f)*cos(f*x + e))*dilog(-c
os(f*x + e) + I*sin(f*x + e)) - 24x(-I*d"3*f*x - Ixcxd"2*f + (-I*d"3*f*x -
Ixcxd~2*f)*cos(f*x + e))*dilog(-cos(f*x + e) - I*sin(f*x + e)) - 12x(d"3*
£72%x72 + 2kcxdT2xf72xx + cT2kd*¥f72 + (dT3*£72%x72 + 2xc*kd"2+f72%x + cT2xd
*f~2)xcos(f*x + e))*log(cos(f*x + e) + I*sin(f*x + e) + 1) - 12%(d"3*f"2xx
T2 + 2xckdT2xf72xx + cT2xd*f72 + (d73*f72%x72 + 2kcxdT2xf£72%xx + cT2xd*xf£72)
*xcos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - 24*(d"3*cos(f*x +

e) + d~3)*polylog(3, -cos(f*x + e) + I*sin(f*x + e)) - 24%(d"3*cos(f*x + e
) + d"3)*polylog(3, -cos(f*x + e) - I*sin(f*x + e)) - 4*(d"3*f"3*x"3 + 3*c
*Q"2%f"3*%x"2 + 3*c”2*d*f"3*x + c"3*f73)*sin(f*x + e))/(a*f"4*xcos(f*x + e)
+ axf~4)

(ctdx)3
3.11. f a-HET(cH-fw) d:r
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3.11.6 Sympy [F]

/ (c+dz)? i

a+ asec(e + fx)
d323 3cd2 2 3¢c2d
. f sec (e+fx)+1 dz + f sec (e+fz)+1 dz + f sec (ec—i—fa;:)—i-l dr + f sec (ei—f::z)—i-l dx

a

input Lintegrate ((d*x+c) **3/ (a+ta*sec (f*x+e)),x)

output‘(Integral(c**S/(sec(e + f*x) + 1), x) + Integral(d**3*x**3/(sec(e + fxx) +
‘ 1), x) + Integral (3*ckd**2*xx**2/(sec(e + f*x) + 1), x) + Integral (3*cx*2x
‘d*x/(sec(e + fxx) + 1), x))/a

3.11.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1285 vs. 2(135) = 270.

Time = 0.46 (sec) , antiderivative size = 1285, normalized size of antiderivative = 8.45

(c+dx)? :
dz = Too 1 to displ
/ o+ asecle £ fz) 1 = Too large to display

input integrate((d*x+c) 3/ (ata*sec(f*x+e)),x, algorithm="maxima")

(ctdx)3
3.11. f MT((H_M d.’L'
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1/2% (6*c*d~2*e”~2*x (2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a*f~2) - sin(
fxx + e)/(a*xf"2x(cos(f*x + e) + 1))) - 6xc”2*d*ex(2*arctan(sin(f*x + e)/(c
os(f*x + e) + 1))/(a*xf) - sin(f*x + e)/(axfx(cos(f*x + e) + 1))) - 6x((f*x
+ e) " 2%cos(f*x + e)72 + (f*x + e) " 2*sin(f*x + e)”2 + 2x(f*x + e) " 2*cos(£f*
X +e) + (f%x + e)72 - 2x(cos(f*x + e)72 + sin(f*x + e)~2 + 2*cos(f*x + e)
+ 1)*log(cos(f*x + e)~2 + sin(f*x + e)”2 + 2%cos(f*x + e) + 1) - 4x(f*xx +
e)*sin(f*x + e))*xc*d"2xe/(axf"2xcos(f*x + e)72 + a*xf " 2*sin(f*x + e)"2 + 2
xa*xf~2kcos(f*x + e) + axf~2) + 2kc~3*(2xarctan(sin(f*x + e)/(cos(f*x + e)
+ 1))/a - sin(f*x + e)/(ax(cos(f*x + e) + 1))) + 3*((f*x + e) 2*cos(f*x +
e)”2 + (f*xx + e) 2*sin(f*x + e)”2 + 2x(f*xx + e) " 2*cos(f*x + e) + (f*x + e)
"2 - 2%(cos(f*x + e)72 + sin(f*x + e)”2 + 2xcos(f*x + e) + 1)*log(cos(f*x
+ e)”2 + sin(f*x + e)72 + 2%cos(f*x + e) + 1) - 4x(f*x + e)*sin(f*x + e))x*
c~2xd/ (axfxcos(f*x + e)”2 + axfxsin(fxx + e)”2 + 2*a*xfrcos(f*x + e) + ax*f)
- 2x(I*(fxx + e)”"4*d"3 + 6+Ix(f*x + e) 2xd"3*e"2 - 4xIx(f*x + e)*d 3*e”3
- 8*%d"3%e"3 - 4x(I*d"3*e - Ixckd™2*f)*(f*x + e)73 + 24x((f*x + e)"2xd"3 +
d"3*e”2 - 2*%(d"3*e - ckd"2*f)*(fxx + e) + ((f*x + e)72xd"3 + d"3*xe”2 - 2x(
d"3*%e — cxd"2xf)*(f*x + e))*cos(f*x + e) - (~Ix(f*x + e)~2*d"3 - I*d"3*e”2
+ 2% (I*d"3*%e — I*c*d"2*f)*(f*x + e))*sin(f*x + e))*arctan2(sin(f*x + e),
cos(fxx + e) + 1) + (I*(f*x + e)”4*d"3 - 4x(I*d"3xe — Ikcxd"2*f + 2xd"3)*(
fxx + e)"3 - 6%(-I*d"3%e”2 - 4*d"3*e + 4*xckd 2*f)*x(fxx + e)”2 - 4% (I*d”...

\

3.11.8 Giac [F]

(c+dx)3 B (dz +c)®
/a+asec(e+fx)dm_/asec(fa:+e)+adx

integrate ((d*x+c) "3/ (ata*sec(f*x+e)),x, algorithm="giac")

N

integrate((d*x + c)~3/(axsec(f*x + e) + a), x)

(ctdx)3
3.11. f a-HET(cH-fw) d:r
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3.11.9 Mupad [F(-1)]

Timed out.

/ (c+dz)? dx=/ (c+dz)’ i

a+ CLSGC(e + f.’L') a+ cos(ei—fz)

input Lint((c + d*x)"3/(a + a/cos(e + f*x)),x)

output Lint((c + d*x)~3/(a + a/cos(e + £*x)), x)

(ctdx)3
3.11. f MTW d.’L'
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3.12.1 Optimal result . . . . . . . . . ... . T08]
3.12.2 Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... .. 109
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3.12.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 112
3.12.8 Giac [F] . . . o o 113
3.129 Mupad [F(-1)] . . . o o 113l

3.12.1 Optimal result

Integrand size = 20, antiderivative size = 119

/

(c + dz)? - i(c+ dzx)? N (c+dzx)®  4d(c+dz)log (14 eiterfo))
a+asec(e+ fx)  af 3ad af?
4id? PolyLog (2, —e'(¢+/®)) B (c+dz)*tan (§ + %x)
af? af

output‘I*(d*x+c)‘2/a/f+1/3*(d*x+c)“3/a/d—4*d*(d*x+c)*1n(1+exp(I*(f*x+e)))/a/f“2+4
‘*I*d‘2*polylog(2,-exp(I*(f*x+e)))/a/f‘3-(d*x+c)‘2*tan(1/2*f*x+1/2*e)/a/f

3.12.

J

(ctdx)?

a+asec(e+fx)

dz
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3.12.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 528 vs. 2(119) = 238.

Time = 6.69 (sec) , antiderivative size = 528, normalized size of antiderivative = 4.44

/ (c+ dz)? o — 2x(3¢? + 3cdz + d*x?) cos? (£ + f?) sec(e + fz)

a+ asec(e + fx) T 3(a + asec(e+ fx)
8cdcos (£ + £2) sec (£) sec(e + fz) (cos (&) log (cos (&) cos (L) —sin (£) sin (£2)) + L fzsin (£))
f?(a+ asec(e + fz)) (cos? (£) +sin? (£))

2
cot(%) (%zfx (—m—2arctan (cot(%))) —m log(1+e_ifx) —2(%” —arctas

82 cos? (g 4+ %) cse (%) (ieiarctan(cot(;))f2 2

f2a+a:
2cos (£ + %) sec (£) sec(e + fz) (c*sin ( 2) + 2cdz sin (%) + d?2?%sin (’;—m))
f(a+ asec(e+ fx))

~—

input LIntegrate[(C + d*x)"2/(a + a*Sec[e + f*x]),x]

output | (2xx*(3*c™2 + 3xcxd*x + d"2*xx"2)*Cos[e/2 + (fxx)/2] 2+Sec[e + f*x])/(3*(a
+ axSec[e + f*x])) - (8*cxdxCos[e/2 + (£f*x)/2] 2xSec[e/2]*Sec[e + f*x]*(Co
s[e/2] *Log[Cos[e/2] *Cos [(£*x) /2] - Sin[e/2]*Sin[(£f*x)/2]] + (£*x*Sin[e/2])
/2))/(f~2x(a + axSec[e + f*x])*(Cos[e/2]72 + Sin[e/2]72)) - (8*d~2xCos[e/2
+ (£xx)/2]"2xCscle/2]*((£72%x"2) / (4*E~ (I*ArcTan[Cot [e/2]])) - (Cot[e/2]*(
(I/2)*f*x*(-Pi - 2*ArcTan[Cot[e/2]]) - Pi*Logl[l + E~((-I)*f*x)] - 2% ((f*x)
/2 - ArcTan[Cot[e/2]])*Logl[1 - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]))] + P
i*Log[Cos [(f*x)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]
111 + I*PolyLog[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]11))1))/Sqrt[1 + Cot[
e/2]72])*Sec[e/2]*Sec[e + f*x])/(£7°3*(a + axSec[e + f*x])*Sqrt[Cscl[e/2] 2%
(Cos[e/2]172 + sin[e/2]72)]) - (2xCos[e/2 + (f*x)/2]*Sec[e/2]*Sec[e + fxx]*
(c™2#8in[(f*x) /2] + 2¥c*d*x*Sin[(f*x)/2] + d"2*x"2*Sin[(£*x)/2]1))/(f*(a +
a*Sec[e + £*x]))

(ctdx)?
3.12. f MT((H_M d.’L'
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rule 2009

rule 3042
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3.12.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ (c+ dx) e
asec(e + fz) +a
| 3042
2
/ (c+dx) i
acsc(e+ fr+%)+a

J'4679

/ <(C +adx)2 a acos((ce-iji-djf;j + a) do

l'2009

4d(c + dz)log (1 + ei(c+/2)) (c+ dz)* tan (% + %) i(c+dz)? (c+dz)3
af? N af + af + 3ad *
4id? PolyLog (2, —eiletf x))
af3

‘Int[(c + d*x)~2/(a + a*Sec[e + f*x]),x]

‘/(I*(c + d*x)"2)/(axf) + (c + d*x)~3/(3*a*d) - (4*d*(c + d*x)*Log[l + E~(Ix
(e + £%x))1)/(a*f~2) + ((4*I)*d~2%PolyLogl2, -E~(Ix(e + f*x))1)/(a*f"3) -
| ((c + d*x)"24Tan[e/2 + (£*x)/2])/(a*f)

3.12.3.1 Defintions of rubi rules used

-

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

N\

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

(ctdx)?
3.12. f MT((H_M d.’L'
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ruk34679‘Int[(csc[(e_.) + (F_)*(x)I*(M_.) + (a))"(@m_.)*((c_.) + (@_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
‘nle + £*x1)°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & ILtQ[n, 0] && IGt

Qlm, 0]

3.12.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 235 vs. 2(107) = 214.

Time = 0.53 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.98

method | result

23 n dez? n 2o 3 2i(d?z?+2cdz+c?)  4deln(effzte) 1) 4 4dcn(etfzte))

risch 3a a “a + 3ad fa(eilfete)41) - af? af?

2id%2? 4id%ex
+ of + af? +

2id’
aj

-

input Lint ((d*x+c) "2/ (ata*sec(f*x+e)),x,method=_RETURNVERBOSE)

—

output | 1/3/a*d~2*x"3+1/a*d*c*x"2+1/a*c™2*x+1/3/a/d*c"3-2*%I* (d"2*x"2+2*c*xd*x+c”~2) /
f/a/(exp(I*(fxx+e))+1)-4/a/f"2*d*c*1ln(exp (I* (f*x+e))+1)+4/a/f"2*d*c*1n(exp
(I*(fxx+e)))+2xI/a/fxd"2xx"2+4xI/a/f ~2xd"2*exx+2xI/a/f"3*d"2%e"2-4/a/f 2xd
~2%1n(exp (I* (f*x+e))+1)*x+4*xI*d~2*polylog(2,-exp (I*(f*x+e)))/a/f~3-4/a/f"3
*d~2*ex1n(exp (I* (£*x+e)))

3.12.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 292 vs. 2(104) = 208.

Time = 0.27 (sec) , antiderivative size = 292, normalized size of antiderivative = 2.45

(c+ dz)?
/ a+ asec(e+ fz) de

32+ 3cdf*a? + 3 fPx + (32 + 3edf3x? + 32 f3x) cos (fx + e) — 6 (i d? cos (fz + €) + 7 d?)Li,

inputLintegrate((d*x+c)‘2/(a+a*sec(f*x+e)),X, algorithm="fricas")

(ctdx)?
3.12. f MT((H_M d.’L'
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output | 1/3*%(d"2+f"3%x"3 + 3xc*d*f ~3*x"2 + 3*kc 2*f"3*x + (d"2*xf"3*x"3 + Ikckxd*xf 3%
X"2 + 3kc”2+f"3*x)*cos(f*x + e) - 6x(Ixd"2*cos(f*x + e) + I*d~2)*dilog(-co
s(f*x + e) + Ixsin(f*x + e)) - 6*(-Ixd"2xcos(f*x + e) - I*d~2)*dilog(-cos(
fxx + e) - I*sin(f*x + e)) - 6%(d™2xfxx + cxd*f + (d"2*f*x + c*d*f)*cos(f*
x + e))*log(cos(f*x + e) + I*sin(f*x + e) + 1) - 6*%(d"2*f*x + c*xd*f + (d72
xfxx + ckxdxf)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - 3%(d”
2x£72%x72 + 2xckd*f72xx + c"2*x£72)*sin(f*x + e))/(a*f"3xcos(f*x + e) + axf
~3)

3.12.6 Sympy [F]

2 2,2 cda
/ (C + dl‘)2 dr — f sec (e+fz)+1 dz + f sec (g—i—fm)—}-l dz + f sec (e2+(?fz)+1 dx
a+ asec(e + fx) a

§
input Lintegrate ((d*x+c)**2/ (a+ta*sec (f*x+e)),x)

-/

output‘(Integral(c**2/(sec(e + f*x) + 1), x) + Integral(d**2*x**2/(sec(e + f*x) +
L 1), x) + Integral(2*cxd*x/(sec(e + f*x) + 1), x))/a

~

3.12.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 377 vs. 2(104) = 208.

Time = 0.43 (sec) , antiderivative size = 377, normalized size of antiderivative = 3.17

/ (c+ dz)? i —

a + asec(e + fz)
id2f3z% + icdf3z + 3i P f3r + 62 f2 + 12 (d* fx + cdf + (d%fz + cdf) cos (fx +e) — (—id*fx —ic

inputLintegrate((d*x+c)‘2/(a+a*sec(f*x+e)),X, algorithm="maxima") J

(ctdx)?
3.12. f MT((H_M d.’L'
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output

= (I*d"2*f"3%x"3 + 3*xIkckd*f"3*x"2 + 3*I*c™2xf~3%x + 6kc™2*%f"2 + 12%(d"2*fx*
X + cxd*f + (d72xf*xx + cxd*f)*cos(f*x + e) — (-I*d"2*fxx - Ixcxd*f)*sin(f*
x + e))*arctan2(sin(f*x + e), cos(f*x + e) + 1) + (I*d"2*%f"3*x"3 - 3*%(-I*c
*d*f~3 + 2xd"2*f"2) *x"2 — 3% (~I*c"2*f"3 + 4dxckd*f~2)*x)*cos(f*x + e) — 12%
(d"2xcos(f*x + e) + I*d"2*sin(f*x + e) + d~2)*dilog(-e~ (I*f*x + I*e)) - 6%
(I*xd"2*f*xx + Ixckd*f + (I*d~2*f*x + I*ckxd*f)*cos(f*x + e) - (d72xf*x + c*xd
*f)xsin(f*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2xcos(f*x + e) + 1
) — (@72*%f"3%x"3 + 3*(ckxd*f~3 + 2*xT*kd"2*%f"2)*x"2 + 3*(c™2*%f~3 + 4*xIkckd*f~
2)*x)*sin(f*x + e))/(-3*I*axf~3*cos(f*x + e) + 3*axf 3*sin(f*x + e) - 3xIx
axf~3)

inputt

3.12.8 Giac [F]

(c+ dx)? B (dz + c)?
/a+asec(e+fx)dm_/asec(fa:+e)+adx

integrate ((d*x+c) "2/ (ata*sec(f*x+e)),x, algorithm="giac")

output‘

integrate((d*x + c)~2/(axsec(f*x + e) + a), x)

3.12.9 Mupad [F(-1)]

Timed out.
2 2
/ (c+dz) dp — (c+ dax) i
a+ asec(e + fx) o+ e o
inputLint((c + d*x)"2/(a + a/cos(e + f*x)),x)

-

outputtint((c + d*x)"2/(a + a/cos(e + f*x)), x)

~—

(ctdx)?
3.12. f MT((H_M d.’L'
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3.13 [y

a+asec(e+fx)
3.13.1 Optimal result . . . . . . . . . ... 114
3.13.2 Mathematica [A] (verified) . . . . . . . ... Lo 114
3.13.3 Rubi [A] (verified) . . . . . ... .. 115
3.13.4 Maple [A] (verified) . . . ... . ... ... 176l
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 116
3.13.6 Sympy [F] . . . . . 117
3.13.7 Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... .. 117
3.13.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 118
3.13.9 Mupad [B] (verification not implemented) . . . ... .. ... ... ..... 118}

3.13.1 Optimal result

Integrand size = 18, antiderivative size = 67

a+ asec(e + fx) dz = 2ad af? af

[ et aste (c+du)* _ 2dlog (cos (5 +4))  (c+do)tan (5 + 5)

output \ 1/2*(d*x+c) ~2/a/d-2*d*1n(cos (1/2*%f*x+1/2*e)) /a/f~2- (d*x+c) *tan(1/2*xf*x+1/2 \
‘*e)/a/f \

3.13.2 Mathematica [A] (verified)

Time = 1.00 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.55

/ c+dz
dx
a+ asec(e + fz)

_cos (3(e+ fz)) sec(e + fz) (—2f(c + dz)sec (&) sin (£) + cos ((e + fz)) (f2z(2c + dz) — 4dlog (cos
af?(1+ sec(e + fx))

r

inputLIntegrate[(c + d*x)/(a + a*Sec[e + f*x]),x]

| —

output‘ (Cos[(e + fxx)/2]*Sec[e + f*xx]*(-2xfx(c + d*x)*Sec[e/2]*Sin[(f*x)/2] + Cos
\ [(e + fxx)/2]*(£72%x*(2%c + d*x) - 4*d*Logl[Cos[(e + f*x)/2]] - 2*d*f*x*Tan
L[e/2]>>)/(a*f*2*<1 + Secle + £*x1))

——

ctdx
3.13. [ Lttt dx



input

output

rule 2009

rule 3042
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3.13.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 167 Ryjeg used = {3042,

integrand size
4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx Qe
asec(e + fz) +a
| 3042

/ c+dx
dz
acsc(e+fx+%)+a

| 4679
/ c+dz c+dx
— dz
a acos(e + fr)+a
| 2009
_(c+ dx) tan (% + %) N (c + dz)? ~ 2dlog (cos <§ + %))
af 2ad af?

N

Int[(c + d*x)/(a + a*Sec[e + f*x]),x]

f
~—

\/(c + dxx)~2/(2*axd) - (2*dxLog[Cosle/2 + (£*x)/2]11)/(a*f~2) - ((c + dxx)*T
Lan[e/Q + (£*x)/21)/ (a*f)

~

3.13.3.1 Defintions of rubi rules used

-

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

| —

p
‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

ctdx
3.13. [ Lttt dx



CHAPTER 3. LISTING OF INTEGRALS

ruk34679‘Int[(csc[(e_.) + (F_)*(x)I*(M_.) + (a))"(@m_.)*((c_.) + (@_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
‘nle + £*x1)°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & ILtQ[n, 0] && IGt
\Q[m, 0]

3.13.4 Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

method result size
dln(sec(f%—i—%)Q)—i-((—dm—c) tan(%—i—%)—i—fﬂc(%—i—c))f
parallelrisch 3 53
af
2
ctan ﬁ+9 dz tan fj_,_g dln(l—i—tan(%-l—%) )
norman <+ dQ—”f — <a; 2) — g; 2) + a7 76
. dx2? 2id 2id 2i(dx4-c) 2dln(ei<f’”+e)+1)
risch % + % + ;_f:l: + al_f;i - fa(ei(fx""e)-l—l) - af? 87

-

input Lint ((d*x+c)/(a+axsec (f*x+e)) ,x,method=_RETURNVERBOSE)

-/

Output‘(d*ln(sec(1/2*f*x+1/2*e)‘2)+((—d*x—c)*tan(1/2*f*x+1/2*e)+f*x*(1/2*d*x+c))*
\f)/a/f*z

3.13.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.48

/ c+dr
dz
a+ asec(e + fr)

_df*’z® 4+ 2¢f%x + (df*s® 4 2¢f?x) cos (fz + ) — 2 (dcos (fz +e) + d) log (§ cos (fz +e) +3) — 2 (dfx

2(af?cos(fz+e)+af?)

inputLintegrate((d*x+c)/(a+a*sec(f*x+e)),x, algorithm="fricas")

output‘ 1/2% (A*f"2%x"2 + 2xc*f~2%x + (A*f~2%x"2 + 2xckf 2*x)*cos(f*x + e) - 2x(d*xc
‘os(f*x + e) + d)xlog(1/2xcos(f*x + e) + 1/2) - 2k(d*f*x + c*f)*sin(f*x + e
‘))/(a*f”2*cos(f*x + e) + axf~2)

ctdx
3.13. [ Lttt dx
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3.13.6 Sympy [F]

c dx
a+ asec(e + fzx) a
input Lintegrate ((d*x+c)/(ata*sec(f*x+e)) ,x) J

output‘(Integral(c/(sec(e + f*x) + 1), x) + Integral(d*x/(sec(e + fxx) + 1), x))/

2 J

3.13.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 273 vs. 2(57) = 114.

Time = 0.31 (sec) , antiderivative size = 273, normalized size of antiderivative = 4.07

/ c+dz d
Tr =
a+ asec(e + fz)
9 de <2 arctan(%) _ sin(fa+e) ) —9c (2 arctan(%) __ sin(fa+e) ) _ <(f:c+e)2 cos(fr+e)

af af(cos(fz+e)+1) a a(cos(fz+e)+1)

-/

input Lintegrate ((d*x+c)/(ataxsec(f*x+e)),x, algorithm="maxima")

output | -1/2*(2xdxe* (2*¥arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a*f) - sin(f*x + e
)/ (axf*(cos(f*x + e) + 1))) - 2xcx(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1
))/a - sin(f*x + e)/(a*x(cos(f*x + e) + 1))) - ((fxx + e) 2*cos(f*x + e)"2
+ (f*x + e) " 2xsin(f*x + e)72 + 2x(f*x + e) " 2*cos(f*x + e) + (f*x + e)”2 -
2x(cos(f*x + e)72 + sin(f*x + e)~2 + 2*kcos(f*x + e) + 1)*log(cos(f*x + e)~
2 + sin(f*xx + e)”2 + 2xcos(f*xx + e) + 1) - 4*(fxx + e)*sin(f*x + e))*d/(ax
fxcos(f*x + e)72 + axfxsin(f*x + e)”2 + 2*a*f*cos(f*x + e) + axf))/f

ctdx
3.13. [ Lttt dx



input

output

input

output
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3.13.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(57) = 114.

Time = 0.32 (sec) , antiderivative size = 248, normalized size of antiderivative = 3.70

/ c+dx
dz
a+ asec(e+ fz)

df*z® tan (3 fz) tan (5 e) + 2cf?z tan (5 fz) tan (5 ) — df?z? — 2¢f?x + 2dfwtan (5 fz) + 2dfz tan (

integrate((d*x+c)/(at+a*sec(f*x+e)),x, algorithm="giac")

1/2x (d*£~2*x"2xtan (1/2xf*x) *tan(1/2%e) + 2*cxf " 2xx*tan(1/2*f*x)*tan(1/2*e)

- d*f72%x72 - 2%ckfT2*x + 2xd*fxx*tan(1/2*f*x) + 2kd*xf*x*xtan(1/2xe) - 2xd
*1log (4* (tan(1/2*f*x) “2*xtan(1/2*e) "2 - 2*tan(1/2*f*x)*tan(1/2*e) + 1)/(tan(
1/2xf*xx) “2*%tan(1/2%e) "2 + tan(1/2xf*x)~2 + tan(1/2%e)”2 + 1))*tan(1/2*f*x)
xtan(1/2xe) + 2xc*fxtan(1/2*fxx) + 2xckfxtan(1/2xe) + 2xd*log(4*(tan(1/2*f
*x) "2xtan(1/2*e) "2 - 2*tan(1/2*f*x)*tan(1/2*e) + 1)/(tan(1/2*f*x) " 2*xtan(1/
2xe) "2 + tan(1/2xf*x)"2 + tan(1/2%e)”2 + 1)))/(a*f~2xtan(1/2*f*x)*tan(1/2*
e) - axf~2)

3.13.9 Mupad [B] (verification not implemented)

Time = 13.61 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.18

/ c+dz _dz® 2dln(eVe/TN+1)  (c+dz) 2 z (cf+ d2i)
a+ asec(e + fz) T 24 a f? af (eelitfzlit 1) af

Lint((c + d*x)/(a + a/cos(e + £*x)),x) J
((d*x‘2)/(2*a) - (2xd*log(exp(ex1i)*exp(f*x*1i) + 1))/(a*f~2) - ((c + d*x)* )

‘21)/(a*f*(exp(e*1i + f£xx*1i) + 1)) + (x*(d*2i + c*£))/(axf) J

ctdx
3.13. [ Lttt dx
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1
3.14 f (c+dz)(a+asec(e+fz)) dz

3.14.1 Optimal result . . . . . . . . . ... 1191
3.14.2 Mathematica [N/A] . . . . . .. . . 119
3.14.3 Rubi [N/A] . . . oo 20
3.14.4 Maple [N/A] (verified) . . . . . . . . ... 1211
3.14.5 Fricas [N/A] . . . . . 121]
3.14.6 Sympy [N/A] . . . . 1211
3.14.7 Maxima [N/A] . . . . . . 122
3.14.8 Giac [N/A] . . . . o o e 122
3.14.9 Mupad [N/A] . . . . o 123]

3.14.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
(c+ dz)(a + asec(e + fz)) dz = Int<(c +dz)(a + asec(e + fz))’ x)

e

output tUnintegrable (1/(d*x+c)/ (at+a*xsec(f*x+e)) ,x)

~—

3.14.2 Mathematica [N/A]
Not integrable

Time = 7.80 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fx)) de = / (c+dz)(a+ asec(e + fx)) de

input

Integrate[1/((c + d*x)*(a + a*Secl[e + f*x])),x]

N\ J

output LIntegrate [1/((c + d*x)*(a + a*Sec[e + f*x])), x] J

1
314. [ (T dn)(arasec(erfa)) 4%



input‘ Int[1/((c + d*x)*(a + a*Sec[e + f*x])),x]
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3.14.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
(c+dz)(asec(e+ fx) +a)

l.3042

1
(c+dz) (acsc(e+ fz+5) +a)

dz

l 4681

/ ! dx
(c+dz)(asec(e+ fx) +a)

output ‘ $Aborted ‘

rule 3042

rule 4681

3.14.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
314. [ (T dn)(arasec(erfa)) 4%
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3.14.4 Maple [N/A] (verified)

Not integrable

Time = 0.48 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz +c) (a+ asec(fz+e))

inputLint(1/(d*x+c)/(a+a*sec(f*x+e)),x)

output Lint (1/(d*x+c) / (ata*sec(f*x+e)),x)

3.14.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/(c+da:)(a+asec(e+fx)) dm:/(dx+c)(asec(fx+e)+a) dz

inputLintegrate(1/(d*x+c)/(a+a*sec(f*x+e)),x, algorithm="fricas")

output Lintegral(l/(a*d*x + axc + (axd*x + axc)*sec(f*x + e)), x)

3.14.6 Sympy [N/A]

Not integrable

Time = 1.05 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

dz

1

/ 1 de — f csec (e+fz)+c+dz sec (e+fz)+dx

T =
(c+dzx)(a+ asec(e + fz)) a

input Lintegrate (1/(d*x+c)/ (at+axsec(f*x+e)) ,x)

output LIntegral(l/(c*sec(e + f*x) + c + d*x*sec(e + fxx) + d*x), x)/a

1
314. [ (c+do) (atasec(et f2)) dx
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3.14.7 Maxima [N/A]
Not integrable

Time = 0.52 (sec) , antiderivative size = 391, normalized size of antiderivative = 19.55

1 1
/(c+d:1;)(a—|—asec(e—|—fx)) dw:/(dx—}—c)(asec(fm—l—e)—l—a) de

B
input Lintegrate (1/(d*x+c) / (ata*sec(f*x+e)) ,x, algorithm="maxima")

~—

output | ((d*f*x + c*f)*cos(f*x + e) 2+log(d*x + c) + (d*f*x + c*f)*log(d*x + c)*si
n(fxx + e)”2 + 2x(dxf*x + c*f)*cos(f*x + e)*log(d*x + c) - 2x(axd™3*f*x +

axcxd"2*f + (axd"3*f*x + akxckd™2xf)*cos(f*x + e)72 + (a*xd"3*xf*x + akxckxd™2#
f)*sin(f*x + e)”2 + 2*(a*d~3*f*x + axckd™2*f)*cos(f*x + e))*integrate(sin(
fxx + e)/(a*d™2xf*x"2 + 2*axckd*f*x + a*c”2xf + (a*d™2xf*x"2 + 2*axckd*f*x
+ axc”2*f)*cos(f*xx + e)”2 + (axd™2*f*x"2 + 2kakckdkf*x + a*c™2*xf)*sin(f*x
+ e)72 + 2% (axd"2xf*x"2 + 2kakckd*f*x + a*c”2xf)*xcos(fxx + e)), x) + (d*f
*x + c*f)*log(d*x + c) - 2xd*sin(f*x + e))/(axd™2xf*x + axcxd*f + (a*xd~2xf
*x + axckxdxf)*cos(f*x + e)72 + (axd™2xf*xx + akckd*f)*sin(f*x + e)~2 + 2*(a
*d"2xf*x + axckxdkf)*cos(f*x + e))

3.14.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c-l—dx)(a-l—asec(e-l—fx)) dm:/(dx+c)(asec(fx+e)+a) de

input ‘ integrate(1/(d*x+c)/(ataxsec(f*x+e)),x, algorithm="giac") ‘

§
output Lintegrate(l/((d*x + c)*(akxsec(f*x + e) + a)), x)

| —

1
3.14. f (c+dz)(a+tasec(e+fzx)) dzx
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3.14.9 Mupad [N/A]

Not integrable

Time = 13.25 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

dz

a
cos(e+f )

1 1
/(C+d$)(a+asec(€+fx))dx:/<a+—> (c+dx)

input Lint(l/((a + a/cos(e + f*x))*(c + d*x)),x)

output Lint(l/((a + a/cos(e + fx*x))*(c + d*x)), x)

1
314. [ (c+do) (atasec(et f2)) dx
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1

3.15 f (c+dz)2(a+asec(e+fx)) dx

3.15.1 Optimal result . . . . .. .. . ... . 124
3.15.2 Mathematica [N/A] . . . .. .. . . . 124
3.15.3 Rubi [N/A] © © o oo oo e e 75
3.15.4 Maple [N/A] (verified) . . . . . . . . ... 126
3.15.5 Fricas [N/A] . . . . . 126
3.15.6 Sympy [N/A] . . . . e 1261
3.15.7 Maxima [N/A] . . . . . . . 127
3.15.8 Giac [N/A] . . . . . o e 127
3.15.9 Mupad [N/A] . . . . 128

3.15.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)?(a + asec(e + fx)) do = Int((c +dz)%(a + asec(e + fz))’ x)

output ‘ Unintegrable (1/(d*x+c) "2/ (at+a*sec(f*x+e)),x)

3.15.2 Mathematica [N/A]

Not integrable

Time = 6.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
(c+dz)?(a+ asec(e + fx)) de = / (c+dz)%(a+ asec(e + fx))

dz

inputLIntegrate [1/((c + d*x)"2x(a + a*Sec[e + f*x])),x]

~—

-

output LIntegrate [1/((c + d*x)~2*(a + a*Sec[e + f*x])), x]

~—

1
3.15. f (ct+dz)2(a+asec(e+fzx)) dz
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3.15.3 Rubi [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
(c+dz)%(asec(e + fz) + a)

| 3042

1
(c+dz)?(acsc(e+ fz+ %) +a)

| 4681

/ ! dx
(c+ dx)?(asec(e + fzr) + a)

dz

input‘ Int[1/((c + d*x)"2x(a + axSec[e + f*x])),x] ‘

output ‘ $Aborted ‘

rule 3042

rule 4681

3.15.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
3.15. f (ct+dz)2(a+asec(e+fzx)) dz
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3.15.4 Maple [N/A] (verified)

Not integrable

Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/ 5 dz
(dz +¢)” (a+ asec(fz+e))

input tint (1/(d*x+c) "2/ (a+axsec(f*x+e)) ,x)

output Lint (1/ (d*x+c) "2/ (at+a*xsec (f*x+e)) ,x)

3.15.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/ (c+ dzx)2(a + asec(e + fx)) do = / (dz + ¢)*(asec (fz +e) +a)

dzx

p
inputtintegrate(l/(d*x+c)‘2/(a+a*sec(f*x+e)),x, algorithm="fricas")

e—

p
output‘ integral (1/(a*d”2*x"2 + 2*%a*ckd*x + a*c™2 + (a*d™2%x"2 + 2¥axckxd*x + a*c”2
‘)*sec(f*x +e)), x)

———

3.15.6 Sympy [N/A]

Not integrable

Time = 2.12 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.90

1

/ 1 de — f c? sec (e+fx)+c2+2cdz sec (e+ fz)+2cdz+d2z? sec (e+ fz)+d2xz2
T =
(c+ dx)%*(a+ asec(e + fz)) a

input Lintegrate (1/ (a*x+c)**2/ (a+axsec(f*x+e)) ,x)

Output‘Integral(i/(c**2*sec(e + f*x) + c**2 + 2xcxd*kx*ksec(e + f*x) + 2*cxd*x + d*
‘*2*x**2*sec(e + £xx) + d**2%x*x2), x)/a

1
3.15. f (c+dz)2(a+asec(e+fz)) dz
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3.15.7 Maxima [N/A]

Not integrable

Time = 0.90 (sec) , antiderivative size = 522, normalized size of antiderivative = 26.10

1 1
(c+dz)?(a + asec(e + fr)) do = / (dz + ¢)*(asec (fz + €) + a) d

e

input Lintegrate (1/(d*x+c) "2/ (ata*sec(f*x+e)) ,x, algorithm="maxima")

-/

output | —(d*f*x + (dxf*x + c*f)*cos(f*x + e)72 + (d*xf*x + c*f)*sin(f*x + e)”2 + c*
f + 2% (d*f*x + c*f)xcos(f*xx + e) + 4*x(a*d™4*fxx"2 + 2xaxc*d 3xfxx + axc™2*
d~2+f + (axd™4*f*x"2 + 2%a*xckd 3xf*x + axc”2%d"2xf)*cos(f*x + e)~2 + (axd”
Axf*x"2 + 2*kaxckd"3*f*x + axcT2xd"2xf)*sin(f*x + e)”2 + 2x(axd"4xf*x"2 + 2
*xaxcxd 3xfxx + axc”2xd"2xf)*cos(f*x + e))*integrate(sin(f*xx + e)/(axd"3*xfx*
X3 + 3kakxckd"2xfxx"2 + 3*xakc 2kd*f*x + axc”3xf + (axd"3*f*kx"3 + 3ka*xcxd"2
*f*xx72 + 3xaxc”2kd*f*x + a*xc”3*f)*cos(fxx + e)”2 + (a*d"3*f*x"3 + 3*xaxckxd”
2%f*x72 + 3xaxc”2xdxf*xx + akc”3*f)*sin(f*x + e)”2 + 2k (axd"3*f*x"3 + 3*axc
*d"2%f*xx"2 + 3kakc 2xd*f*x + axc”3*f)*cos(fxx + e)), x) + 2*kdxsin(f*x + e)
)/ (axd”"3*f*x"2 + 2%a*xcxd"2xf*xx + axc”2kd*f + (a*d " 3*f*x72 + 2kaxckd”2kf*x
+ axc”2*d*f)*cos(f*x + e)”2 + (a*d 3*f*x"2 + 2*axckd"2xf*x + axc ™ 2*d*xf)*si
n(f*x + e)~2 + 2% (a*d"3*f*xx"2 + 2xaxc*d 2xf*x + axc™2*d*f)*cos(f*x + e))

N

3.15.8 Giac [N/A]

Not integrable

Time = 0.57 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10
j/ 1 I u/” 1

(c+dz)%(a+ asec(e + fz)) (dz + c)*(asec (fz + €) + a)

dz

-

inputLintegrate(l/(d*x+c)“2/(a+a*sec(f*x+e)),x, algorithm="giac")

| —

outputtintegrate(l/((d*x + c)"2x(a*xsec(f*x + e) + a)), x)

1
3.15. f (ct+dz)2(a+asec(e+fzx)) dz
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3.15.9 Mupad [N/A]

Not integrable

Time = 13.15 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

dz

a
cos(e+f )

1 1
/(c+dx)2(a+asec(e+fx)) dx=/ (a—l— ) (c+dz)’

input Lint(l/((a + a/cos(e + f*x))*(c + d*x)~2),x)

output Lint(l/((a + a/cos(e + f*x))*(c + d*x)~2), x)

1
3.15. f (c+dz)2(a+asec(e+fz)) dz
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316 [l dg

a+asec(e+fx))
3.16.1 Optimalresult . . .. ... ... ... ... .. 129
3.16.2 Mathematica [B]| (warning: unable to verify) . . . . . .. ... ... ... .. 1301
3.16.3 Rubi [A] (verified) . . . . . . ... ... 130
3.16.4 Maple [B] (verified) . ... ... ... . ... 132
3.16.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 133
3.16.6 Sympy [F] . . . . . . 134
3.16.7 Maxima [B] (verification not implemented) . . . . . . . . ... ... ... .. 1351
3.16.8 Giac [F] . . . . . . 135
3.16.9 Mupad [F(-1)] . . . . oo 136

3.16.1 Optimal result

Integrand size = 20, antiderivative size = 288

(c+dz)’ do — 5i(c+dz)®  (c+dz)* 10d(c+ dz)*log (1 + e'e+f)

(a+ asec(e + fx))? v 3af 4a2d a?f?
4d®log (cos (§ + ££))
+ a? f*
20id?(c + dz) PolyLog (27 _ei(6+fz))
+ 273
a*f
20d® PolyLog (3, —€!*+/))  d(c + dz)?sec? (£ + &)
a? f4 2a2 f2
2d%(c + dz) tan (£ + £2) _ 5(c+ dz)®tan (£ + L2)
a?f3 3a2f
N (c+dz)3sec? (& + L) tan (£ + L&)
6a? f

output | 5/3*I*(d*x+c)~3/a"~2/f+1/4* (d*x+c) ~4/a"~2/d-10*d* (d*x+c) “2*1n(1+exp (I* (f*x+e
)))/a~2/£72+4%d"3*1n(cos (1/2xf*x+1/2*e)) /a~2/£~4+20*%I*d 2% (d*x+c) *polylog(
2,-exp(I*(f*x+e)))/a~2/£~3-20*d"3*polylog(3,-exp(I*(f*x+e)))/a~2/f74-1/2%d
* (d*xx+c) “2*xsec(1/2+fxx+1/2xe) "2/a~2/£f"2+2*d"2* (d*x+c) *tan (1/2*f*x+1/2%e) /a
~2/£73-5/3*(d*x+c) “3xtan(1/2*f*x+1/2%e) /a~2/f+1/6* (d*x+c) "3*sec(1/2xf*x+1/
2%e) "2*tan (1/2*xf*x+1/2%xe) /a~2/f

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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3.16.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 1447 vs. 2(288) = 576.

Time = 7.95 (sec) , antiderivative size = 1447, normalized size of antiderivative = 5.02

c+dz)? '
/ (a+ cEsec(e -)k fz))? dx = Too large to display

p
inputLIntegrate[(c + dxx)~3/(a + a*xSec[e + f*x])"2,x]

output

~—

(((-20%I)/3)*d"3*Cos[e/2 + (£f*x)/2] 4*(£~2*x"2*%(f*x - (3*I)*x(1 + E~(Ix*e))=*
Log[l + ET((-I)*(e + f*x))]) + 6%(1 + E~(I*e))x*f*x*PolyLogl[2, -E~((-I)*(e
+ £xx))] - (6xI)*(1 + E~(I*e))*PolyLogl[3, -E~((-I)*(e + f*x))])*Sec[e/2]*S
ecle + £xx]72)/(E~((I/2)*e)*f"4x(a + a*Sec[e + f*x])~2) + (16xd~3*Cos[e/2
+ (f*x) /2] 4*Sec[e/2]*Sec[e + f*x]~2*(Cos[e/2]*Log[Cos[e/2]*Cos[(f*x)/2] -
Sinl[e/2]*Sin[(f*x)/2]] + (f*x*Sinl[e/2])/2))/(f~4*(a + a*Secl[e + f*xx]) 2x(
Cos[e/2]"2 + Sin[e/2]72)) - (40%c~2xd*Cos[e/2 + (f*x)/2] 4*Sec[e/2]*Secle
+ f£*x]72%(Cos[e/2] *Log[Cos[e/2] *Cos[(£*x)/2] - Sin[e/2]*Sin[(£f*x)/2]1] + (£
*x*Sinl[e/2]1)/2))/(f~2x(a + a*Sec[e + f*x])~2*(Cos[e/2]"2 + Sin[e/2]72)) -
(80*c*d~2*Cos[e/2 + (f*x)/2] 4*Cscle/2]*((£~2*x~2)/(4*E~ (I*ArcTan[Cot [e/2]
1)) - (Cotle/2]*((I/2)*f*x*(-Pi - 2xArcTan[Cot[e/2]]) - Pi*Logl[l + E~((-I)
*xfxx)] - 2x((£*x)/2 - ArcTan[Cot[e/2]])*Logl[l - E~((2*I)*((f*x)/2 - ArcTan
[Cot[e/2]1))] + PixLogl[Cos[(f*x)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2
- ArcTan[Cot[e/2]]1]] + I*PolyLogl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))
1))/8qrt[1 + Cotl[e/2]1"2])*Secle/2]1*Sec[e + £*x]~2)/(£"3*(a + a*Sec[e + f*x
1)~2xSqrt[Csc[e/2] 2% (Cos[e/2] "2 + Sin[e/2]72)]) + (Cos[e/2 + (f*x)/2]*Sec
[e/2]*Sec[e + f*x]"2%(-24*c~2xd*f*Cos[(£*x)/2] - 48*c*d~2xf*x*Cos [(£f*x)/2]
+ 36%c"3*f"3*x*Cos [(£*x) /2] - 24*d"3*f*xx"2*Cos[(£*x) /2] + 54xc 2xd*f " 3*x~
2xCos [(£*x) /2] + 36%c*d~2*f~3*x"3*Cos[(f*x)/2] + 9*d~3*f~3*x"4*Cos[(f*x)/2
] - 24xc™2xd*f*Cos[e + (£f*x)/2] - 48*c*xd~2xf*x*Cos[e + (£fxx)/2] + 36%c”...

3.16.3 Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 153 Ryles used

' integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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/ (c+ dx) i
(asec(e + fz) + a)?
| 3042

/ (c+dz)3 de
(acsc(e+ fr+ %)+ a)2

| 4679
/ B 2(c + dz)3 (c+dz)3 (c+dz)3 i
a?(cos(e + fz) +1)  a2(cos(e + fz) + 1)2 a?
| 2009
20id?(c + dz) PolyLog (2, —el(e+fw)) 2d*(c + dz) tan <§ + %)
a3 + a2f3 B
10d(c + dz)2log (1 + ei(e+fx)) d(c + dz)?sec ( + fw) 5(c + dz)3 tan (% + %w)
a2 f2 2a2 f2 o 3a2f +
(c+dz)? tan (% + fw) sec (% + %) 5i(c+dx)®  (c+dz)* 20d3 PolyLog (3, —e'(¢+/2)) N
6a2 f 3a?f 4a2d a2 f4
4d3log (cos (g + %))
aZf4

input | Int[(c + d*x)~3/(a + a*Sec[e + f*x])~2,x]

N

output | (((5*%I)/3)*(c + d*x)73)/(a"2*%f) + (c + d*x)~4/(4*a"2xd) - (10*d*(c + d*x)~
2xLog[1 + E"(Ix(e + fxx))])/(a"2xf"2) + (4xd"3*Log[Cos[e/2 + (£*x)/2]1]1)/(a
~2%£74) + ((20*%I)*d"2x(c + d*x)*PolyLog[2, -E~(I*(e + f*x))])/(a"2*f"3) -

(20%d~3*PolyLog[3, -E~(I*(e + f*x))])/(a"2*f~4) - (d*(c + d*x) 2*Secl[e/2 +

(£xx)/2]72) / (2*xa~2+%£72) + (2*d"2*(c + d*x)*Tan[e/2 + (£*x)/2])/(a~2*f"3)
- (5%(c + d*x)~3*Tan[e/2 + (f*x)/2]1)/(3*a"2*f) + ((c + d*x)~3*Sec[e/2 + (f
xx) /2] “2*Tan[e/2 + (f*x)/2])/(6%a~2xf)

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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3.16.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt

Q[m, 0]

3.16.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 809 vs. 2(246) = 492.

Time = 0.66 (sec) , antiderivative size = 810, normalized size of antiderivative = 2.81

method | result

d3x4

z3e2i(fzte) _gicd? frei(fote) 418¢d2 f222e

2i(fz+e)+9d3

: dzca: 3dciz” Sz ct 20id%cex __ 2i(6d° £
risch 4a? +52 Tt 2a2 + a? + 4a2d + a2 f?

inputLint((d*x+c)“3/(a+a*sec(f*x+e))‘2,x,method=_RETURNVERBOSE)

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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output | 1/4/a"2+%d~3*x"4+1/a"2*xd"2*c*x"3+3/2/a"2*d*c"2*x"2+1/a"2*%c " 3*x+1/4/a"~2/d*c”
4+20%I1/a"2/f"2%d 2% ckxexx-2/3*I* (6*d~3*f ~2*x " 3*exp (2*xI* (fxx+e) ) —6*xI*xc*d ™~ 2*f
xx*kexp (I* (£xx+e) ) +18*cxd~2xf ~2xx " 2kexp (2*I* (f*x+e) ) +9*d~3*f ~2+x " 3*exp (I* (£
xx+e) ) —6xI*xc*kd~2xfxx*exp (2*xI* (fxx+e) ) —3*xI*xc~2kd*f*exp (I* (f*x+e) ) +18*c™2%d*
f72xx*exp (2*xI* (fxx+e) ) +27*c*xd~2+f ~2*x"2%exp (I* (f*x+e) ) +5*d~3*f ~2%x"3-3*I*d
“3*xfxx"2xexp (I* (f*x+e) ) —3*I*kd~3*f*xx"2xexp (2*I* (£xx+e) ) +6*c~3*f " 2%exp (2*I* (
fxx+e) ) +27*c"2xd*f ~2kx*exp (I* (f*x+e) ) +15xc*xd~2%f " 2xx~2-3*I*c~2*d*f*exp (2*I
* (f*x+e) ) +9*c™3*f " 2*kexp (I* (f*x+e) ) +15kc™2xd*f " 2xx—6*d~3*x*exp (2*xI* (f*x+e) )
+5xc"3*f "2-6xc*d"2*xexp (2% I* (fxx+e) ) -12*d " 3*x*exp (I* (f*x+e) ) -12xc*d~2*xexp (I
* (£xx+e) ) -6*d"3*x-6*cxd"2) /£73/a"2/ (exp (I*(£*x+e))+1)~3-10/a"2/£"2%d"~3*1n(
exp (I*(fxx+e))+1)*x"2+10%I/a~2/f*d " 2*c*x"2-20/a"2/f"3*d"2*c*ex1n (exp (I* (f*
x+e)))+10/3*%I/a"2/f*d"3*%x"3-20/3*I1/a"~2/f"4*d"3*xe~3-10%I/a~2/f "3*d " 3*e” 2*x+
20*I/a"2/£f"3*d"2*c*polylog(2,-exp (I*(f*x+e)))+4/a~2/f"4*d"3*1n (exp (I* (£*x+
e))+1)-4/a~2/£"4*d"3*1n(exp (I*(f*x+e)))-20*d"3*polylog(3,-exp(I*(f*x+e)))/
a~2/f74+20%I/a"2/£"3*%d"3*polylog(2,-exp (I*(f*x+e)))*x-20/a~2/f " 2*%d"2*c*1n(
exp (Ix(fxx+e))+1)*x-10/a"2/f"2xd*c~2*1n(exp (I*(f*x+e))+1)+10/a~2/£f " 2*d*c"2
*1n (exp (I*(fxx+e)))+10/a~2/f 4*d"3*e~2*1n(exp (I* (f*x+e)))+10%I/a~2/f"3*d"2
*c*e”2

& J

3.16.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 933 vs. 2(243) = 486.

Time = 0.30 (sec) , antiderivative size = 933, normalized size of antiderivative = 3.24

/ (c+dz)?
dz
(a + asec(e + fx))?
3P flat + 12cd? f1a® — 12C7df? 4 6 (3Pdf* — 2P f?)a® + 3 (AP fa? 4 4 cd® f*2® + 6 Pdf'a® + 4% f1x)

input‘integrate((d*x+c)‘3/(a+a*sec(f*x+e))“2,x, algorithm="fricas")

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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output | 1/12% (3*%d~3*f~4*x"~4 + 12%c*d"2*%f~4*x~3 - 12%c”~2%d*f"2 + 6% (3*%c™2*xd*f~4 - 2
*d"3*xf"2)*xx"2 + 3k (A"3*f"4*x"4 + 4xcxd"2xfT4*x"3 + 6%c”2*d*f"4*x"2 + 4xc”3
*f"4*x)*xcos(fxx + e)72 + 12x(c™3*xf74 - 2xc*kd"2*xf"2)*xx + 6% (d"3*f74*x"4 + 4
*Ckd"2*xf"4xx"3 — 2kcT2*dA*f72 + 2% (3*xc”2xd*f"4 - 4d73*f72)*x72 + 4x(c"3*f"4
- c*d"2*xf72)*x) *cos(f*x + e) - 120%(I*d"3*f*x + I*xckd"2*f + (I*d"3*f*x + I
xc*kd"2xf) *cos(f*x + e)72 + 2% (I*d"3*f*x + I*kckd~2xf)*cos(f*x + e))*dilog(-
cos(f*x + e) + I*sin(f*x + e)) - 120*%(-I*d"3*f*xx — I*xckd™2*f + (-I*d"3*f*x
- I*c*xd™2xf)*cos(f*xx + e)”2 + 2% (-I*d"3*f*x — I*xckxd"2*f)*cos(f*x + e))*di
log(-cos(f*x + e) - I*sin(f*x + e)) - 12%(5*d"3*f72*%x"2 + 10%c*xd~2*f 2*x +
5xc™2%d*xf~2 - 2%d"3 + (5kd"3*f"2%x72 + 10*ckd"2*f"2%x + 5kc 2%d*f"2 - 2xd
“3)*cos(f*x + )72 + 2% (5*%d"3*f"24x72 + 10*ckd"2*%f"2%x + 5k 2xd*f"2 - 2%d
~3)*cos(f*x + e))*log(cos(f*x + e) + I*sin(fxx + e) + 1) - 12+ (5xd"3*f"2%x
2 + 10*c*xd"2*%f"2%x + BkcT2xd*f"2 - 2%d"3 + (5kd"3*f"2*x"2 + 10*c*d"2*f 2%
X + 5*%c72+d*f72 - 2*xd"3)*cos(f*x + e)72 + 2% (5xd"3*f72xx"2 + 10*ckd"2*f 2%
X + Bxc72xd*xf72 - 2xd"3)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) +
1) - 120*%(d"3*cos(f*x + e)~2 + 2*%d~3*cos(f*x + e) + d~3)*polylog(3, -cos(
f*x + e) + I*sin(f*x + e)) - 120%(d"3*cos(f*x + e)~2 + 2*xd"3*cos(f*x + e)
+ d"3)*polylog(3, -cos(f*x + e) - Ixsin(f*x + e)) - 4x(4xd~3*f"3*x"3 + 12%
ckd"24f"3%x"2 + 4*c"3*f"3 - 6xckxd"2*f + 6% (2xc”2xd*f"3 - d"3xf)*x + (5%d"3
*f"3%x"3 + 15%ckd"2*%f"3*%x"2 + B*xc"3%f"3 - 6kckd"2*f + 3% (5kcT2xdxf"3 - ...

3.16.6 Sympy [F]

/ (c+dz)?
dz
(a+ asec(e + fx))?

d3z3
sec? (e+fz)+2sec (e+fz)+1

3
_ f sec? (e+fx)+c2sec (e+fz)+1

d-'l'+f 3cd?x? d.’L'+f 3c%dx

dz + f sec? (e+fz)+2sec (e+fz)+1 sec? (e+fz)+2sec

a?

inputLintegrate((d*x+c)**3/(a+a*sec(f*x+e))**2,x)

|

output‘(Integral(c**S/(sec(e + fxx)**2 + 2xsec(e + f*x) + 1), x) + Integral (d**3x
\x**s/(sec(e + fxx)**2 + 2+sec(e + f*x) + 1), x) + Integral (3kxcxd**2xx**2/(
‘sec(e + fxx)**2 + 2xsec(e + f*x) + 1), x) + Integral (3*c**2xdxx/(sec(e + £
kx)*x2 + 2xsec(e + £*x) + 1), x))/axx2

EERN———.——

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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3.16.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4283 vs. 2(243) = 486.

Time = 1.33 (sec) , antiderivative size = 4283, normalized size of antiderivative = 14.87

(c+dz)3 .
dz = Too large to displ
/(a+asec(e+fx))2 z oo large to display

input  integrate((d*x+c)~3/(ata*sec(f*x+e))"2,x, algorithm="maxima")

output | -1/6% (3*c*d"~2%e" 2% ((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(co
s(fxx + e) + 1)73)/(a"2%f"2) - 12+arctan(sin(f*x + e)/(cos(f*x + e) + 1))/
(a~2xf~2)) - 3*c”2*xd*e*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(fxx + e)~
3/(cos(f*x + e) + 1)73)/(a"2xf) - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1
))/ (@ 2*%f)) + 6% (3*%(f*x + e) " 2xcos(3*f*x + 3*e)”2 + 3x(fxx + e) " 2ksin(3*f*
X + 3%e)”2 + 3% (9x(f*xx + e)”2 - 4)*cos(2*f*x + 2xe)"2 + 3k (9 (f*x + e)72 -
4)*cos(f*x + e)72 + 3x(9x(f*x + e)72 - 4)*sin(2*xf*x + 2*%e) "2 + 3% (9*(f*x
+ e)72 - 4)xsin(fxx + e)72 + 3x(f*x + e)72 + 2% (3x(f*x + e)"2 + (9*(f*x +
e)”2 - 2)xcos(2xfxx + 2%e) + (9*(f*x + e)72 — 2)*cos(f*x + e) + 12x(f*xx +
e)*sin(2*f*x + 2%e) + 18*x(f*x + e)*sin(f*x + e))*cos(3*f*xx + 3%e) + 2%k (9% (
fxx + e)72 + 3% (9% (f*x + e)72 - 4)*cos(f*x + e) + 18x(f*x + e)*sin(f*x + e
) - 2)*cos(2xfxx + 2xe) + 2% (9x(f*x + e)”2 - 2)*cos(f*x + e) - 10*(2*(3*co
s(2xf*x + 2%e) + 3*cos(f*x + e) + 1)*cos(3*f*x + 3*e) + cos(3*f*x + 3*e)”2
+ 6% (3*cos(f*x + e) + 1)*xcos(2*xf*x + 2%e) + 9xcos(2xfxx + 2*e)”2 + 9*cos(
f*x + e)72 + 6x(sin(2xf*x + 2%e) + sin(f*x + e))*sin(3*f*x + 3*e) + sin(3*
fxx + 3%e)”2 + 9xsin(2xf*xx + 2%e) "2 + 18*sin(2*xf*x + 2*e)*sin(f*x + e) + 9
*sin(f*xx + e)”2 + 6*cos(f*x + e) + 1)*log(cos(f*x + e)72 + sin(f*x + e)~2
+ 2xcos(f*x + e) + 1) - 2k (10*f*x + 12%x(f*x + e)*cos(2*xf*x + 2*xe) + 18« (f*
X + e)*cos(fxx + e) - (9x(f*x + e)~2 - 2)*sin(2*f*x + 2xe) - (9 (fxx + e)”
2 - 2)*sin(f*x + e) + 10*e)*sin(3*xf*xx + 3xe) - 6x(6*%fxx + 6x(f*x + e)*c...

\

3.16.8 Giac [F|

(c+dz)? B (dz + ¢)®
(a+ asec(e + fx))? de = / (asec(fz +€) +a)’

input‘integrate((d*x+c)“3/(a+a*sec(f*x+e))”2,x, algorithm="giac")

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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output Lintegrate((d*x + ¢)"3/(axsec(f*x + e) + a)~2, x)

3.16.9 Mupad [F(-1)]

Timed out.
(c+dx)?
(a + asec(e + fx))?

dx = Hanged

inputtint((c + d*x)~3/(a + a/cos(e + £*x))"2,x)

output L\text{Hanged}

_ (ctdz)®
3.16. f (a+asec(e+fz))2 dx
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317 [ il da

a+asec(e+fx))

3.17.1 Optimalresult . . . . . . . . . . . .
3.17.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... ..
3.17.3 Rubi [A] (verified) . . . . . ... ..
3.17.4 Maple [B] (verified) . ... ... ... . . ...
3.17.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..
3.17.6 Sympy [F] . . . . o o
3.17.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.17.8 Giac [F] . . . . o
3.17.9 Mupad [F(-1)] . . . . oo

3.17.1 Optimal result

Integrand size = 20, antiderivative size = 229

138
139

142
142
145]

/ (c+ dx)? i — 5i(c + dz)? N (c+dz)®  20d(c+ dz)log (1+ eietfa)
(a+asec(e+ fz))2 ~  3alf 3a%d 3a? f?

20id? PolyLog (2, —e'(¢t/2)) _ d(c+ dz)sec? (¢+ L)

3423 302 f2
2d%tan (& + £2) _ 5(c+dz)? tan (§ + £2)
3a?f3 3a?f
N (c+dz)?sec? (¢ + £) tan (S + L2)
6a?f

5/3xI*(d*x+c) ~2/a"~2/f+1/3*(d*x+c) ~3/a~2/d-20/3*d* (d*x+c) *1n (1+exp (I* (f*x+e
)))/a~2/£72+20/3*%I*d"~2*polylog(2,—exp(I*(f*x+e)))/a~2/£73-1/3*d* (d*x+c) *se
c(1/2xfxx+1/2%e)~2/a~2/£72+2/3*xd"2xtan(1/2*f*xx+1/2%e) /a~2/£~3-5/3* (d*x+c)~
2xtan (1/2xfxx+1/2%e) /a~2/f+1/6% (d*x+c) "2*sec (1/2xf*x+1/2%e) "2%tan (1/2*xf*x+
1/2xe) /a~2/f

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.17.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 925 vs. 2(229) = 458.

Time = 7.17 (sec) , antiderivative size = 925, normalized size of antiderivative = 4.04

/ (c+ dzx)? i

(a + asec(e + fx))?

_ 80cd.cos* (5 + %) sec (5) sec®(e + £z) (cos (5) log (cos (5) cos (%) —sin (5) sin (7)) +

pfzsin (5))

3/2a+ asecle + f2))? (cos? (5) + sin? (2))

cot(%) (Eifz(—ﬂ'—Q arctan (cot (%))) - log(l+e_ifm) —2 (% —arct

80d2 COS4 (% + sz) cse (%) (}lezarctan (cot ( % f2 2

3f3(a+a

L oo (£ + £2) sec (&) sec?(e + fx) (—4cdf cos (£2) — 4d*fz cos (£2) + 9¢% f3z cos (L) + 9cdf?z? cos (£

output

(-80*c*dxCos [e/2 + (£xx)/2] 4xSec[e/2]*Sec[e + f*x]~2*(Cos[e/2]*Log[Cos[e/
2]*Cos[(f*x)/2] - Sinl[e/2]*Sin[(£f*x)/2]] + (f*x*Sinl[e/2])/2))/(3*f~2x(a +
a*Secl[e + f*x]) 2*(Cos[e/2]"2 + Sin[e/2]72)) - (80*d"2*Cos[e/2 + (f*x)/2]~
4*xCsce/2]* ((£72%x~2) / (4*E~ (I*ArcTan[Cot [e/2]])) - (Cotl[e/2]*((I/2)*f*x*(-
Pi - 2*ArcTan[Cot[e/2]]) - PixLogl[l + E~((-I)*f*x)] - 2*%((f*x)/2 - ArcTan[
Cot[e/2]11)*Logl[1l - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))] + PixLog[Cos[(f
*x)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]]1]] + I*Poly
Logl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]1]1))1))/Sqrt[1 + Cot[e/2]"2])*Sec
[e/2]*Sec[e + £*x]72)/(3*%f"3%(a + axSec[e + fx*x])~2xSqrt[Csc[e/2] 2% (Cos[e
/2172 + Sin[e/2]172)]) + (Cosl[e/2 + (f*x)/2]*Secl[e/2]*Sec[e + f*x] 2% (-4*cx*
d*f*Cos [(£*x) /2] - 4*d"2xf*x*Cos[(£*x)/2] + 9*kc™2xf " 3*x*Cos[(f*x) /2] + 9*c
*d*f " 3xx"2xCos [(£*x) /2] + 3*d"2*f"3*x"3*Cos [(£*x) /2] - 4*cxd*fxCos[e + (f*
x) /2] - 4*%d"2*f*xx*Cos[e + (f*x)/2] + 9*c™2*%f " 3*x*Cos[e + (f*x)/2] + 9O*c*d*
£f~3*x"2*%Cos[e + (f*x)/2] + 3*d"2*f~3*x"3*Cos[e + (f*x)/2] + 3*c~2*f"3*x*Co
sle + (3xfxx)/2] + 3*c*d*f~3*xx"2*Cos[e + (3*f*x)/2] + d~2*xf~3*x"3*Cos[e +
(3xf*xx) /2] + 3*c”™2*f"3*x*Cos[2xe + (3*xf*x)/2] + 3*c*xd*f 3*x~2*Cos[2xe + (3
*fxx) /2] + d"2*f"3*x"3*%Cos[2*%e + (3*f*xx)/2] + 8*d"2*Sin[(f*x)/2] - 18*c~2x*
£72+Sin[(£*x) /2] - 36%ckd*f~2*x*Sin[(£f*x)/2] - 18%d~2*f~2+x~2xSin[(f*x) /2]
- 4%d~2*%Sin[e + (f*x)/2] + 12xc™2xf~2xSin[e + (f*x)/2] + 24*cxd*f 2*x*Sin
[e + (£#x)/2] + 12%d"2*xf"2+x~2*Sin[e + (f*x)/2] + 4*%d"2*Sin[e + (3*f*x)...

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.17.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dz)? da
(asec(e + fz) + a)?
l 3042

/ (c+ dz)? d
(acsc (e + fr+ %) + a)2

| 4679
/ _ 2(c+dx)? (c+ dx)? (c+ dz)? i
a2(cos(e + fz) +1) ' a2(cos(e + fz) + 1)2 a2
| 2009
i(e+f) d(c+ dz)sec? (& + % fz 5(c+dz)2tan (& + £2
20d(c + dz)log (1 + € ) 2 272)
3a? f? 3a2f2 3a2f
(C+ d.’l?) tan( + fac) sec < + fx) . 5'i(C+ d.’)?)2 (C+ d.’E)3 201(12 PolyLog (2, _ei(e+fz))
6a2 f 3a2f 3a2d 3a2f3
22 tan (5 + fg)
3a2f3

+

input LInt[(c + d*x)~2/(a + a*Secle + f*x])~2,x]

output

(((5%I)/3)*(c + d*x)~2)/(a~2*f) + (c + d*x)~3/(3%a~2xd) - (20%d*(c + d*x)=*
Log[1l + E"(I*x(e + £xx))])/(3*a~2*f~2) + (((20%I)/3)*d"2*PolyLog[2, -E~(I*(
e + £*x))]1)/(a"2%x£~3) - (d*(c + d*x)#*Secl[e/2 + (£*x)/2]1°2)/(3*a~2+f"2) + (
2xd"2xTan[e/2 + (f*x)/2])/(3*a~2*f~3) - (5x(c + d*x)~2*Tan[e/2 + (£fx*x)/2])
/(3*%a~2xf) + ((c + d*x)~2xSec[e/2 + (f*x)/2] 2*Tan[e/2 + (f*x)/2])/(6%a~2%
)

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.17.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

3.17.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 452 vs. 2(187) = 374.

Time = 0.58 (sec) , antiderivative size = 453, normalized size of antiderivative = 1.98

method | result

d2 3
3a?

2% (6d2f2w2e2i(fa:+e)_2id2fx ei(fz+e)+12cd fo e2i(fz+e)+9d2f2x2ei(fm+e) —2id2f.’1: e2i(fz+

: dc:c x 2
risch + 5+ + 3y

—/

inputLint((d*x+c)‘2/(a+a*sec(f*x+e))‘2,x,method=_RETURNVERBOSE)

output | 1/3/a"2*xd"2*x"3+1/a"2*%d*c*x"2+1/a"2*%c"2*x+1/3/a"2/d*c"3-2/3*I* (6*%d~2*f ~2*x
~2xexp (2*xI* (f*x+e) ) -2%I*d~2*f*x*kexp (I* (f*x+e) ) +12kcxd*f~2xx*exp (2*xI* (f*x+e
) ) +9%d"2xf ~2+x " 2%exp (I* (fxx+e) ) -2%I*xd "2+ xx*kexp (2% I* (fxx+e) ) -2+ I*c*d*f*exp
(I*(f*x+e))+6xc™2xf " 2%exp (2*I* (f*x+e) ) +18*cxd*f~2kx*exp (I* (fxx+e))+5%d~2%f
~2%x"2-2%Ixckd*frexp (2% I* (fxx+e) ) +9*c™2xf ~2xexp (I* (£*x+e) ) +10*cxd*f ~2xx+5%
c"2x£72-2%d"2xexp (2% I* (f*x+e) ) -4*d~2xexp (I* (f*x+e))-2*d"2) /£~3/a"2/ (exp (I*
(f*x+e))+1)~3+20/3/a"2*d/f~2*cx1n(exp (I* (f*x+e)))-20/3/a"2*d/f~2*c*1n(exp(
Ix(f*x+e))+1)+10/3*%I/a"2+%d~2/£*x"2+20/3*1/a"~2*xd"2/f " 2*e*x+10/3*%I/a"~2*%d~2/f
~3%e”2-20/3/a"2%d"2/f"2*1n(exp (I* (f*x+e))+1) *x+20/3*I*d"2*polylog(2,-exp (I
*x(fxx+e))) /a"~2/£73-20/3/a"2*d"2/f " 3*ex1ln(exp (I* (f*x+e)))

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.17.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 493 vs. 2(184) = 368.

Time = 0.30 (sec) , antiderivative size = 493, normalized size of antiderivative = 2.15

(c+dz)?
/ (a+ asec(e + fx))? dz

_ & f%2% + 3cdf*x? — 2cdf + (d?f2° + 3 cdf*x® + 3 fox) cos (fx + e)’ 4+ (332f3 —2d%f)x + 2 (& f3s®

input‘integrate((d*x+c)“2/(a+a*sec(f*x+e))“2,x, algorithm="fricas")

output

inputLintegrate((d*x+c)**2/(a+a*sec(f*x+e))**2,x)

1/3%(d"2*f"3*%x"3 + 3*ckd*f~3*xx"2 - 2kckd*f + (d72*%f"3*%x~3 + 3xckd*f " 3*x"2
+ 3kc"2+¢f73*x)*cos(fxx + e)"2 + (3*%c™2*£f73 - 2xd"2xf)*x + 2k (d"2*f"3*x"3 +
3kckd*f"3%x72 - cxd*xf + (3kc"2*f"3 - d72*f)*x)*cos(f*x + e) - 10%(I*d"2*c
os(f*x + e)”2 + 2*xIxd"2*cos(f*x + e) + I*d~2)*dilog(-cos(f*x + e) + I*sin(
f*x + e)) - 10%(-I*d"2*cos(f*x + e)72 - 2*xIxd"2*cos(f*x + e) - I*d"2)*dilo
g(-cos(f*x + e) - Ixsin(f*x + e)) - 10%(d"2xf*x + cxdxf + (d"2kf*x + c*xd*f
)xcos(fxx + e)"2 + 2x(d"2xf*x + ckdxf)*cos(f*x + e))*log(cos(f*x + e) + I
sin(f*x + e) + 1) - 10%(d"2*f*x + ckd*f + (d"2*f*x + c*d*f)*cos(f*x + e)"2
+ 2% (d"2*%f*x + cxd*f)*cos(f*x + e))*log(cos(f*x + e) - Ixsin(fxx + e) + 1
) = (A*A"2*%f"2%x"2 + 8kxckxd*xf~2xx + 4*c”T2*%f"2 - 2%d72 + (5xd"2xf"2*x"2 + 10
*ckd*xf~2xx + Bkc"2*f"2 - 2%d"2)*cos(fxx + e))*sin(f*x + e))/(a~2xf " 3*cos(f
*X + e)”2 + 2*a"2*xf"3*cos(f*x + e) + a~2*f"3)

3.17.6 Sympy [F]

/ : (c+ dz)? e

a+ asec(e + fr))?

2 d2 2 2¢d
f sec? (e+fw)+c2 sec (e+fz)+1 dz + f sec? (e+fw)+2zsec (e+fz)+1 dz + f sec? (e+fz)+c2 sa;c (e+fz)+1 dzx

a?

-/

output‘(Integral(c**Q/(sec(e + f*x)**2 + 2%sec(e + f*x) + 1), x) + Integral(d**2x

‘x**2/(sec(e + fxx)**2 + 2+sec(e + f*x) + 1), x) + Integral(2xcxd*x/(sec(e
‘+ fxx)**2 + 2%sec(e + £*xx) + 1), x))/a**2 ‘

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.17.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1035 vs. 2(184) = 368.

Time = 0.78 (sec) , antiderivative size = 1035, normalized size of antiderivative = 4.52

c+dz)? .
/ (a+ (EseC(e -?— fx))? dz = Too large to display

input  integrate((d*x+c)~2/(ata*sec(f*x+e))~2,x, algorithm="maxima")

output | - (I*d"2+f~3*x"3 + 3*I*ckd*f~3*x"2 + 3*I*c™2*f"3*x + 10*c™2+%f~2 - 4*d"2 + 2
Ox(d"2xfxx + cxd*xf + (d"2xf*x + ckd*f)*cos(3*f*x + 3%e) + 3*(d"2*f*x + c*d
*f)kcos (2xf*x + 2%e) + 3*%(d~2xf*x + ckd*f)*cos(f*x + e) - (-I*d 2xf*x - Ix*
ckxd*f)*sin(3xf*x + 3*e) — 3*(-I*d"2xf*xx — Ikckd*f)*sin(2*f*x + 2xe) - 3*(-
I*d~2%fxx - I*ckd*f)*sin(f*x + e))*arctan2(sin(f*x + e), cos(f*x + e) + 1)
+ (I*d"2+£73%x"3 + (3*Ixcxd*f~3 — 10%d"2*f72)*x"2 + (3*xI*c"2*f~3 — 20%c*d
*f"2)*x)*cos (3kf*xx + 3*e) + (3*I*d~2*xf"3*x"3 + 12%c"2+%f"2 — 4xIxckxd*xf — 9%
(~I*c*xd*f~3 + 2xd"2*%f"2)*x"2 - 4%d"2 + (9*I*c~2%f~3 — 36*c*d*f~2 - 4*xI*xd~2
*f)*xx)*cos (2xf*x + 2%e) + (3*I*d~2*%f"3*x"3 + 18%c"2%f"2 - 4*Ixcxd*xf - 3*x(-
3xT*kcxd*f~3 + 4*d"2%f72)*x"2 - 8*%d"2 + (9xI*c~2+f~3 - 24xc*d*xf~2 - 4*Ixd"2
*f)*x) *cos (f*x + e) - 20%(d"2*cos(3*fxx + 3*e) + 3*d"2*cos(xf*x + 2%e) +

3xd~2%cos(f*x + e) + I*d"2*sin(3*f*x + 3%e) + 3*xI*d"2*sin(2*f*x + 2%e) + 3
*I*d"2*sin(f*x + e) + d"2)*dilog(-e”~ (Ixf*x + I*e)) - 10x(I*d"2xf*x + Ixcxd
*f + (Ixd"2xf*x + I*c*d*f)*cos(3*xfxx + 3*xe) + 3% (I*d"2*f*x + Ixcxd*xf)*cos(
2%f*x + 2%e) + 3x(Ixd"2kf*x + I*c*d*f)*cos(fxx + e) — (A72*f*x + c*d*f)*si
n(3xf*xx + 3ke) - 3*%(d"2*f*x + cxd*f)*sin(2*xf*x + 2%e) - 3*x(d"2xf*xx + ckxdx*f
)*sin(f*x + e))*log(cos(f*x + e€)72 + sin(f*x + e)”2 + 2*cos(f*x + e) + 1)

- (@72*f73%x73 + (3*ckd*f~3 + 10*%I*d"2*%f"2)*x"2 + (3*c"2*%f~3 + 20*I*c*xd*f~
2)*#x)*sin(3*f*x + 3*%e) — (3*A"2*f"3*x"3 - 12%I*c™2%f~2 — 4dkckd*f + 9*(cxdx*
£7°3 + 2kI*d"2*f72)*x"2 + 4*%I*d"2 + (9%c™2+f~3 + 36*I*cxd*f~2 — 4xd"2xf) ...

\

3.17.8 Giac [F]

(c+dz)? B (dz + ¢)®
/ (a+ asec(e + fx))? de = / (asec(fz +€) +a)’

input‘integrate((d*x+c)“2/(a+a*sec(f*x+e))”2,x, algorithm="giac")

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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output Lintegrate((d*x + ¢)"2/(axsec(f*x + e) + a)~2, x)

3.17.9 Mupad [F(-1)]

Timed out.
(c+ dzx)?
(a + asec(e + fx))?

dx = Hanged

inputtint((c + d*x)~2/(a + a/cos(e + £*x))"2,x)

output L\text{Hanged}

_ (ctdz)r
3.17. f (a+asec(e+fz))2 dx
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3.18 [ aatopds

a+asec(e+fx))
3.18.1 Optimal result . . . . . . .. . ... . 144
3.18.2 Mathematica [A] (verified) . . . . . .. .. ... .. Lo oo 144
3.18.3 Rubi [A] (verified) . . . . . . ... .. 145
3.18.4 Maple [A] (verified) . . . .. .. ... ... 146
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 147
3.18.6 Sympy [F] . . . . . . 147
3.18.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 147
3.18.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 148
3.18.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 149

3.18.1 Optimal result

Integrand size = 18, antiderivative size = 140

c+dx B (c+da:)2 10d log (cos( +f“")) _clsec2 (§+f7w)
(a+ asec(e + fx))? T T o0 3a? f? 6a? f2
_ 5(c+dz)tan (¢ + %) N (c+dz)sec? (£ + L&) tan (£ + L2)
3a?f 6a?f

output‘1/2*(d*x+c)“2/a“2/d—10/3*d*1n(cos(1/2*f*x+1/2*e))/a“2/f“2—1/6*d*sec(1/2*f*
‘x+1/2*e)“2/a“2/f“2-5/3*(d*x+c)*tan(1/2*f*x+1/2*e)/a”2/f+1/6*(d*x+c)*sec(l/
‘2*f*x+1/2*e)“2*tan(1/2*f*x+1/2*e)/a“2/f \

3.18.2 Mathematica [A] (verified)

Time = 1.98 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.23

c+dx
(a + asec(e + fx))?
_ 2cos (3(e+ fz)) sec®(e + fz) (f(c+ dz)sec () sin (£) — 10f(c + dz) cos® (1(e + fz)) sec (&) sin (L)

P

©

dz

input LIntegrate[(c + d*x)/(a + a*Sec[e + f*x])~2,x] J

_cHdr
3.18. f (a+asec(e+fz))2 dz
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output | (2xCos[(e + fx*x)/2]*Secle + fxx] 2x(f*(c + d*x)*Sec[e/2]*Sin[(f*x)/2] - 10
*f*(c + d*x)*Cos[(e + £*xx)/2] 2*Sec[e/2]*Sin[(f*x)/2] + Cos[(e + £f*x)/2]"3
* (3*xf£"2%x* (2%c + d*x) - 20*d*Log[Cos[(e + f#*x)/2]] - 10*d*f*x*Tan[e/2]) +
Cos[(e + f*x)/2]*(-d + f*(c + d*x)*Tanl[e/2])))/(3*a~2+%£"2%(1 + Secle + f*x
1)°2)

3.18.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

c+dx i
/ (asec(e + fx) + a)? v
| 3042

c+dx
/ - 5dx
(acsc(e+ fr+ %) +a)

| 4679
/ B 2(c+ dzx) + c+dx +c+dx iz
a?(cos(e + fx) +1)  a2(cos(e + fx) + 1)2 a?
| 2009
5(c + dz) tan (% + %) (c+ dx) tan (% + fx) sec (g + %) (c + dz)?
- 3221 + 6a2f 2a%d
dsec? <2+fz) 10d log (cos (%—I—%z))
6a2 f2 - 302 f2

>

input LInt[(c + d*x)/(a + axSec[e + f*x])~2,x]

~—

output‘/(c + dxx)~2/(2*%a"2*d) - (10*dxLog[Cos[e/2 + (f*x)/2]1]1)/(3*a~2xf~2) - (d*Se
‘c[e/2 + (f*x)/2]1°2)/(6%a~2%f~2) - (5%(c + d*x)*Tan[e/2 + (£f*x)/2])/(3*a"2%
‘f) + ((c + d*x)*Sec[e/2 + (f*x)/2]"2%Tan[e/2 + (f*x)/2])/(6*%a~2xf)

————

_cHdr
3.18. f (a+asec(e+fz))2 dz
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3.18.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)

» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

3.18.4 Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.61

method result
2
10dln(sec(%+§) )+(dz+c)ftan<%+g> —dtan(f“+§) —gtan(% g) (dz+c)+6f2(d””+c>m
parallelrisch 6aZf2
cx dx2 3ctan(%+%) ctan(%-ﬂ—%)s dtan(%J—%)z 3dztan(%+%) dwtan(L+%) 5d1n 1+tan<&+9)2
T 2af + 6af - 6a f2 - 2af + 6af 2 2
norman a +
isch dz2 zc 10idz + 10ide 2i(6dfxe2i(f’“'+e)—idezi(f’”"'e)—i—Gcfezi(fz"'e)—i—gdfacei(fz+e)—idei(f’”+e)+90fei(fz+e)
T1SC. 242 + a2 + 3a2f 3a2f2 3f2q2 (ei(fw+s)+1)3

input Lint ((d*x+c)/ (ata*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE)

output‘1/6*(10*d*1n(sec(1/2*f*x+1/2*e)‘2)+(d*x+c)*f*tan(1/2*f*x+1/2*e)‘S—d*tan(l/
‘2*f*x+1/2*e)‘2—9*tan(1/2*f*x+1/2*e)*f*(d*x+c)+6*f‘2*(1/2*d*x+c)*x)/a‘2/f‘2

_cHdr
3.18. f (a+asec(e+fz))2 dz
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3.18.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.31

c+dx
(a+ asec(e + fx))?
3df?z® + 6 cf?z + 3 (df?2? + 2 cf?z) cos (fz + e)* + 2 (3df?z? + 6 cf2x — d) cos (fz + €) — 10 (d cos (f:
B 6 (a2f2cos (fz +

dz

~—

inputLintegrate((d*x+c)/(a+a*sec(f*x+e))‘2,x, algorithm="fricas")

output | 1/6* (3*d*f~2*x"2 + 6*xckxf~2%x + 3% (d*f~2%x"2 + 2xckf"2xx)*cos(f*x + e)”2 +

2% (3*%d*f~2%x"2 + 6xcxf~2%x — d)*cos(f*x + e) — 10x(d*cos(f*x + e)72 + 2xdx*
cos(fxx + e) + d)*log(1/2xcos(f*x + e) + 1/2) - 2% (4xd*f*x + 4xc*xf + H5x(d*
fxx + cxf)*kcos(f*x + e))*sin(fxx + e) - 2xd)/(a~2*xf 2*cos(f*x + e)~2 + 2*a

~2xf~2%cos(f*x + e) + a~2%f"2)

3.18.6 Sympy [F]

d
/ c+dx de — f sec? (e—i—fac)—i-QCsec (e+fx)+1 dzr + f sec? e+fx)+2xsec (e+fz)+1 dx

(a+ asec(e + fz))? a?

input‘integrate((d*x+c)/(a+a*sec(f*x+e))**2,x)

output‘(Integral(c/(sec(e + fxx)**2 + 2+sec(e + f*x) + 1), x) + Integral(d*x/(sec
‘(e + fxx)*%2 + 2%sec(e + f*x) + 1), x))/ax*2

3.18.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1058 vs. 2(110) = 220.

Time = 0.36 (sec) , antiderivative size = 1058, normalized size of antiderivative = 7.56

c+dz
/ (a+ asec(e + fz))2 T = loo large to display

_cHdr
3.18. f (a+asec(e+fz))2 dz
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input‘integrate((d*x+c)/(a+a*sec(f*x+e))”2,x, algorithm="maxima")

output

1/6x(d*ex((9*sin(f*x + e)/(cos(f*xx + e) + 1) - sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/(a"2*f) - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a"2*f)) -
c*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*xx + e) + 1)~
3)/a"2 - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) + (3*x(f*x + e) 2%
cos(3*fxx + 3*e) 2 + 3k (f*x + e) "2xsin(3*f*x + 3*e) "2 + 3% (9*x(f*x + e)"2 -
4)*cos(2*fxx + 2xe)”2 + 3k (9*x(f*x + e)”2 - 4)*cos(f*x + e)”2 + 3x(9*(f*x
+ e)72 - 4)xsin(2xfxx + 2xe) "2 + 3% (9x(f*x + e)”2 - 4)*sin(f*x + e)~2 + 3%
(fxx + )72 + 2x(3*x(f*x + e)72 + (9*(f*x + e)"2 - 2)*cos(2*f*x + 2%e) + (9
*(£xx + e)72 - 2)*cos(f*x + e) + 12x(f*x + e)*sin(2*f*x + 2%e) + 18+ (f*x +
e)*sin(f*x + e))*cos(3xf*xx + 3xe) + 2x(9*x(f*x + e)~2 + Ik (9*(f*x + e)”~2 -
4)xcos(f*x + e) + 18x(f*x + e)*sin(f*x + e) - 2)*cos(2xf*x + 2%e) + 2% (9%
(f*x + e)72 - 2)*cos(f*x + e) - 10*%(2*(3*cos(2*f*x + 2*e) + 3*cos(f*x + e)
+ 1)*cos(3*f*x + 3*e) + cos(3*f*x + 3*e)”2 + 6x(3xcos(f*x + e) + 1)*cos(2
*fxx + 2xe) + 9kcos(2xf*x + 2%e) 2 + 9*cos(f*x + e)72 + 6+(sin(2*f*xx + 2*e
) + sin(f*x + e))*sin(3*f*x + 3*e) + sin(3*f*x + 3*e)”2 + Sksin(2xf*x + 2%
e)"2 + 18xsin(2xf*x + 2*e)*sin(f*x + e) + 9*sin(f*x + e)”2 + 6*xcos(f*x + e
) + 1)*log(cos(f*x + e)72 + sin(f*x + e)”2 + 2*cos(f*x + e) + 1) - 2x(10%f
*x + 12%(fxx + e)*cos(2xf*x + 2*e) + 18*(f*x + e)*cos(f*x + e) - (9x(f*x +
e)"2 - 2)*sin(2%f*x + 2%e) - (9% (f*x + e)~2 - 2)*sin(f*x + e) + 10%e)*sin
(3xfxx + 3%e) - 6% (6xfxx + 6% (f*x + e)*cos(f*x + e) - (9x(fxx + e)”2 - ...

3.18.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 798 vs. 2(110) = 220.

Time = 0.56 (sec) , antiderivative size = 798, normalized size of antiderivative = 5.70

c+dx
/ka+a%de+f@y z 0o large to display

input’integrate((d*x+c)/(a+a*sec(f*x+e))”2,x, algorithm="giac")

_cHdr
3.18. f (a+asec(e+fz))2 dz




output
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1/6% (3%d*xf~2*x"2*%tan (1/2*f*x) “3*tan(1/2*%e) "3 + 6xc*f~2xxxtan(1/2xf*x) “3*ta
n(1/2*e) "3 - 9kd*f~2xx"2xtan(1/2*f*x) “2xtan(1/2*e) 2 - 18*c*f " 2xx*ktan(1/2#
f*x) "2+tan(1/2xe) "2 + 9kd*xf*x*tan(1/2*f*x) "3*xtan(1/2*e) "2 + 9*d*f*x*tan(1l/
2xfxx) “2xtan(1/2*e) "3 - 10*d*log(4*(tan(1/2*f*x) 2*xtan(1/2*e)”2 - 2*tan(1/
2*f*x)*tan(1/2xe) + 1)/(tan(1/2*f+*x) 2xtan(1/2*e)”"2 + tan(1/2*f*x)"2 + tan
(1/2%e)"2 + 1)) *tan(1/2*f*x) " 3*tan(1/2*e) "3 + 9*xd*f~2*xx"2+tan(1/2*f*x)*tan
(1/2%e) + 9*cxfxtan(1/2*f+*x) " 3*tan(1/2%e) 2 + 9xc*f*tan(1/2*f*x) "2xtan(1/2
*e) "3 - dktan(1/2*f*x) " 3*tan(1/2*e)”3 - dxf*xxtan(1/2xf*x) "3 + 18*c*f "2*x*
tan(1/2*f*x)*tan(1/2*e) - 21xd*f*xx*tan(1/2*f*x) " 2*tan(1/2*e) - 21xd*f*x*ta
n(1/2*f*x)*tan(1/2*e)~2 + 30*d*log(4*(tan(1/2*f*x) 2*tan(1/2*e)~2 - 2*tan(
1/2+f*x)*tan(1/2*e) + 1)/(tan(1/2*f*x) "2xtan(1/2xe)"2 + tan(1/2*f*x)"2 + t
an(1/2%e)”~2 + 1))*tan(1/2*f*x) " 2*%tan(1/2*e) "2 - d*xfixxtan(1/2xe) 3 - 3*d*f
~2xx72 - cxfxtan(1/2*f*x) "3 - 21xcxfxtan(1/2*f*x) “2*tan(1/2*e) - dxtan(1/2
*fxx) “3xtan(1/2*e) - 21*c*fxtan(1l/2*xf*x)*tan(1/2*e) 2 + d¥tan(1/2xf*xx) 2%t
an(1/2%e)"2 - cxfxtan(1/2*e) "3 - d*tan(1/2*xf*x)*tan(1/2%e) "3 — 6*c*f~2*x +
9xdxf*x*tan(1/2*f*x) + 9xdxf*x*tan(1/2*%e) - 30*d*log(4*(tan(1l/2xf*x) "2*ta
n(1/2%e)~2 - 2xtan(1/2xf*x)*tan(1/2%e) + 1)/(tan(1/2*xf*x) "2*tan(1/2%e)"2 +
tan(1/2*%f*x) "2 + tan(1/2*xe)~2 + 1))*xtan(1/2*f*xx)*tan(1/2*%e) + 9*c*xfxtan(1l
/2%f*x) + dxtan(1/2xf*x)"2 + 9kcxfxtan(1/2%e) - dxtan(1/2%f*x)*tan(1/2%*e)
+ dxtan(1/2%e)~2 + 10*d*log(4*(tan(1/2*f*x) "2xtan(1/2%e)~2 - 2xtan(1/2x*...

3.18.9 Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.76

(c+dz)4i | eclitf=li(cidx)4i + ee 2t S22 (c1dx)4i

C+df1f . d.’L’2 3a2 f + 3a2 f 3a2f
/(a—l—asec(e+fx))2 = 2 a2 B 3eeli+fm1i+3ee2i+fz2i_+_ee3i+fa:3i_|_ 1
10d In (e*Me/ "M +1)  (4cf+4dfx—dli) 2
- 3a2 f2 - 3a? f2 (eclitf=1i 4 1)
(cf+dfx—dli) 2i z (3cf+ d10i)
+_3a2f2(2eeh+th_+ee%+fxﬁ_+1) 3a2f

p
input | int((c + d*x)/(a + a/cos(e + f*x))~2,x)

_cHdr
3.18. f (a+asec(e+fz))2 dz




output
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(d*x~2)/(2*xa~2) - (((c + d*x)*4i)/(3*a~2xf) + (exp(exli + fix*1i)*(c + d*x
)*4i)/(3*a~2xf) + (exp(e*2i + f*xx*2i)*(c + dkx)*4i)/(3*xa~2+f))/(3*exp(e*li
+ f*x*1i) + 3%exp(ex2i + f*x*2i) + exp(ex3i + f*x*3i) + 1) - (10*d*log(ex
p(exli)*exp(f*xx*x1i) + 1))/(3*a~2%f72) - ((4*c*f - d*1i + 4*d*xf*x)*2i)/(3*a
“2%f"2% (exp(ex1i + f*x*1i) + 1)) + ((c*f - d*1i + d*f*x)*2i)/(3*a~2+f72%(2
xexp(e*x1i + fxx*1i) + exp(e*2i + f*x*2i) + 1)) + (x*(d*10i + 3x*c*f))/(3*a”
2xf)

_cHdr
3.18. f (a+asec(e+fz))2 dz
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3.19

3.19.1
3.19.2
3.19.3
3.19.4
3.19.5
3.19.6
3.19.7
3.19.8
3.19.9

Optimal result

1

f (c+dz)(

Mathematica [N/A]

Rubi [N/A]

Maple [N/A] (verified)
Fricas [N/A]
Sympy [N/A]
Maxima [N/A]

Giac [N/A]

Mupad [N/A]

3.19.1 Optimal result

a+asec(e+fx))

Integrand size = 20, antiderivative size = 20

/(c-l—d:r)( 1

a + asec(e + fr))?

dr = Int(

1 x)
(c+dz)(a + asec(e + fx))?’

output ‘ Unintegrable(1/(d*x+c)/(ata*sec(f*x+e))”2,x)

3.19.2 Mathematica [N/A]

Not integrable

Time = 13.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

(c+dz)(a+ asec(e+ fr))? de = / (c+dz)(a+

asec(e + fx))? dz

inputLIntegrate [1/((c + d*x)*(a + a*Sec[e + f*x])~2),x]

~—

-

output LIntegrate [1/((c + d*x)*(a + a*Sec[e + f*x])"2), x]

~—

3.19.

1

f (c+dz)(a+

asec(e+fr))?

dz
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3.19.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (c+dz)(asec(e + fz) + a)?

l.3042

dz

/ 1 5dx
(c+dz) (acsc(e+ fz+ %) +a)
| 4681

/ 1 dx
(c+ dz)(asec(e + fz) + a)?

input | Int[1/((c + d*x)*(a + a*Sec[e + fxx])"2),x]

output L$Aborted

3.19.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (f_.)*(x_)1*(b_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
3.19. f (c+dz)(a+asec(et+fx))? dz
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3.19.4 Maple [N/A] (verified)

Not integrable

Time = 0.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 dx
(dx +c) (a+ asec(fz + e))2

input tint (1/(d*x+c) / (at+axsec (fxx+e))~2,x) J

output Lint (1/ (d*x+c) / (ata*sec(f*x+e))~2,x) J

3.19.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.85

1 1
/ (c+dz)(a + asec(e + fx))? do = / (dz + ¢)(asec (fz + €) + a)? d

e—

p
inputtintegrate(1/(d*x+c)/(a+a*sec(f*x+e))‘2,x, algorithm="fricas")

p
output‘ integral(1/(a”2xd*x + a™2xc + (a"2*d*x + a"2*c)*sec(f*x + e)~2 + 2*(a”~2*d*
X + a2#c)*sec(f*x + e)), x)

———

3.19.6 Sympy [N/A]

Not integrable

Time = 1.97 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.70

1
/ 1 de = f csec? (e+fx)+2csec (e+fx)+c+dx sec? (e+ fx)+2dx sec (e+ fz)+dz dx
T =
(c+dz)(a+ asec(e+ fr))? a?
input Lintegrate (1/ (d*x+c) / (a+axsec(f*x+e) ) **2,x) J

output‘ Integral(1/(cxsec(e + f*x)**2 + 2xcxsec(e + f*x) + c + d*x*sec(e + f*x)**2
‘ + 2xd*x*sec(e + f*x) + d*x), x)/ax*2

1
3.19. f (c+dz)(a+asec(et+fx))? dz



input

output
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3.19.7 Maxima [N/A]

Not integrable

Time = 10.62 (sec) , antiderivative size = 3956, normalized size of antiderivative = 197.80

1 1
(c+dz)(a+ asec(e + fx))? do = / (dz + ¢)(asec (fz + €) + a)® d

-

Lintegrate (1/(d*x+c) / (ata*sec(f*x+e))~2,x, algorithm="maxima")

- J

1/3% (3% (A"3*£73%x"3 + 3*c*kd"2+#f"3%x72 + 3*kcT2kd*f"3*x + c"3*f"3)*cos (3*f*x
+ 3%e)"2*log(d*x + c) + 3*(d"3*f73*x"3 + 3xckd"2*f"3%x72 + 3*cT2xd*f " 3*x
+ c"3%f£73)*log(d*x + c)*sin(3xf*xx + 3xe) 2 + 3*(2xd"3*f*x + 2xc*kd"2+f + 9%
(A™3*£73%x73 + 3*c*xd"2*xf73*x"2 + 3kc”2*d*xf"3*kx + c"3*x£73)*Llog(d*x + c))*co
S(2xf*x + 2xe) "2 + 3x(2xd"3xf*x + 2*cxd"2+f + 9x(d"3*f"3*x"3 + 3xckd"2xf"3
*x"2 + 3xcT2*d*f"3xx + c"3*f73)*x1log(dkx + c))*kcos(f*x + e)72 + 3% (2%d"3*fx*
X + 2xckd"2xf + 9x(d73*£73*%x"3 + 33*ckd"2+L73*%x"2 + 3*kcT2xd*f73xx + c"3*f"3
)*¥log(d*x + c))*sin(2*f*x + 2%e)”~2 + 3*x(2*%d"3*f*x + 2kckd™2*%f + 9*(d"3*f73
*X"3 + 3kckd"2xf73%x72 + 3xc”2xd*f"3%x + c”3*f73)*log(d*x + c))*sin(f*xx +
e)”2 + 2x((d"3*fxx + cxd"2+f + 9x(d"3*£73*x"3 + 3kckd"2+f"3*kx"2 + 3kcT2xd*
£73%x + c"3*%f73)*log(d*x + c))*cos(2xf*xx + 2%e) + (d"3*xfxx + ckd"2xf + 9%(
d™3*f"3%x"3 + 3*ckxd"2xf"3*x72 + 3*kc”2%d*f"3*x + c”3*f£"3)*log(d*x + c))*cos
(fxx + e) + 3%(d"3*f73*x"3 + 3xcxd"2*%f"3xx"2 + 3*c™2xd*f"3%x + c"3*f"3)*lo
g(d*x + c) + 2x(3%d"3*f72%x72 + 6*c*kd"2xf"2%x + 3xcT2xd*f"2 - d73)*sin(2*f
*x + 2%e) + (9%d"3*f72%x72 + 18*cxd"2*xf"2*x + 9*xcT2xd*f72 - 4*d"3)*sin(f*x
+ e))*cos(3xfxx + 3xe) + 2%(d"3xf*xx + cxd"2xf + 3x(2xd"3*kf*x + 2kckd 2*f
+ 9% (d73#f73*%x"3 + 3kckd"2*f"3*x"2 + 3*cT2*d*f"3*x + c~3*xf£73)*1log(d*x + c)
Ykcos(fxx + e) + 9x(d"3*f73*x"3 + 33*ckd"2*f73*%x"2 + 3*cT2xd*kf"3*kx + cT3*f”
3)*log(d*x + c) + 3*(3*%d"3*f72%x72 + 6*ckd"2*%f " 2%x + 3kcT2kd*f"2 - 2*d”"3)*
sin(f*x + e))*cos(2xf*x + 2%e) + 2x(d"3*f*x + cxd"2+f + 9x(d~3*f"3*x"3 ...

3.19.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fx))? de = / (dz + c)(asec (fz + €) + a)® d

1
3.19. f (c+dz)(a+asec(et+fx))? dx
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inputLintegrate(1/(d*x+c)/(a+a*sec(f*x+e))”2,x, algorithm="giac")

outputtintegrate(l/((d*x + c)x(axsec(f*x + e) + a)72), x)

3.19.9 Mupad [N/A]

Not integrable

Time = 14.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
dz = dz
| eraaraserrr e/ (a+ ) (c+da)

input tint(l/((a + a/cos(e + f*x))"2x(c + d*x)),x)

output Lint(l/((a + a/cos(e + f*x))"2x(c + d*x)), x)

1
3.19. f (c+dz)(a+asec(et+fx))? dz
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1

3.20 f (c+dz)2(a+asec(e+fz))? dz

3.20.1 Optimal result . . . . . . .. . ... . 156]
3.20.2 Mathematica [N/A] . . . . ... . . L 156
3.20.3 Rubi [N/A] © .« o oo oo e e 57
3.20.4 Maple [N/A] (verified) . . . . . . . .. ... 158
3.20.5 Fricas [N/A] . . . . . 158
3.20.6 Sympy [N/A] . . . . 58]
3.20.7 Maxima [N/A] . . . . . .. 159
3.20.8 Giac [N/A] . . . . . 160
3.20.9 Mupad [N/A] © o oo oo 60

3.20.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)?(a + asec(e + fx))? de = Int((c + dz)%(a + asec(e + fx))?’ a:)

output ‘ Unintegrable(1/(d*x+c) "2/ (a+a*sec(f*x+e))~2,x) ‘

3.20.2 Mathematica [N/A]
Not integrable

Time = 15.91 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dx)%(a+ asec(e + fz))? de = / (c+dz)%(a+ asec(e + fx))

2dz

inputLIntegrate [1/((c + d*x)~"2x(a + a*Sec[e + f*x])~2),x]

~—

-

output LIntegrate [1/((c + d*x)"2x(a + axSecle + f*x])72), x]

~—

1
3.20. f (c+dz)2(a+asec(e+ fx))2 dz



input

output

rule 3042

rule 4681
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3.20.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1 d
/ (c+dz)%(asec(e + fz) + a)? v
| 3042

/ 1 5dx
(c+dz)?(acsc(e+ fz+ %) +a)
| 4681

: d
/ (c+dz)%(asec(e + fx) + a)? z

| —

‘Int[l/((c + d*x)"2%(a + a*Sec[e + f*x])~2),x]

{$Aborted

3.20.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*x(x_)I1*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
3.20. f (c+dz)2(a+asec(e+ fx))2 dz
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3.20.4 Maple [N/A] (verified)

Not integrable

Time = 0.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
/ 1
(dz + ¢)? (a + asec (fz + e))

5dx

inputLint(l/(d*x+c)“2/(a+a*sec(f*x+e))“2,x) J

output tint (1/(d*x+c) "2/ (at+a*sec(f*x+e)) ~2,x) J

3.20.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 99, normalized size of antiderivative = 4.95

1 1
/ (c+ dx)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)® e

input Lintegrate (1/(d*x+c) "2/ (ata*sec(f*x+e))~2,x, algorithm="fricas") J

output‘integral(i/(a‘Q*d“Q*x“2 + 2%a"2%ckd*x + a"2*xc”2 + (a72%d"2%x"2 + 2%a~2xcxd
‘*x + a~2%c"2)*sec(f*x + e)”"2 + 2%(a~2*%d"2*%x"2 + 2*xa~2xckd*x + a~2%c”2)*sec
(Exx + @), ®) |

3.20.6 Sympy [N/A]

Not integrable

Time = 7.34 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.25

1
dz
(c+dz)?(a+ asec(e + fx))?
1
f c? sec? (e+fx)+2c? sec (e+ fx)+c2+2cdx sec? (e+ fx)+4cdz sec (e+ fzr)+2cdr+d2x? sec? (e+ fx)+2d2x? sec (e+ fx)+d2z2 dzx

a?

1
3.20. f (c+dz)?(a+asec(e+ fx))? de'
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input‘integrate(1/(d*x+c)**2/(a+a*sec(f*x+e))**2,x)

p

output‘Integral(l/(c**2*sec(e + fxx)**2 + 2xcx*x2*xsec(e + f*x) + c*x*2 + 2kckxd*x*se
\c(e + fxx)**2 + 4dxcxd*x*sec(e + f*x) + 2xckd*x + d*x*x2*x**2*ksec(e + f*x)**2
‘ + 2kdx*x2kx**2*ksec(e + fxx) + dk*x2*xx*k*x2), x)/a*x*x2

3.20.7 Maxima [N/A]
Not integrable

Time = 38.23 (sec) , antiderivative size = 4471, normalized size of antiderivative = 223.55

1 1
/ (c+ dz)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)® e

input  integrate(1/(d*x+c) "2/ (ata*sec(f*x+e))"2,x, algorithm="maxima")

\

output | -1/3* (3*%d~3*f~3*%x"3 + O*kc*d " 2*%f"3*x"2 + 9*xc~2kd*f"3*x + 3*%c"3*%f"3 + 3*(d”3
*f"3%x"3 + 3kckd"2%f " 3*%x"2 + 3*%c™2xd*f"3%x + c”~3*f"3)*cos(3*f*xx + 3%e)"2 +
3k (9%A"3*f"3%x"3 + 27T*cxd"2*f"3*%x"2 + 9*c"3*%f"3 - 4dxcxd"2xf + (27*c”2*d*f
3 - 4xd"3*xf)*x)*kcos(2*f*x + 2%e) "2 + 3% (9kd"3*kf"3*x"3 + 27*c*d"2*f"3*xx"2

+ 9%c”3*%f"3 - 4xc*kd"2*xf + (27*c”2xd*f~3 - 4*xd~3*f)*x)*kcos(f*x + e)~2 + 3*(
d"3*f"3*%x"3 + 3*ckd"2*xf"3%x"2 + 3kc"2*dA*f"3*x + c"3*f"3)*sin(3*kf*x + 3*e)”
2 + 3% (9*%d"3*f"3%x"3 + 27*xckd"2*f"3*x"2 + 9kc"3*xf"3 - 4dkckxd"2xf + (27*xcT2*
d*f~3 - 4%d"3*f)*x)*sin(2xf*xx + 2%e) "2 + 3*%(9*xd"3*f"3*x"3 + 27*c*d"2*f " 3*x
2 + 9%cT3%f"3 - 4dkckd"2*f + (27*cT2xd*f"3 - 4*xd"3*f)*x)*sin(f*x + e)72 +

2% (3*A"3*f"3*%x"3 + O*ckd"2+f73*x"2 + 9kcT2xd*f"3*x + 3*xc"3*f73 + (9xd"3*f”
3*%x"3 + 2T*cxd"2xf"3%x"2 + 9*%c 3*%f"3 - 2xckxd"2xf + (27*c"2*d*f"3 - 2%d"3*f
Y*x)*kcos (2xf*x + 2xe) + (9kd"3*kf"3*x"3 + 27*c*kd"2*%f"3*%x"2 + 9*xc"3*xf"3 - 2%
cxd"2+f + (27*c”2*%d*f~3 - 2*xd"3*f)*x)*cos(f*x + e) - 6x(d"3*f"2%x"2 + 2*c*
d"2*f72%x + c72%d*f72 - d73)*sin(2*f*x + 2%e) - 3% (3xd"3*kf"2*x"2 + 6*c*xd"2
*f72xx + 3xc"2xd*f"2 - 4+%d"3)*sin(f*x + e))*cos(3*f*x + 3*e) + 2x(9xd"3*f"~
3*%x"3 + 27*ckd"2xf"3*x"2 + 9*c”3*f"3 - 2*c*kd"2xf + (27*c”2xd*f"3 - 2%d"3*f
Yxx + 3k (kA" 3*f"3*x"3 + 27T*kckd"2*xf"3*kx"2 + 9*c"3*%f"3 - 4dxcxd"2xf + (27*c”
2%d*f~3 - 4*d"3*f)*x)*kcos(f*x + e) - 9*x(d™3*f"2*xx"2 + 2kc*kd"2*f"2*x + c"2x%
d*xf~2 - 2%d"3)*sin(f*x + e))*cos(2*f*x + 2%e) + 2% (9*d~3*f"3*x"3 + 27*c*d"
2x£73%x72 + 9xc”3*f73 - 2kckd"2+f + (27xc”2*d*£73 - 2%d"3*f)*x)*cos (f*x. ..

\

1
3.20. f (c+dz)2(a+asec(e+ fx))2 dz
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3.20.8 Giac [N/A]

Not integrable

Time = 1.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dx)*(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +€) + a)’ de

input Lintegrate (1/(d*x+c) "2/ (ata*sec(f*x+e))~2,x, algorithm="giac")

output Lintegrate(i/((d*x + c)"2x(aksec(f*x + e) + a)~2), x)

-/

3.20.9 Mupad [N/A]

Not integrable

Time = 14.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1

/(c+dx)2(a+asec(e+fx))2 dz :/ <a+ dz

a 2 2
cos(e—i—fw)) (C + d:E)

input Lint(i/((a + a/cos(e + f*xx)) 2x(c + d*x)~2),x)

output‘ int(1/((a + a/cos(e + f*x))~2*(c + d*x)~2), x)

1
3.20. f (c+dz)?(a+asec(e+ fx))? de'
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3.21 [(c+ dx)™(a + asec(e + fz))" dx

3.21.1
3.21.2
3.21.3
3.21.4
3.21.5
3.21.6
3.21.7
3.21.8
3.21.9

Optimal result . . . . . . . . . .. ..
Mathematica [N/A] . . . .. ... . .
Rubi [N/A] . . o
Maple [N/A] (verified) . . . . . . . . . ..
Fricas [N/A] . . . o
Sympy [F(-1)] . . . . oo
Maxima [N/A] . . . . .
Giac [N/A] . . . . e
Mupad [N/A] . . o

3.21.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(c + dz)™(a + asec(e + fz))" dz = Int((c + dz)™(a + asec(e + fz))", x)

output LUnintegrable ((d*x+c) “m* (a+a*sec (f*x+e)) "n,x)

3.21.2 Mathematica [N/A]

Not integrable

Time = 1.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dx)™(a + asec(e + fz))" dx = /(c + dx)™(a + asec(e + fx))" dx

input

N

Integrate[(c + d*x) m*(a + a*Sec[e + f*x]) n,x]

output Integrate[(c + d*x)mx(a + axSec[e + £*x]1)°n, x]

3.21.

J(c+dz)™(a+ asec(e + fz))"dz




input

output

rule 3042

rule 4681
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3.21.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {3042,

integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c + dz)™(asec(e + fz) + a)" dz
| 3042
/(c+ dz)™ (acsc (e +fz+ g) + a)ndx
| 4681

/(c +dz)"(asec(e + fz) + a)"dx

B
LInt[(c + d*x) "m*(a + a*Secl[e + f*x]) n,x]

~—

L$Aborted

~—

3.21.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)1*(b_.)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

321.  [(c+dz)™(a+ asec(e+ fz))"dz
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3.21.4 Maple [N/A] (verified)

Not integrable

Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz+c¢)" (a+ asec(fz+e€))" dz

input Lint ((d*x+c) “m* (at+a*sec(f*x+e)) “n,x)

output Lint ((d*x+c) “m* (a+a*sec(f*x+e)) "n,x)

-/

3.21.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + asec(e + fzr))"dz = / (dz +c)"(asec(fr +e€)+a)" dz

inputtintegrate((d*x+c)‘m*(a+a*sec(f*x+e))‘n,x, algorithm="fricas")

outputLintegral((d*x + c) m*(axsec(f*x + e) + a)”n, x)

3.21.6 Sympy [F(-1)]
Timed out.

/(c + dx)™(a + asec(e + fz))" dx = Timed out

input Lintegrate ((d*x+c) **m* (a+a*sec (f*x+e) ) **n,x)

output LTimed out

321.  [(c+dz)™(a+ asec(e+ fz))"dz



CHAPTER 3. LISTING OF INTEGRALS

3.21.7 Maxima [N/A]

Not integrable

Time = 0.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))" dx = / (dz +c)"(asec(fr+e)+a)" dx

p
inputLintegrate((d*x+c)“m*(a+a*sec(f*x+e))“n,x, algorithm="maxima")

—

output Lintegrate((d*x + c)"mx(a*sec(f*x + e) + a)”n, x)

3.21.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))" dz = / (dz +c)"(asec(fr+e€)+a)" dz

input Lintegrate ((d*x+c) “m* (ata*sec(f*x+e)) "n,x, algorithm="giac")

-

output Lintegrate((d*x + c)"mx(a*sec(f*x + e) + a)”n, x)

3.21.9 Mupad [N/A]

Not integrable

Time = 13.49 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c+dm)m(a+asec(e+fx))” dr = / (a+ m)n(c+daz)mda¢

input Lint((a + a/cos(e + f*x)) nx(c + d*x) m,x)

output Lint((a + a/cos(e + f*x)) nx(c + d*x)“m, x)

-/

321.  [(c+dz)™(a+ asec(e+ fz))"dz
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3.22 [(c+ dx)™(a + asec(e + fz))dz

3.22.1 Optimal result . . . . .. .. . ... . 165
3.22.2 Mathematica [N/A] . . . . ... .. 165
3.22.3 Rubi [N/A] « . o o oo oo e 166
3.22.4 Maple [N/A] (verified) . . . . . . . . . . . 167
3.22.5 Fricas [N/A] . . . . o 167
3.22.6 Sympy [N/A] . . . . 167l
3.22.7 Maxima [N/A] . . . . . . . 168
3.22.8 Giac [N/A] . . . . . o 168
3.22.9 Mupad [N/A] . o oo oo 168

3.22.1 Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + asec(e + fz)) dz = Int((c + dz)™(a + asec(e + fx)), )

output LUnintegrable ((a*x+c) “m* (a+axsec(f*x+e)) ,x)

3.22.2 Mathematica [N/A]

Not integrable

Time = 11.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dx)™(a + asec(e + fz)) dx = /(c + dx)™(a + asec(e + fx))dz

input

N

Integrate[(c + d*x) m*(a + axSec[e + f*x]),x]

output Integrate[(c + d*x)mx(a + axSec[e + £*x1), x]

3.22.

J(c+dz)™(a+ asec(e + fz)) dx




input

output

rule 3042

rule 4681
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3.22.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c + dz)™(asec(e + fz) + a) dz
| 3042
/(c+dx)m (acsc (e+ fr+ g) + a) dz
| 4681

/(c + dx)™(asec(e + fx) + a)dz

[Int[(c + d*x) “m*(a + a*Sec[e + f*x]),x]

L$Aborted

3.22.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)1*(b_.)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

322.  [(c+dz)™(a+ asec(e+ fz))dz
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3.22.4 Maple [N/A] (verified)

Not integrable

Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dw—i—c)m (a+ asec(fr+e))dx

input Lint ((d*x+c) “m* (a+a*sec(f*x+e)) ,x)

output Lint ((d*x+c) “m* (a+a*sec(f*xx+e)) ,x)

3.22.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dm)m(a+asec(e+fx))dx = /(asec (fr+e)+a)(dz+c)"dz

-/

inputtintegrate((d*x+c)‘m*(a+a*sec(f*x+e)),X, algorithm="fricas")

outputLintegral((a*sec(f*x + e) + a)x(d*x + c)"m, x)

3.22.6 Sympy [N/A]
Not integrable

Time = 5.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/(c—i— dz)™(a + asec(e + fz))dr = a(/ (c+ dz)" sec(e+ fz)dz + / (c+ dz)™ dx)

input ‘ integrate ((d*x+c)**m (ata*sec (f*x+e)) ,x)

outputta*(Integral((c + d*x)**mxsec(e + f*x), x) + Integral((c + d*x)**m, x))

322.  [(c+dz)™(a+ asec(e+ fz))dz
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3.22.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c+dm)m(a+asec(e—|—fx))dx = /(asec (fr+e)+a)(dz+c)"dx

inputLintegrate((d*x+c)‘m*(a+a*sec(f*x+e)),x, algorithm="maxima")

output‘ 2*axintegrate (((d*x + c) m*cos(2xf*x + 2%e)*cos(f*x + e) + (d*x + c) m*sin
‘ (2*f*x + 2%e)*sin(f*xx + e) + (d*x + c) mkcos(f*x + e))/(cos(2xf*xx + 2%e) "2
\ + sin(2kfxx + 2%e) "2 + 2xcos(2xfxx + 2*e) + 1), x) + (d*x + ¢c)"(m + 1)*a/
(@x(m + 1))

3.22.8 Giac [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dm)m(a+asec(e+fx))dx = /(asec (fr+e)+a)(dz+c)"dz

input‘integrate((d*x+c)“m*(a+a*sec(f*x+e)),x, algorithm="giac")

.
output Lintegrate((a*sec(f*x + e) + a)x(d*x + c)"m, x)

~—

3.22.9 Mupad [N/A]

Not integrable

Time = 13.55 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

a

(c+dz)™(a + asec(e + fx))dz = a+ cos(e+ fx)
(e+ fz)

) (c+dz)™dz

-

input  int((a + a/cos(e + f*x))*(c + d*x) m,x)

N

output Lint((a + a/cos(e + f*x))*(c + d*x)"m, x)

322.  [(c+dz)™(a+ asec(e+ fz))dz
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3.23 [ «dOT gy

a+asec(e+fx)
3.23.1 Optimal result . . . . .. .. ... .. 169
3.23.2 Mathematica [N/A] . . . .. .. .. 169
3.23.3 Rubi [N/A] .« o oot oo 70
3.23.4 Maple [N/A] (verified) . . . . . . . ... . Ival
3.23.5 Fricas [N/A] . . . . . vl
3.23.6 Sympy [N/A] . . . . Il
3.23.7 Maxima [N/A] . . . . . . . 172
3.23.8 Giac [N/A] . . . . . o 172
3.23.9 Mupad [N/A] . . . . 172

3.23.1 Optimal result

Integrand size = 20, antiderivative size = 20
/ (c+dx) dz — Tnt (c+ dx) .
a+ asec(e + fx) a+ asec(e + fz)

output LUnintegrable ((d*x+c) “m/ (at+a*sec(f*x+e)),x) J

3.23.2 Mathematica [N/A]

Not integrable

Time = 1.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dx)™ dp — / (c+ dz)™ i

a+ asec(e + fz) a + asec(e + fz)

input LIntegrate[(c + d*x)"m/(a + a*Sec[e + f*x]),x]

~—

output‘ Integrate[(c + d*x)"m/(a + axSecl[e + f*x]), x]

(ct+dz)™
3.23. [ et dx



input

output

rule 3042

rule 4681
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3.23.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx)™

asec(e + fz) +a

l.3042

(c+dx)™

/acsc (e+ fz+1%) +adx
l.4681
/ (c+dx)™

asec(e + fz)+a o

~—

LInt[(c + d*x)"m/(a + a*Sec[e + f*x]),x]

e hY

$Aborted ‘

3.23.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

(ct+dz)™
3.23. [ et da
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3.23.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz 4+ )™
/a+asec(fm+e)dz

input Lint ((d*x+c) “m/ (a+axsec(f*x+e)) ,x)

-/

output Lint ((d*x+c) “m/ (at+a*sec (f*x+e)) ,x)

3.23.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dx)™ dp — / (dz +c)™ i

a+ asec(e + fx) asec(fx+e)+a

input Lintegrate ((d*x+c) “m/ (ata*sec(f*x+e)) ,x, algorithm="fricas")

output Lintegral((d*x + c)"m/(a*xsec(f*x + e) + a), x)

3.23.6 Sympy [N/A]

Not integrable

Time = 1.82 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

a+ asec(e + fz) dz = a

(c+dz)™
/ (c + dz)™ =G g

p
input tintegrate ((d*x+c) **m/ (a+a*sec (f*x+e)) ,x)

—

-

output LIntegral((c + d*x)**m/(sec(e + f*x) + 1), x)/a

-/

(ct+dz)™
3.23. [ et dx
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3.23.7 Maxima [N/A]

Not integrable

Time = 0.57 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dz)™ B (dz + )™
/a—i—asec(e—i—fx)dx_/asec(fz+e)+adx

inputLintegrate((d*x+c)“m/(a+a*sec(f*x+e)),x, algorithm="maxima")

output Lintegrate((d*x + c)"m/(a*sec(f*x + e) + a), x)

3.23.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dx)™ B (dz+c)™
/a+asec(e+fx)dm_/asec(fa:+e)+adx

inputLintegrate((d*x+c)‘m/(a+a*sec(f*x+e)),X, algorithm="giac")

outputtintegrate((d*x + c)"m/(axsec(f*x + e) + a), x)

3.23.9 Mupad [N/A]
Not integrable

Time = 13.38 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+ dx)™ dxz/ (c+dz)™ i

a+ CLSGC(@ + fx) a+ cos(e(fl-fx)

input Lint((c + d*x)"m/(a + a/cos(e + £*x)),x)

output Lint((c + d*x)"m/(a + a/cos(e + f*x)), x)

(ct+dz)™
3.23. [ et dx



output
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3.24 [(c+dz)*(a+ bsec(e + fx)) dx

3.24.1 Optimal result . . . . . . .. . .. 173l
3.24.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oo Ive!
3.24.3 Rubi [A] (verified) . . . . . . ... Ive!
3.24.4 Maple [B] (verified) . . . . ... . ... .. 175
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 176
3.24.6 Sympy [F] . . . . . . 177
3.24.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 178l
3.24.8 Giac [F] . . . . . . 178
3.24.9 Mupad [F(-1)] « v v v e oo 179

3.24.1 Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dz)*  2ib(c+ dz)? arctan (ei(e+fz))
4d f
3ibd(c + da:)2 PolyLog (2, _,l'ei(e+fx))
+
72
3ibd(c + dz)? PolyLog (2, ie'(¢t/2)
_ 7
6bd*(c + dz) PolyLog (3, —ie'*/2))
_ A
6bd*(c + dz) PolyLog (3, e'*/2))
_|_
73
6ibd> PolyLog (4, _iei(e-i-f:c))
_ i
6ibd® PolyLog (4, jeiletf m))
74

/(c +dz)*(a + bsec(e + fz)) dzx =

1/4x*ax (d*x+c) ~4/d-2*I*b* (d*x+c) “3*arctan(exp (I*(f*x+e))) /f+3*xIxb*xd* (d*x+c)
~2*polylog(2,-I*xexp(I*(f*x+e)))/£72-3*xI*b*d* (d*x+c) “2*polylog(2,I*xexp (I* (£
xx+e))) /£72-6xb*d~2* (d*x+c) *polylog(3,-I*exp (I*(f*x+e))) /£~ 3+6xb*xd~2* (d*x+
c)*polylog(3,I*xexp(I*(f*x+e)))/f"3-6*I*b*d"3*polylog(4,-I*exp(I*(f*xx+e)))/
£74+6*I*bxd"3*polylog(4,I*exp(I*(f*x+e)))/f"4

324.  [(c+dz)*(a+bsec(e+ fz))dz
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3.24.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.61

/(c +dz)3(a + bsec(e + fz)) dz
_ 4ac® frz + 6ac’df*z? + dacd® f*4® + ad® f*z* — 24ibcPdf3x arctan (e/*1/?)) — 24ibed? f32? arctan (€1

.
input  Integrate[(c + d*x)~3*(a + bxSec[e + f*x]),x]

output | (4xaxc™3*f"4*xx + Gkaxc 2+d*f"4*x"2 + 4xaxckd"2xf74*x"3 + axd"3*f"4xx"4 - (
24x1)*¥bkc~2xd*f " 3xx*xArcTan[E~(I*x(e + f*x))] - (24%I)*bkckd 2*f " 3*x"2*ArcTa
n[E"(I*(e + £*x))] - (8+I)*b*d~3*f~3*x"3*xArcTan[E~(I*x(e + f*x))] + 4xbxc~3
*f~3xArcTanh[Sin[e + f*x]] + (12#I)*bxd*f~2%(c + d#*x) 2xPolyLogl[2, (-I)*E~
(Ix(e + £*x))] - (12+I)*b*d*f~2x(c + d*x) "2%PolyLog[2, I*E~(I*(e + f*x))]
- 24xbxc*d~2*f*PolyLog[3, (-I)*E~(I*(e + f*x))] - 24%b*d~3*f*x*PolyLogl[3,
(-I)*E~(I*(e + f*x))] + 24xb*c*d 2xfxPolyLog[3, I*E~(I*(e + f*x))] + 24*bx
d~3*f*x*PolyLog[3, I*E~(I*(e + fxx))] - (24*I)*bxd~3*PolyLog[4, (-I)*E~(I*
(e + f*x))] + (24xI)*b*d~3*PolyLog[4, I*E~(Ix(e + f*x))])/(4*x£74)

3.24.3 Rubi [A] (verified)
Time = 0.44 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + bsec(e + fz)) dz
| 3042

/(c+da:)3 (a—l—bcsc (e—l—f:v—l— g)) dx
| 4678
/ (a(c+ dz)® + b(c + dz)® sec(e + fz)) dz

l 2009

324.  [(c+dz)*(a+bsec(e+ fz))dz
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a(c+dz)*  2ib(c+ dr)® arctan (ei(c+/2)) B 6bd%(c + dz) PolyLog (3, —iel(¢+f2))

4d f f3 *
6bd%(c + dz) PolyLog (3, ie*(¢+/2)) N 3ibd(c + dz)? PolyLog (2, —iei¢+f2))
3 2 -
3ibd(c + dz)? PolyLog (2,ie’¢*f®))  6ibd® PolyLog (4, —ie’*/®))  6ibd® PolyLog (4, ie?(¢+#2))
2 - 4 + 4
f f f
input LInt[(c + dxx)~3*(a + bxSec[e + f*x]),x] J
output | (a*x(c + d*x)~4)/(4*d) - ((2*I)*b*(c + d*x) 3*ArcTan[E~(I*(e + f*x))])/f +
((3*I)*bxd*(c + d*x) 2*PolyLog[2, (-I)*E~(I*(e + £*x))])/£72 - ((3*I)*b*d*
(c + d*x)~2*PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (6%b*d~2x(c + d*x)*PolyLo
gl3, (-I)*E~(I*(e + £f*x))])/£f~3 + (6%b*d"2*(c + d*x)*PolyLog[3, I*E~(I*(e
+ £xx))]1)/£°3 - ((6%I)*b*d~3*PolyLogl4, (-I)*E~(Ix(e + f*x))])/f~4 + ((6%I
)*b*xd~3*PolyLog[4, I*E~(I*(e + f*x))]1)/f~4
3.24.3.1 Defintions of rubi rules used
ruk32009LInt[u_, x_Symbol] :> Simp[IntSumlu, x1, x] /; SumQ[u] J

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

rule 4678‘/Int[(csc[(e_.) + (F_D)*x)DI*(_.) + (a)) " (@_D*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“n, x],
L x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

~

3.24.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 755 vs. 2(200) = 400.

Time = 1.01 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

. 6ibc d?e? arctan (e(f2+°)) 6ib c2de arctan (e*(f2+°)) 6ib d%cpolylog (2,ie’(/2+e)) z 6ib d%cpolylog (2,—ie*(f=+e))g
I'lSCh - f3 + f2 - f2 + f2

324.  [(c+dz)*(a+bsec(e+ fz))dz
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input{int((d*x+c)“3*(a+b*sec(f*x+e)),x,method=_RETURNVERBOSE)

output | 3/f*b*d~2*c*1n(1-I*xexp (I* (f*x+e)))*x"2+3/£ " 3*b*e~2*c*d~2x1n (1+I*exp (I* (£*x
+e)))-3/fxb*d"2*cx1n(1+Ixexp (I* (f*x+e)))*x"2-3/f " 3*b*e~2*c*d~2*1n(1-I*exp (
Ik (f*x+e)))+6xI*b*d~3*polylog(4,I*exp(I*(f*x+e)))/f~4+6/f"3%b*d~2*c*polylo
g(3,I*xexp(I*(f*x+e)))-1/f"4xb*e”3*d"3*1n(1+I*exp(I*(f*x+e)))-6/£"3xb*d 3*p
olylog(3,-Ixexp(I*(f*x+e)))*x+1/f*b*d~3*1n(1-I*exp(I*(f*x+e)))*x"3-1/f*b*d
~3*1n(1+I*exp (I*(f*x+e)))*x"3-6/f " 3*b*d 2*c*polylog(3,-I*exp(I*(f*x+e)))+6
/£73%b*d"3*polylog(3, I*exp (I* (f*x+e)) ) *x+1/f 4*bxe~3*d~3*1n (1-I*exp (I*(f*x
+e)) ) +axd 2xc*kx"3+3/2ka*d*c”2xx"2+a*c " 3xx-6*I/f "3xbkckd"2*e"2*arctan (exp (I
* (fxx+e)))+6%I/f ~2%bxc~2*d*exarctan (exp (I*(f*x+e)))-6%I/f 2%bkd~2*c*polylo
g(2,Ixexp (I*(f*x+e)))*x+1/4%axd~3*x"4+1/4*a/d*c"4+3/f*bxc~2+d*1n(1-I*exp (I
* (£xx+e) ) ) *x+3/f " 2xb*c”2kd*1n (1-I*exp (I* (£*x+e))) *e-3/f*bxc~2*d*1n (1+I*exp
(I*x(fxx+e)))*x-3/£ " 2%bxc"2xd*1n(1+I*exp (I* (f*x+e)))*e-3*I/f 2*%b*xd~3*polylo
g(2,I*xexp(I*(f*x+e)))*x"2+6%I/f " 2%b*xd~2*c*polylog(2,-I*exp (I*(f*x+e)))*x+3
*I1/f~2xbxd"3*polylog(2,-I*exp (I*(f*x+e)))*x"2-3*I/f 2*b*c~2*d*polylog(2,I*
exp (I*(fxx+e)))+3*I/f"2xbxc~2*d*polylog(2,-I*exp (I*(fxx+e)))+2*I/f"4*b*d"3
xe~3*arctan (exp (I*(f*x+e)))-6*Ixb*d~3*polylog(4,-I*exp (I*(f*x+e)))/f74-2+I
/f¥bxc~3*arctan (exp (I*(f*x+e)))

\

3.24.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.34 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c +dz)3(a + bsec(e + fx)) dz = Too large to display

p
input  integrate((d*x+c) ~3*(atb*sec(f*x+e)),x, algorithm="fricas")

324.  [(c+dz)*(a+bsec(e+ fz))dz




output

-
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177

1/4% (a*d~3*xf74%x"4 + 4¥axcxd™2+f74*x"3 + Gkaxc 2xd*f"4*xx"2 + 4xaxc”3*kf"4xx

+ 12xIxb*d~3*polylog(4, I*cos(f*x + e) + sin(f*x + e)) + 12*Ixbxd~3*polyl
og(4, I*cos(f*x + e) - sin(f*x + e)) - 12xI*bxd~3*polylog(4, -Ixcos(f*x +
e) + sin(f*x + e)) - 12%I*b*d~3*polylog(4, -I*cos(f*x + e) - sin(f*x + e))

- 6% (I*xb*d~3*f"2%x"2 + 2%I*b*c*d~2*f 2%x + I*b*c~2*d*f~2)*dilog(I*cos(f*x

+ e) + sin(f*x + e)) - 6% (Ixb*d~3*f72+x"2 + 2*I*bkcxd 2+f 2*%x + I*b*c~2xd
*f"2)*xdilog(I*xcos(f*x + e) - sin(f*x + e)) - 6% (-I*bxd"3*f"2%xx"2 - 2xIxb*c
*q"2%f"2%x — I*bxc~2*d*f~2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6*(-Ix
bxd~3*f"2%x"2 - 2*Ixbxckd 2*f 2xx - I*b*c 2xd*f~2)*dilog(-I*cos(f*x + e) -

sin(f*x + e)) - 2x(bxd"3*e”3 - 3*b*c*d " 2xe”2*f + 3xbxc"2*d*exf~2 - b*c"3%
f73)*log(cos(f*x + e) + Ixsin(f*x + e) + I) + 2x(b*d"3*e”3 - 3*b*c*kd 2%e”2
*f + 3xbxc”2xdxexf~2 - bxc"3xf"3)*log(cos(f*x + e) - I*sin(f*x + e) + I) +

2% (b*d"3*f"3*%x"3 + 3*bxc*kd"2*xf"3*x"2 + 3*bkc"2xd*f”"3*x + b*d"3*e”3 - 3*bx
cxd"2xe"2*f + 3xb*c"2xdxe*f~2)*log(I*cos(f*x + e) + sin(f*x + e) + 1) - 2%
(b*d~3*£73%x"3 + 3*bkcxd"2*xf"3*x"2 + 3*b*c"2xd*f 3*x + b*d"3*e”3 - 3*bxc*d
“2xe"2xf + 3xbxc”2xdxexf~2)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x*(b*
d"3*f73%x"3 + 3*bxcxd"2*f"3%x"2 + 3*bxc”2xd*f"3%x + b*d"3%e”3 - 3*bxcxd"2x*
e"2xf + 3*%bkc 2*d*exf~2)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2% (b*d~
3*%f73%x73 + 3%bxckd"2*f"3%x72 + 3*b*cT2xd*f"3%x + b*d"3%e”3 - 3*b*cxd"2%e”
2*f + 3xbkc"2+dxexf~2)*xlog(-I*cos(f*x + e) - sin(f*x + e) + 1) - 2x(bxd...

3.24.6 Sympy [F]

/(c—i— dz)?(a + bsec(e + fz)) dr = / (a+ bsec (e + fz)) (c + dz)® dz

inputLintegrate((d*x+c)**3*(a+b*seC(f*X+e)),X)

output

N

Integral((a + b*sec(e + f*x))*(c + d*x)**3, x)

324.  [(c+dz)*(a+bsec(e+ fz))dz

-/

_
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3.24.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.42 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c +dz)*(a + bsec(e + fx)) dz = Too large to display

p
inputLintegrate((d*x+c)“3*(a+b*sec(f*x+e)),x, algorithm="maxima")

~—

output | 1/4*%(4x(f*x + e)*axc™3 + (f*x + e) 4*axd~3/f"3 - 4x(f*x + e) 3*xaxd"3*e/f"3
+ 6% (f*x + e) 2xaxd"3xe"2/f"3 - 4*(f*x + e)*axd"3xe"3/f"3 + 4*x(f*x + e)”3
*axcxkd~2/f72 — 12k (f*x + e) "2%axcxd"2xe/f"2 + 12%(f*x + e)*axcxd"2xe~2/f"2
+ 6% (fxx + e) 2%axc”2xd/f - 12+ (f*x + e)*axc”2xd*e/f + 4xbxc~3xlog(sec(f*
x + e) + tan(f*x + e)) - 4xbxd"3xe”3xlog(sec(f*x + e) + tan(f*x + e))/f"3

+ 12xbkc*d"2xe"2*log(sec(f*x + e) + tan(f*x + e))/f72 - 12*%b*c”2xd*e*xlog(s
ec(f*x + e) + tan(f*x + e))/f + 2x(12%Ixb*d"3*polylog(4, I*e~(Ixf*x + I*e)
) - 12%Ixb*d~3*polylog(4, -Ixe” (I*f*x + Ixe)) - 2%(I*(f*x + e) 3xb*d"3 + 3
*(-I*b*d~3*e + I*b*ckxd 2+f)*(f*x + e) 2 + 3*(I*b*d~3*e”2 - 2*I*b*ckd 2*exf
+ Ixb*xc™2xd*xf~2)* (fxx + e))*arctan2(cos(f*x + e), sin(fxx + e) + 1) - 2x%(
Ix(f*xx + e) " 3*b*d~3 + 3*(-I*b*d"3*e + Ixbxckxd"2*f)*(f*x + e)~2 + 3x(Ixb*xd~
3ke"2 - 2*I*xbkckxd~2*e*f + I*b*c 2xd*xf~2)*(f*x + e))*arctan2(cos(f*x + e),

-sin(f*x + e) + 1) — 6x(I*(f*x + e) 2%b*d~3 + I*b*xd"3*%e”~2 — 2*I*b*c*d 2*ex*
f + I*bkc™2%d*f~2 + 2% (-I*bxd"3%e + I*bkcxd~2*f)*(f*x + e))*dilog(I*e” (I*f
*x + I*e)) - 6x(-Ix(f*x + e) 2*xb*d~3 - I*b*d"3*e~2 + 2*I*bxckd 2%exf - I*Db
*xC"2%d*f72 + 2% (I*b*d"3xe - I*b*cxd~2*xf)*(f*x + e))*dilog(-Ixe” (Ixf*xx + Ix
e)) + ((fxx + e) " 3*b*d~3 - 3*(b*d"3*e - bxckxd"2*f)*(f*x + e)~2 + 3*(b*d"3*
€72 - 2xbkxckd"2%exf + bxc"2xd*f"2)*(f*x + e))*log(cos(f*x + e)"2 + sin(f*x
+ e)”2 + 2xsin(f*x + e) + 1) - ((f*x + e)”3*bxd"3 - 3x(b*d~3*e - bxcxd 2%
£)*x(f*x + e)72 + 3% (b*xd"3*e”2 — 2*bxckd"2xe*xf + bkc 2xd*xf 2)*x(f*x + e))...

3.24.8 Giac [F]

/(c+dx)3(a+bsec(e+fx))dz = /(dx+c)3(bsec (fx+e)+a)ds

-

input  integrate((d*x+c) “3*(a+b*sec(f*x+e)),x, algorithm="giac")

N

output integrate((d*x + c)“3x(b*sec(f*x + e) + a), x)

324.  [(c+dz)*(a+bsec(e+ fz))dz
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3.24.9 Mupad [F(-1)]

Timed out.

/(c+dz)3(a+bsec(e+fz)) dr = / (a—l— ) (c+dz)’dzx

cos(e+ fx)

input Lint((a + b/cos(e + f*x))*(c + d*x)~3,x)

output Lint((a + b/cos(e + f*x))*(c + d*x)~3, x)

324.  [(c+dz)*(a+bsec(e+ fz))dz
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3.25 [(c+dz)*(a+ bsec(e + fz))dx

3.25.1 Optimal result . . . . .. .. . ... ..
3.25.2 Mathematica [A] (verified) . . . . . . . ... ... Lo
3.25.3 Rubi [A] (verified) . . . . . . ... ..
3.25.4 Maple [B] (verified) . . . ... ... . ...
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ...
3.25.6 Sympy [F] . . . . . .
3.25.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ..
3.25.8 Giac [F] . . . . . .
3.25.9 Mupad [F(-1)] . . . . o o

3.25.1 Optimal result

Integrand size = 18, antiderivative size = 157

a(c+dz)®  2ib(c+ dz)?arctan (ei(e+fz))
3d f

2ibd(c + dz) PolyLog (2, —ie'(¢*/2))

+
72

2ibd(c + dx) PolyLog (2, Z'ei(e+fx))
_ B

2bd? PolyLog (3, —ie'*/2))
_ i

2bd? PolyLog (3, ie'+/2))
+ 7

/(c +dz)?*(a + bsec(e + fz)) dzx =

output(1/3*a*(d*x+c)‘3/d—2*I*b*(d*x+c)‘2*arctan(exp(I*(f*x+e)))/f+2*I*b*d*(d*x+c)
‘*polylog(2,—I*exp(I*(f*x+e)))/f“2—2*I*b*d*(d*x+c)*polylog(2,I*exp(I*(f*x+e
‘)))/f”2-2*b*d”2*polylog(3,—I*exp(I*(f*x+e)))/f“3+2*b*d“2*polylog(3,I*exp(I
*(£xx+e)))/£73

325.  [(c+dz)*(a+bsec(e+ fz))dz
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3.25.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.29

4ibedz arctan (e'¢+/®))
. f

2ibd?z? arctan (€'“+/®))  pc2arctanh(sin(e + fz))
- +

f | f

2ibd(c + dz) PolyLog (2, —ie't/2))

_.|_
12

2ibd(c + dz) PolyLog (2, ie'*+/®))
_ 7

2bd? PolyLog (3, —iel(c+/))
_ i

2bd? PolyLog (3, ie"¢+/®))
+ i

/(c + dz)?(a + bsec(e + fz)) dz = ac’x + acdz® + %ad2 3 —

(

inputLIntegrate[(c + dxx)~2*(a + b*Sec[e + f*x]),x] J

output | axc™2*x + axckd*x”2 + (a*d™2*x73)/3 - ((4*I)x*b*c*d*x*ArcTan[E~(I*(e + f*x)
)1)/f - ((2%I)*b*d"2*x"2*ArcTan[E~(I*(e + f*x))])/f + (b*xc 2*ArcTanh[Sin[e
+ £xx]]1)/f + ((2%I)*b*d*(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + f*x))])/f"2 -
((2xI)*b*d*(c + d*x)*PolyLog[2, I*E~(I*(e + f*x))])/f72 - (2¥b*d~2*PolyLo
gl3, (-ID*E~(Ix(e + £*x))1)/£"3 + (2¥b*d~2+PolyLog[3, I*E~(I*(e + £f*x))])/
£°3

3.25.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used
integrand size

= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?(a + bsec(e + fzx)) dzx

l 3042

325.  [(c+dz)*(a+bsec(e+ fz))dz
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/(c+clac)2 <a+bcsc (e+f:c+ g)) dx

| 4678
/ (a(c+ dz)? + b(c + dz)?sec(e + fz)) dz

l 2009

a(c+dz)®  2ib(c + dz)?arctan (ele+/2)) N 2ibd(c + dz) PolyLog (2, —iet(¢*/2))
3d f f?

2ibd(c + dz) PolyLog (2, ie*(¢+/2)) 2wh%wmg@¢mﬂ%ﬂh+2w%%wmg@J%%ﬂU

f? 3 f?

inputtlnt[(c + d*x)"2x(a + b*Secle + f*x]),x]

output| (ax(c + d*x)~3)/(3%d) - ((2*I)*b*(c + d*x)"2*ArcTan[E"(Ix(e + £*x))1)/f +
\((2*1)*b*d*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + £*x))1)/£72 - ((2*I)*bx*d*(c
‘ + d*x)*PolyLog[2, I*E~(Ix(e + f*x))]1)/f"2 - (2*b*d~2+PolyLog[3, (-I)*E~(I
*(e + £*x))])/£°3 + (2*%bxd~2#PolyLog[3, I*E~(I*(e + f*x))])/f"3

N

3.25.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

325.  [(c+dz)*(a+bsec(e+ fz))dz




input

output
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3.25.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 439 vs. 2(138) = 276.

Time = 0.98 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

. ad223 2 2 acd bd? ln(l—iei(f“”'*'e))alc2 2bcdln(1—iei(fz+5))e chdln(1+iei(fz+e))e 2bcd In
risch T-I—adca: +acz+ 57 + 7 72 — 72 —
Lint((d*x+c)“2*(a+b*sec(f*x+e)),x,method=_RETURNVERBOSE) J

e N

1/3%a*d~2*x"3+axd*c*x~2+axc”2*x+1/3%a/d*c”3+1/f*b*xd"2%1n (1-IT*exp (I* (f*x+e)
)) *x"2+2/£"2*b*c*kd*1n(1-I*exp (I* (f*x+e))) *e—-2/f " 2xb*c*d*1n(1+Ixexp (I* (f*x+
e)))*e-2/f*b*c*d*1n(1+I*exp (I*(f*x+e)))*x-2*I/f"2xb*xd~2*polylog(2,I*exp (I*
(f*x+e)) ) *x—1/f*b*d"2*1n (1+I*exp (I* (f*x+e))) *x"2+1/f " 3*b*e"2xd~2*1n (1+I*ex
p(I*(f*x+e)))+4xI/f 2xb*cxd*e*arctan (exp (I*(f*x+e)))+2xI/f " 2xb*cxd*polylog
(2,-I*xexp(I*(f*x+e)))-2*I/f 3*b*d~2*e~2*arctan (exp (I* (f*x+e)))-2%I/f*b*xc"2
*xarctan (exp (Ix(f*x+e)))+2xI/f"~2+b*xd~2*polylog(2,-I*exp (I*(f*x+e)))*x+2xb*d
~2%polylog(3,I*xexp (I*(f*x+e)))/f"3+2/f*bkcxd*1n(1-I*exp (I* (£xx+e))) *x-2*I1/
f~2*bxc*d*polylog(2, I*exp(I*(f*x+e)))-2*b*d~2*xpolylog(3,-I*exp(I*(f*x+e)))
/£73-1/£"3%bxe”~2xd"2*1n (1-I*exp(I* (f*x+e)))

3.25.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.32 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

(c+dz)*(a + bsec(e + fz)) dzx
_ 2ad?f3x® + 6 acdf*z* + 6 ac® f>z — 6 bd®polylog(3, i cos (fz + e) + sin (fz + e)) + 6 bd®polylog(3, i cos

inputLintegrate((d*x+c)‘2*(a+b*sec(f*x+e)),x, algorithm="fricas") J

325.  [(c+dz)*(a+bsec(e+ fz))dz



output

input

output
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1/6% (2%a*d~2+f"3*%x"3 + B*akckxd*f~3*x"2 + Gkaxc”2+f"3*x - 6%b*d~2*polylog(3
, Ikcos(f*x + e) + sin(f*x + e)) + 6xb*d"2*polylog(3, I*cos(f*x + e) - sin
(f*x + e)) - 6%b*d~2*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) + 6xb*xd~2*
polylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*bxd~2*f*x + I¥bkckxd*f)*d
ilog(I*cos(f*x + e) + sin(f*x + e)) - 6*%(I*b*d~2*f*x + I*b*c*d*f)*dilog(I*
cos(f*x + e) - sin(f*x + e)) - 6% (-Ixb*d"2xf*x — I*bxcxd*f)*dilog(-I*cos(f
*x + e) + sin(f*x + e)) - 6x(-I*bxd"2xf*x - Ixbkckd*f)*dilog(-I*cos(f*x +
e) - sin(f*x + e)) + 3x(bxd"2*e”2 - 2xbkxckd¥exf + bkxc~2xf~2)*log(cos(f*x +
e) + I*sin(f*x + e) + I) - 3*(b*d"2xe”2 - 2+bxcxd*e*xf + bxc~2*f~2)*log(co
s(fxx + e) - Ixsin(fxx + e) + I) + 3k (bkd™2*xf 2%x"2 + 2kb¥ckd*f~2%x - b*d~
2%e”2 + 2*bkcxdxexf)*xlog(I*cos(f*x + e) + sin(fxx + e) + 1) - 3*(b*d"2xf"2
*X"2 + 2xbxckd*f~2xx - bkd"2%e”2 + 2xb*ckdkexf)*log(I*cos(f*x + e) - sin(f
*x + e) + 1) + 3x(b*d"2*xf"2%x"2 + 2¥bkckd*f~2%x - b*d"2%e"2 + 2%bkckd*e*f)
*xlog(-I*cos(f*x + e) + sin(f*x + e) + 1) - 3*x(b*xd"2*f~2*%x"2 + 2*¥bkc*xd*f 2%
X - bxd"2xe”2 + 2xbxckxdxexf)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3*(
b*d"2*%e~2 - 2%bxckd*e*xf + b*c 2xf72)*log(-cos(f*x + e) + I*sin(f*x + e) +
I) - 3x(b*d"2%e”2 - 2¥bkckd*e*xf + bkc™2*f~2)*log(-cos(f*x + e) - I*sin(f*x
+e) + 1))/f"3

& J

3.25.6 Sympy [F]

/(c—l— dz)*(a + bsec(e + fz)) dr = / (a + bsec (e + fz)) (c + dz)*® da

~—

Lintegrate((d*x+c)**2*(a+b*sec(f*x+e)),x)

J

.
Integral((a + bxsec(e + f*x))*(c + d*x)**2, x)

& J

3.25.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.38 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a + bsec(e + fz)) dz

3 2 2
6 (ffL' + B)CLCQ + 2(fa:—;;a) ad? _ 6(fm4}ti2) ad?e + 6(f:c4}e2)ad262 + 6(fm—|}e) acd 12 (fw—}-e)acde + 6b02 log (SEC (fx +

325.  [(c+dz)*(a+bsec(e+ fz))dz
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input‘integrate((d*x+c)“2*(a+b*sec(f*x+e)),x, algorithm="maxima")

output

input

1/6% (6% (f*x + e)*axc™2 + 2x(f*x + e) " 3xaxd"2/f72 - 6x(f*x + e) 2xaxd™2xe/f
"2 + 6% (f*x + e)*axd"2%e”2/f72 + 6x(f*x + e) "2¥akxckd/f - 12%(f*x + e)*akck
dxe/f + 6xbxc”2xlog(sec(f*x + e) + tan(f*x + e)) + 6*%b*xd"2*xe"2*xlog(sec(f*x
+ e) + tan(f*x + e))/f72 - 12+b*ckd*exlog(sec(f*x + e) + tan(f*x + e))/f
+ 3% (4xb*d~2*polylog(3, I*e~(Ixfxx + I*e)) - 4*bxd~2*polylog(3, —-Ixe” (Ixf*
X + Ixe)) - 2%(I*(f*x + e) 2%bxd"2 + 2x(-I*b*d"2xe + I*bxcxd*f)*(fxx + e))
*arctan2(cos(f*x + e), sin(f*x + e) + 1) - 2k (I*(fxx + e)~2%b*d~2 + 2% (-I*
b*d~2%e + Ixb*ckd*f)*(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) -
4% (I*(f*x + e)*bxd™2 - I*bxd"2%e + Ixbkc*d*f)*dilog(I*e” (Ixf*x + Ixe)) -
4x(-I*(f*x + e)*bxd~2 + Ixbxd"2*e - Ixb*ckdxf)*dilog(-I*e” (I*f*x + Ixe)) +
((£xx + e)72+%b*d"2 - 2% (b*d"2*e - b*ckxd*f)*(f*x + e))*log(cos(f*x + e)~2
+ sin(f*x + e)72 + 2*sin(f*x + e) + 1) - ((f*x + e)”"2%b*d”2 - 2x*(b*d"2%e -
b*ckd*f)* (f*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)72 - 2*xsin(f*x + e)

+1))/£72)/f

3.25.8 Giac [F|

/(c—l—dx)2(a+bsec(e—|—fx)) dx = /(dx+c)2(bsec (fx+e)+a)dz

integrate ((d*x+c) 2% (atb*sec(f*x+e)),x, algorithm="giac")

N\

output integrate((d*x + c)~2x(b*sec(f*x + e) + a), x)

input

3.25.9 Mupad [F(-1)]

Timed out.

b
cos (e + f x)

/(c+dx)2(a+bsec(e+fx)) dz = / <a+ ) (c+dz)de

lint((a + b/cos(e + £¥x))x(c + d*x)"2,x)

N

outputtint((a + b/cos(e + f*x))*(c + d*x)~2, x)

325.  [(c+dz)*(a+bsec(e+ fz))dz
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3.26 [(c+dx)(a+ bsec(e + fz)) dz

3.26.1 Optimalresult . . . . .. .. . ... .. .. 186
3.26.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 186
3.26.3 Rubi [A] (verified) . . . . . . ... .. 187
3.26.4 Maple [A] (verified) . ... ... ... .. 188
3.26.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 189
3.26.6 Sympy [F] . . . . . . 189
3.26.7 Maxima [F] . . .. . . .. .. 190
3.26.8 Giac [F] . . . . . . 190
3.26.9 Mupad [F(1)] - o v oot e e e T90

3.26.1 Optimal result

Integrand size = 16, antiderivative size = 93

. a(c + d.’,l,‘)2 2Zb(C + dw) arctan (ei(e+f93))
N 2d I;
ibd PolyLog (2, —iei(e”“’)) ibd PolyLog (2, iei(e—i—fw))
+ = _ 72

/(c +dz)(a + bsec(e + fz)) dz

output‘1/2*a*(d*x+c)‘2/d-2*I*b*(d*x+c)*arctan(exp(I*(f*x+e)))/f+I*b*d*polylog(2,—
LI*exp(I*(f*x+e)))/f‘2—I*b*d*polylog(2,I*exp(I*(f*x+e)))/f“2 J

3.26.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.12

2ibd t ietifz
/(c—i— dzr)(a + bsec(e + fz)) dr = act + %ade _ 2ibdz arctan (e )

f
bcarctanh(sin(e + fz))  ibd PolyLog (2, —geiletf ””))
+ + .
r f
ibd PolyLog (2, ie’(¢*/2))
_ f2

input LIntegrate[(c + d*x)*(a + b*Sec[e + f*x]),x]

~—

326.  [(c+dz)(a+bsec(e+ fz))dx
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output‘a*c*x + (axd*x"2)/2 - ((2*I)*b*d*x*ArcTan[E~(I*e + I*f*x)])/f + (b*c*ArcTa
\nh[Sin[e + £*x]]1)/f + (I*bxd*PolyLog[2, (-I)*E~(I*(e + £*x))]1)/£"2 - (I*bx
|d*PolyLog[2, I+E~(I*(e + £*x))1)/£72

3.26.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 198 Ryjles used = {3042,

integrand size
4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c +dz)(a + bsec(e + fz)) dz

l 3042

/(c+dm) (a+bcsc <e+fx+g>>dw

l 4678

/(a(c + dx) 4+ b(c + dz) sec(e + fx))dz

| 2009
a(c+ dz)?  2ib(c+ dz) arctan (e¥(¢+72)) N ibd PolyLog (2, —ie'(¢*/?))  ijbd PolyLog (2, ie*(¢*/))
2d f f2 12
input LInt[(c + d*x)*(a + b*Secl[e + f*x]),x] J

e B

(ax(c + d*x)~2)/(2%d) - ((2*%I)*b*(c + d*x)*ArcTan[E~(I*(e + f*x))])/f + (I
‘*b*d*PolyLog[2, (-I)*E"(I*(e + £*x))])/£f"2 - (I*b*d*PolyLog[2, I*E~(I*(e +
)1 /£72 J

output

326.  [(c+dz)(a+bsec(e+ fz))dx
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3.26.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a )) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bx*Cscle + f#*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.26.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
b < d(f(fm+e) 1n(1+iei(f‘”+e))+(fz+e) ln(lfiei<fz+e))+i dilog(1+iei(fx+e)) —1 dilog(lfiei(fw"'e))j
7
17,2
parts a(zdz -I-wc) + 7
o ac(fa+e)— ade(]}$+€) +ad(f2wf+e)2 tbeIn(seo( f-re)-Htan(fo-te))— 22 1n(sec(fw+;3)+tan(fz+e)) +bd(—(f a+e) In(14ie'(f:
derivativedivides 7
ac(fz+e _ade(fm+e)+ad(fm+e)2 +beln(sec(fz-+e)+tan( fzte __bde 1n(sec(fm+e)+tan(fm+e))_’_bd(*(fz‘Fe) ln(1+iei(fa
default i 2] i 7
. ad z2 N Zibcarctan(ei(fz+e)) N bdln(1+iei(f””+e))m i bdln(1+iei(f’”+e))e bdln(l—iei(f”H'e))z
risch =5- +axc 7 7 72 + 7
input Lint ((d*x+c)*(atb*sec(f*x+e)) ,x,method=_RETURNVERBOSE) J

OUPUL | ak (1/2%d*kx"2+x*C) +b/£x (1/E%d (- (£*x+e) *1n(1+Ixexp (Ix(fx+e)))+(f*x+e)*1n(1 |
‘—I*exp(I*(f*x+e)))+I*dilog(1+I*exp(I*(f*x+e)))—I*dilog(l—I*exp(I*(f*x+e)))
‘ )+c*1n(sec(f*x+e)+tan(f*x+e))-e/f*d*1n(sec(f*x+e)+tan(f*x+e))) ‘

326.  [(c+dz)(a+bsec(e+ fz))dx



output

s

input Lintegrate ((d*x+c)*(atb*sec(f*x+e)),x, algorithm="fricas")

p
input Lintegrate ((d*x+c) * (a+b*sec (f*x+e)) ,x)
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3.26.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.27 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c +dz)(a + bsec(e + fx)) dz
_ adf?z? + 2 acf?z — i bdLiy(i cos (fr + €) + sin (fx + €)) — i bdLis(z cos (fz + €) — sin (fz + €)) + ¢ bdL

—/

1/2% (a*d*f~2*x"2 + 2*%axcxf~2xx - I*bxdxdilog(I*cos(f*x + e) + sin(f*x + e)
) - Ixb*d*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*b*d*dilog(-I*cos(f*x +

e) + sin(f*x + e)) + I*b*xdxdilog(-I*cos(f*x + e) - sin(f*x + e)) - (bxd*e

- bxc*f)*log(cos(f*x + e) + Ixsin(f*x + e) + I) + (bxd*e - b¥cxf)*log(cos(
f*x + e) - Ixsin(f*x + e) + I) + (b*dxf*x + bxdxe)*log(I*cos(f*x + e) + si
n(f*x + e) + 1) - (bxd*f*x + bxd*e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1)
+ (b*d*f*x + b*dxe)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (bxd*f*x +

b*d*e)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) - (b*d*e - bxcxf)*Llog(-cos(
fxx + e) + I*sin(f*x + e) + I) + (bxd*e - bxc*f)*log(-cos(f*x + e) - I*sin
(f*x + e) + I))/f"2

3.26.6 Sympy [F]

/(c+dx)(a+bsec(e+fx))dx = / (a+bsec(e+ fx)) (c+dz) dx

~—

output LIntegral((a + b*sec(e + f*x))*(c + d*x), x) J

326.  [(c+dz)(a+bsec(e+ fz))dx
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3.26.7 Maxima [F]

/(c+dz)(a+bsec(e+fa:))dz = /(dx+c)(bsec (fx+e)+a)dz

inputLintegrate((d*x+c)*(a+b*sec(f*x+e)),x, algorithm="maxima")

output | 1/2* (a*d*f*x~2 + 2%axcxf*x + 4xbxdxf*integrate((x*cos(2*f*x + 2%e)*cos(f*x
+ e) + x*sin(2*fxx + 2xe)*sin(f*x + e) + x*cos(f*x + e))/(cos(2*f*x + 2%e
)72 + sin(2xf*x + 2%e)”2 + 2xcos(2*f*x + 2*e) + 1), x) + bxcxlog(cos(f*x +
e)”2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - bxc*log(cos(f*x + e)”2 + si
n(f*xx + e)”2 - 2*sin(f*x + e) + 1))/f

3.26.8 Giac [F]

/(c+dm)(a+bsec(e+f:r)) dx = /(da:+c)(bsec (fr+e)+a)dz

inputLintegrate((d*x+c)*(a+b*sec(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)*(b*sec(f*x + e) + a), x)

3.26.9 Mupad [F(-1)]

Timed out.
/(+d)( + bsec(e + fz))d —/ b NV (etda)d
c+dzx)(a e z))dr = a cos(e 1 ) c z) dz
inputtint((a + b/cos(e + f*x))*(c + d*x),x) J

output‘int((a + b/cos(e + f*x))*(c + d*x), x)

326.  [(c+dz)(a+bsec(e+ fz))dx
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3.97 f a+bsec(e+fx) dr

ct+dzx
3.27.1 Optimalresult . . . . . . . . . . . . . 1911
3.27.2 Mathematica [N/A] . . . . . . . . 191
3.27.3 Rubi [N/A] . . . . o 192
3.27.4 Maple [N/A] (verified) . . . . . . ... .. L o 193
3.27.5 Fricas [N/A] . . . . . 193
3.27.6 Sympy [N/A] . . . . 193
3.27.7 Maxima [N/A] . . . . . . 194
3.27.8 Giac [N/A] . . . . e 194
3.27.9 Mupad [N/A] . . . . 194

3.27.1 Optimal result

Integrand size = 18, antiderivative size = 18

/a-l—bsec(e—l—fz) o — Tnt a—l—bsec(e-l—fa:),x
c+dz c+dz

-/

output LUnintegrable ((atb*sec(fxx+e))/(d*x+c) ,x)

3.27.2 Mathematica [N/A]

Not integrable

Time = 1.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—bsec(e—l—fm) dw:/a+bsec(e+fx) i
c+dx c+dz

-

input LIntegrate[(a + b*Secle + £*x])/(c + d*x),x]

~—

output LIntegrate[(a + b*Sec[e + f*x])/(c + d*x), x] J

321. [ —“*”Sjjgjf 2) dx
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3.27.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a—l—bsec(e—l—fx) da
c+dz

l 3042

dz

a+bcsc(e+f:v+%)
/ c+dzx

l 4681

/ a+ bsec(e + fz)

c+dzx dz

input‘ Int[(a + bxSec[e + f*x])/(c + d*x),x]

output ‘ $Aborted

3.27.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (f_.)*(x_)1*(_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.27. t[ﬂiﬂgggtﬁﬁdx
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3.27.4 Maple [N/A] (verified)

Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bsec(fx—l—e)dx
dr +c

input Lint ((at+b*sec (fxx+e) )/ (d*x+c) ,x)

output Lint ((atb*sec(f*x+e))/(d*x+c),x)

3.27.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bsee(e+fx) dwz/bsec(fx—l-e)-l—adx
c+dx dz +c

input Lintegrate ((atbxsec(f*xx+e))/(d*x+c) ,x, algorithm="fricas")

output Lintegral((b*sec(f*x +e) + a)/(d*x + c), x)

3.27.6 Sympy [N/A]

Not integrable

Time = 0.68 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a+bsec(e+fa:) dm:/a+bsec(e+fx) i
c+dx c+dz

input Lintegrate ((atb*sec(f*x+e))/(d*x+c) ,x)

output‘ Integral((a + bxsec(e + f*x))/(c + d*x), x)

321. [ —“*”Sjjg‘jf 2) dx
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3.27.7 Maxima [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a-l—bsec(e—l—fx) dx:/bsec(fz-l—e)—l—adx
c+dx dz +c

p
inputtintegrate((a+b*sec(f*x+e))/(d*x+c),x, algorithm="maxima")

e—

output‘ (2#b*d*integrate((cos(2*f*x + 2xe)*cos(f*x + e) + sin(2xf*x + 2%e)*sin(f*x
|+ e) + cos(fxx + e))/((d*x + c)*cos(2¥f*x + 2%e)"2 + (dxx + c)*sin(2xf¥x
L+ 2%e) 2 + d*x + 2x(d*x + c)*cos(2xfxx + 2*%e) + c), x) + a*xlog(d*x + c))/d

3.27.8 Giac [N/A]

Not integrable
Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bsec(e+f1:) dm:/bsec(fac—l—e)+adac
c+dz dz +c

inputLintegrate((a+b*sec(f*x+e))/(d*x+c),x, algorithm="giac")

output‘ integrate((b*sec(f*x + e) + a)/(d*x + c), x)

3.27.9 Mupad [N/A]

Not integrable

Time = 13.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

ot b
/a—l—bsec(e-l—fm) dx=/ cos(etf@) 4.
c+dx ct+dz

input Lint((a + b/cos(e + f*x))/(c + d*x),x)

—

output Lint((a + b/cos(e + f*x))/(c + d*x), x)

321. [ —“*”Sjjg;*f 2) dx
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3.28 f a+bsec(e+fx) dr

(ct+dz)?
3.28.1 Optimal result . . . . . . . . . . ... . 195
3.28.2 Mathematica [N/A] . . . . .. . . . 195
3.28.3 Rubi [N/A] . . . o oo 196
3.28.4 Maple [N/A] (verified) . . . . . . . ... L 197
3.28.5 Fricas [N/A] . . . . . o . 197
3.28.6 Sympy [N/A] . . . . 197
3.28.7 Maxima [N/A] . . . . . . 198
3.28.8 Giac [N/A] . . . . o o 198}
3.28.9 Mupad [N/A] . . . . 198

3.28.1 Optimal result

Integrand size = 18, antiderivative size = 18

a+bsec(e+ fr) . a+ bsec(e + fx)
/ (c+ dx)? do = Int ( (c+dz)2 x)

p
output LUnintegrable ((atb*sec(fxx+e))/(d*x+c)~2,x)

~—

3.28.2 Mathematica [N/A]

Not integrable

Time = 1.53 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsec(e+ fr) , [ a+bsec(e+ fzx)
/ (c+ dz)? de = / (c+ dz)? de

inputtlntegrate[(a + bxSec[e + f*x])/(c + d*x)~2,x] J

e

outputklntegrate[(a + bxSec[e + f*x])/(c + d*x)"2, x]

~—

3.28. [ Uit gy
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3.28.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a+ bsec(e + fzx)
/ (c+ dx)? dz

l.3042

dx

a+besc(e+ fz+7)
/ (c+ dz)?

J'4681

a+ bsec(e + fx)
/ (c+ dz)? de

inputtlnt[(a + bxSec[e + f*x])/(c + d*x)~2,x] J

output L$Aborted J

3.28.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl[(e_.) + (f_.)*(x_)1*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.28. [ Uit gy
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3.28.4 Maple [N/A] (verified)

Not integrable

Time = 0.53 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bsec(fx—l—e)dx
(dz + ¢)*

input Lint ((at+b*sec (fxx+e))/(d*x+c) "2,x)

output Lint ((atb*sec (f*x+e) )/ (d*x+c)~2,x)

3.28.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+bsec(e+ fz) ,  [bsec(fr+e)+a
/ (c+dx)? dz = / (dx + 0)2 dz

inputLintegrate((a+b*sec(f*x+e))/(d*x+c)“2,x, algorithm="fricas")

outputtintegral((b*sec(f*x + e) + a)/(d"2%x"2 + 2*c*d*x + c”2), x)

3.28.6 Sympy [N/A]

Not integrable

Time = 2.62 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

a+bsecle+ fr) . [a+bsec(e+ fr)
/ (c +dz)? o = / (¢ + dz)® de

input‘integrate((a+b*sec(f*x+e))/(d*X+C)**2,X)

outputLIntegral((a + bksec(e + f*x))/(c + d*x)**2, x)

3.28. [ Uit gy
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3.28.7 Maxima [N/A]

Not integrable

Time = 0.52 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+bsec(e+ fr) . [bsec(fr+e)+a
/ (c+ dx)? dz = / (dx + c)2 d@

input  integrate((a+b*sec(f*x+e))/(d*x+c)~2,x, algorithm="maxima")

N

output | (2% (b*d~2*x + bxc*d)*integrate((cos(2*f*x + 2xe)*cos(f*x + e) + sin(2xf*x

+ 2%e)*sin(f*x + e) + cos(fxx + e))/(d"2*%x"2 + 2xckxd*x + (d™2%x"2 + 2*c*d*

X + c72)*cos(2*fxx + 2%e)”2 + (d72%x72 + 2*ckd*x + c”2)*sin(2*xf*xx + 2%e) "2
+ ¢c72 + 2x(d"2*xx"2 + 2*c*xd*x + c~2)*cos(2xfxx + 2*e)), x) - a)/(d"2*x + c

*d)

3.28.8 Giac [N/A]

Not integrable

Time = 2.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsec(e+ fr) . [bsec(fr+e)+a
/ (c+dx)? dz = / (dx + c)2 dz

input ‘ integrate ((at+bxsec(f*x+e))/(d*x+c)~2,x, algorithm="giac")

output Lintegrate((b*sec(f*x +e) + a)/(d*x + c)72, x)

3.28.9 Mupad [N/A]

Not integrable

Time = 13.62 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

ot b
/ a+ bsec(e —|—2fm) dr — / cos(e+f2z) dx
(c+dz) (c+dx)

3.28. [ Uit gy
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inputtint((a + b/cos(e + f*x))/(c + d*x)~2,x)

outputtint((a + b/cos(e + £*x))/(c + d*x)"2, x)

3.28. [ Uit gy
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3.29 [(c+dz)*(a+ bsec(e + fz))* dz

3.29.1 Optimal result . . . . . . .. . ... . 2011
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL
3.29.3 Rubi [A] (verified) . . . . . ... .. 202
3.29.4 Maple [B] (verified) . . . . . ... ... ... 204
3.29.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 205
3.29.6 Sympy [F] . . . . . . 2006
3.29.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 207l
3.20.8 Giac [F] . . . . . . 207
3.29.9 Mupad [F(-1)] « v v v v oo e 208

329.  [(c+dz)*(a+bsec(e+ fz))*dz



output

CHAPTER 3. LISTING OF INTEGRALS

201

3.29.1 Optimal result

Integrand size = 20, antiderivative size = 364

b%(c+dz)®  a*(c+ dz)*
/(c +dz)3(a + bsec(e + fz))?dz = ! (c—}— z) L@ (CL z)
4iab(c + dz)? arctan (e'(cT/2))
f .
3b%d(c + dz)?log (1 + e(c+/2))
IZ

6iabd(c + dCL')2 PolyLog (2’ _iei(e—i-fw))

+
IZ

6iabd(c + dz)? PolyLog (2, ie"¢+/®))
_ 7

3ib?d?(c + dz) PolyLog (2, —e(c+/2))
_ -

12abd?(c + dz) PolyLog (3, —iei(*/2))
_ 7

12abd? (C + d.’E) PolyLog (3’ Z‘ei(e+fz))
+

73
N 3b2d3 PolyLog (3, —e%(e+/2))
2f4

12iabd® PolyLog (4, —iei(eJrfx))
_ -

12iabd? PolyLog (4, iei(e+fz))

Iz

b*(c + dz)3 tan(e + fz)

" 7

-I*¥b~2x (d*x+c) “3/f+1/4*a~2* (d*x+c) ~4/d-4*I*a*b* (d*x+c) ~“3*arctan(exp (I* (f*x
+e)) ) /£+3xb~2*d* (d*x+c) “2*1n(1+exp (2% I* (f*x+e))) /£~ 2+6%I*xaxb*d* (d*x+c) ~"2*p
olylog(2,-I*exp(I*(f*x+e)))/f 2-6xI*axbxd* (d*x+c) “2*polylog(2, I*xexp (I*(f*x
+e))) /£72-3xIxb~2xd~2* (d*x+c) *polylog(2,-exp (2*I* (f*xx+e))) /£~ 3-12*axb*d~2*
(d*x+c)*polylog(3,-I*exp (I*(f*x+e)))/f~3+12%axb*xd~2* (d*x+c)*polylog(3,I*ex
p(I*x(f*x+e)))/£73+3/2¥b"2xd"3*polylog(3,-exp (2*I* (f*x+e))) /£~4-12%I*a*xbxd"
3*polylog(4,-I*exp(I*(fxx+e)))/f 4+12%I*a*xbxd~3*polylog(4,I*exp (I*(f*x+e))
) /£74+b72% (d*x+c) “3*tan (f*x+e) /f

329.  [(c+dz)*(a+bsec(e+ fz))*dz
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3.29.2 Mathematica [A] (verified)

Time = 2.59 (sec) , antiderivative size = 646, normalized size of antiderivative = 1.77

/(c +dz)3(a + bsec(e + fz))? dzx

_ 4a?S frz — 12ib%cd? f32? + 6a’Pdf*a? — 4ib?d® f32® + daPed® f*a® + aPdP f1a* — 48iabc?dfx arctan (€€

)
input | Integrate[(c + d*x)~3*(a + b*Sec[e + f*x])"2,x]

output

(4%a~2xc™3*xf74xx - (12*%I)*b"2kc*d™2*f"3*x™2 + 6%a~2%c 2xd*xf74*x"2 - (4xI)*
b~2xd"3*f"3*%x"3 + 4*a~2%cxd"2*xf4*x"3 + a”"2xd"3*f"4*x"4 - (48%I)*axbxc”2xd
*f"3xxxArcTan[E~ (Ix(e + f*x))] - (48xI)*axbkcxd~2xf 3*x"2xArcTan[E~(Ix(e +
£*x))] - (16%I)*axb*d~3*xf"3*x"3*ArcTan[E~(I*(e + f*x))] + 8*axbkc™3*xf 3*A
rcTanh([Sin[e + f*x]] + 24xb~2xc*d~2*f 2*x*Log[l + E~((2*I)*(e + f*x))] + 1
2¥b~2*%d"3*f"2*x"2*Log[1 + E~((2*I)*(e + f*x))] + 12%b~2xc~2xd*f~2xLog[Cos[
e + f*x]] + (24*I)*a*xbxd*f~2*(c + d*x) 2xPolyLogl[2, (-I)*E~(I*(e + fx*x))]
- (24#I)*a*b*d*f~2*(c + d*x) 2*PolyLog[2, I*E~(I*(e + fx*x))] - (12%I)*b~2*
cxd~2*f*PolyLog[2, -E~((2*I)*(e + f*x))] - (12*I)*b~2*d"3*f*x*PolyLogl[2, -
E~((2*I)*(e + f*x))] - 48*axbxc*d~2xf*PolyLog[3, (-I)*E~(I*(e + f*x))] - 4
8*axbxd~3*f*x*PolyLog[3, (-I)*E~(I*(e + f*x))] + 48*a*bxcxd~2*f*PolyLogl[3,
I*E~(Ix(e + f*x))] + 48xaxb*d”~3*fxx*PolyLogl[3, I*E~(Ix(e + f*x))] + 6%b~2
*d~3%PolyLog[3, -E~((2*I)*(e + f*x))] - (48+I)*a*b*d~3*PolyLogl[4, (-I)*E~(
Ix(e + fxx))] + (48%I)*a*bxd~3*PolyLog[4, I*E~(I*(e + f*x))] + 4*b~2%c~3xf
~3*Tan[e + f*x] + 12*%b~2*c~2+d*f 3*x*xTan[e + f*x] + 12+b~2xc*kd~2*f " 3*x~ 2T
an[e + fxx] + 4*%b~2xd"3*f"3*x"3*Tanl[e + fx*x])/(4*£74)

3.29.3 Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 364, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 150 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + bsec(e + fz))%dx

l 3042
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/(c+dm)3 <a+bcsc <e+fm+ g))2da:

| 4678
a®(c + dz)® + 2ab(c + dz)? sec(e + fz) + b*(c + dz)* sec®(e + fx)) dzx
(

l 2009

a?(c+dz)t  diab(c+ dz)?® arctan (ei(eﬂcz)) 12abd?(c + dx) PolyLog (3, —iei(e"'f“"))
4d fo [
12abd?(c + dz) PolyLog (3, iez(e+fx)) N 6iabd(c + dz)? PolyLog (2, _iez(e-l—fx))
7 7
6iabd(c + dx)? PolyLog (2, iei(e+fx)) 12iabd® PolyLog (4, _iei(e-i-fx)) .
2 B 1
12iabd® PolyLog (4,ie"“*/?)) _ 3ibd?(c + dz) PolyLog (2, —e*(**/7))
- +
f4 73
3b%d(c + dx)?log (1 4 *“H™) (¢ + dz)’tan(e + fz)  ib*(c + dx)?
2 + _
3b2d® PolyLog (3, —e?!(e+/2))
2f4

+

-

input LInt[(c + d*x)~3*(a + bxSec[e + f*x])"2,x]

| —

output | ((-I)*b~2x(c + d*x)~3)/f + (a"2x(c + d*x)~4)/(4*d) - ((4*I)*axbx(c + d*x)~
3xArcTan[E~(I*(e + f*x))])/f + (3*b~2*d*(c + d*x)~2*xLog[l + E~((2*xI)*(e +
£xx))])/£72 + ((6%I)*axb*d*(c + d*x) 2xPolyLogl[2, (-I)*E~(I*(e + fx*x))])/f
~2 - ((6%I)*axb*d*(c + d*x) 2*PolyLogl[2, I*E~(I*(e + f*x))])/£f72 - ((3*I)*
b~2*d"2x(c + d*x)*PolyLog[2, -E~((2*I)*(e + £f*x))]1)/f"3 - (12*a*b*d~2x(c +
d*x)*PolyLog[3, (-I)*E~(I*(e + f*x))])/f~3 + (12%a*b*d~2*(c + d*x)*PolyLo
gl3, I*E~(I*(e + £*x))]1)/£"3 + (3%¥b~2%d"3*PolyLogl[3, -E~((2*I)*(e + f*xx))]
)/ (2%x£~4) - ((12%I)*axbxd~3*PolyLogl[4, (-I)*E~(Ix(e + f*x))1)/f~4 + ((12*I
) *a*bxd~3*PolyLog[4, I*+E~(I*(e + £*x))])/f"4 + (b"2x(c + d#*x) "3*Tan[e + f*
x]1)/f
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3.29.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a )) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQl[{a, b, c, 4, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.29.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1488 vs. 2(327) = 654.

Time = 1.65 (sec) , antiderivative size = 1489, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1489

-

input Lint ((d*x+c) " 3*(atb*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE)

-/
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6/£72xb"2xc*d~2*1n (1+exp (2*I* (f*x+e)) ) *x-12/£~3*%b*d~3*a*polylog(3,-Ixexp(I

* (£rx+e))) *x+12/f " 3*b*xd~2*c*a*polylog (3, I*exp (I* (fxx+e)))+2/f 4dxb*raxe~3*d"~
3*x1n(1-Ixexp(I*(f*x+e)))-2/f 4xb*axe”3*xd"3*1n(1+I*exp(I* (f*x+e)))-4*I/fxb*
axc~3*arctan(exp (I*(f*x+e)))+6*I/f 3*%b"2*d"3*e”2*x-6%I/f"3*xb~2%d"3*polylog
(2,Ixexp(I*(f*x+e)))*x—6*%I1/f ~4*b~2*d"3*polylog(2, I*xexp(I* (f*x+e)))*e+6/f"4
*b~2*d~3*polylog(3, I*xexp (I*(f*x+e)))+6/f 4*¥b~2*d~3*polylog(3,-I*exp(I* (f*x
+e)))+6/fxb*d~2*cxa*1ln(1-I*exp (I* (f*x+e)))*x"2-6/f " 3*b*e~2*axc*d~2*1n(1-I*
exp (I*(fxx+e)))-6/fxbxa*c™2xd*1n(1+I*exp(I*(f*x+e)))*x+6/f*b*a*xc™2*d*1n(1-
Ixexp (I* (fxx+e)) ) *x+2+xI*b"2% (47 3*x~3+3*c*d~2*x"2+3*c~2xd*x+c~3) /f/(1+exp (2
*I* (f*x+e)))+12/£"3*%b~2*c*d~2*ex1n (exp (I* (f*x+e)) ) -12xI*axb*d~3*polylog(4,
-Ixexp (I*(f*xx+e))) /£ 4+12xIxaxbxd~3*polylog(4,Ixexp (I*(f*x+e))) /£ 4-6%I/f"
4xb~2%d"3*polylog(2,-Ixexp (I* (f*x+e)))*e-6+I/f*b~2*c*d~2*xx~2-6%I/f~3*%b"2*c
*d"2%e”"2+a"2%d"2*c*xx"3+3/2%a"2*d*c"2*x"2+a"2*c " 3*x+6/f "2¥b*axc " 2*d*1n(1-I*
exp(I*(f*x+e)))*e+6/f " 3*b*xe " 2xa*xc*d 2x1n(1+I*exp(I*(f*x+e)))-6/f " 2%b*a*xc™2
*d*1n (1+I*xexp (I*(f*x+e))) *e—6/fxb*d~2*cxa*x1ln(1+I*xexp (I*(f*x+e)))*x"2-12*%I/
£72+b"2%cxd"2%e*x+4x1/f "4xbxa*d"3*e"3*arctan(exp (I* (f*x+e)))+6%I/f " 2*b*ax*c
~2*d*polylog(2,-I*exp(I*(f*x+e)))-6%I/f " 2xb*a*xc”2xd*polylog(2,I*exp (I*(f*x
+e)))-6*%I1/f 2%b*d"3*a*polylog(2, I*xexp (I* (f*x+e)))*x"2+6+I/f " 2xb*d " 3*a*poly
log(2,-I*exp(I*(fxx+e)))*x"2+12/f " 3*bxd~3*a*polylog(3,I*xexp (I* (f*x+e)))*x+
6/£"3*%b~2*d"3*1n(1-Ixexp (I* (f*x+e))) *e*x+6/f ~3*b~2+xd"3*1n (1+I*exp (I*(f*. ..

3.29.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1823 vs. 2(311) = 622.

Time = 0.38 (sec) , antiderivative size = 1823, normalized size of antiderivative = 5.01

/(c + dz)3(a + bsec(e + fz))? dz = Too large to display

;
input  integrate((d*x+c) “3*(at+b*sec(f*x+e))~2,x, algorithm="fricas")
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1/4% (24*I*axb*d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(fxx + e)) +

24*I*axbxd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24%
I*axb*d~3*cos(f*x + e)*polylog(4, -Ixcos(f*x + e) + sin(f*x + e)) - 24xI*a
*b*d~3*cos (f*x + e)*polylog(4, -I*cos(f*x + e) - sin(f*x + e)) - 12x(I*axb
*d"3*%f72xx"2 + Ikaxbxc"2+d*f"2 - Ixb"2*cxd"2+f + I*(2xa*b*cxd"2+%f72 - b~2%*
d~3*f)*x) *cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12%(I*axbxd”
3*f"2%x"2 + Ikaxbkxc™2xd*f~2 + Ixb~2xcxd™2xf + Ix(2*a*xb*c*d"2*f"2 + b"2*d"3
*xf)*x)*kcos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*axb*d 3%
£72xx72 - Ika*bxc™2*%d*f~2 + I*b"2%cxd"2+f — I*(2*a*xb*cxd"2*f72 - b~ 2xd"3*f
)xx)*cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12%(-I*a*xbxd~3xf
"2%x72 - Ixa¥xbkxc”2xd*f"2 - Ixb 2kckxd"2+f - Ix(2xaxb*c*d™2*xf72 + b~2xd"3*f)
xx)*cos (f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e)) - 2% (2*axbxd~3*e”3
- 2%kaxbkc~3*f"3 - 3*b"2*d"3*e”2 + 3x(2kaxbkc”2*d*e - bT2*c"2*xd)*f72 - 6x*(a
xbkcxd"2xe”2 - b~2xc*kd"2*e)*f)*cos(f*x + e)*log(cos(f*x + e) + Iksin(fxx +

e) + I) + 2%(2%axb*d~3%e”3 - 2*a*b*c”3*f~3 + 3*%b”2*%d"3%e”2 + 3% (2%axb*xc~2
*dke + bT2xcT2%d)*f72 - 6x(axbkxckd"2%e”2 + b~2kc*d"2*e)*f)*cos(f*x + e)*lo
g(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(2*axb*d"3*f73%x"3 + 2xa*b*d"3*xe”
3 + 6*axbxc”2*dxe*xf”"2 - 3*b"2xd"3*e”2 + 3*x(2*kaxbxckd"2*f"3 + b72*d"3*f"2) *
X2 - 6%(a¥bkcxd"2xe”2 - b"2xc*kd"2%e)*f + 6x(akbxcT2xd*f73 + bT2*ckd"2%f"2
)xx)*cos(f*x + e)*log(I*cos(f*x + e) + sin(fxx + e) + 1) - 2%(2%ka*xbxd~3...

-

3.29.6 Sympy [F]

/(c +dz)3(a + bsec(e + fz))*dxr = / (a + bsec (e + fx))? (c+ dz)® da

inputLintegrate((d*x+c)**3*(a+b*sec(f*x+e))**2,x)

output

N

-/

Integral((a + bxsec(e + f*x))*x2x(c + d*x)**3, x)

_
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3.29.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3267 vs. 2(311) = 622.

Time = 0.72 (sec) , antiderivative size = 3267, normalized size of antiderivative = 8.98

/(c + dz)3(a + bsec(e + fz))* dx = Too large to display

p
inputLintegrate((d*x+c)“3*(a+b*sec(f*x+e))“2,x, algorithm="maxima"

~—

output | 1/4* (4x(fxx + e)*a”2xc”3 + (f*x + e) 4*a”2xd"3/f"3 - 4*x(fxx + e) 3*a~2*d"3
xe/f"3 + 6x(f*x + e) 2%a"2+%d"3*e"2/f"3 - 4*x(f*x + e)*a"2*%d"3*e"3/f"3 + 4x*(
fxx + e) "3*%a"2%c*xd"2/f72 — 12%(f*x + e) "2*a"2*cxd"2*xe/f"2 + 12k (f*x + e)*a
“2xcxd"2xe"2/f72 + 6% (f*x + e) "2*xa"2xc”2xd/f - 12 (f*x + e)*a~2xc”2xd*e/f
+ 8%axbkc~3xlog(sec(f*x + e) + tan(f*x + e)) - 8*axb*d~3*e~3*log(sec(f*x +
e) + tan(f*x + e))/f"3 + 24xaxb*xcxd 2*e"2+log(sec(f*x + e) + tan(f*x + e)
)/£72 - 24*axbxc”2xd*exlog(sec(f*x + e) + tan(fxx + e))/f - 4x(4xb~2%d"3%e
=3 - 12%b"2xcxd"2%e”2*f + 12%b"2kc 2%d*exf~2 - 4xb"2xc"3*%f"3 + 4% ((f*x + e
) "3*axb*d"3 - 3*(axb*d"3*e - axbxckd"2*f)*(fxx + e)~2 + 3*x(a*b*d"3*e”2 - 2
*axbkckd~2ke*xf + axbxc”2%d*f"2)*(fxx + e) + ((fxx + e) 3*axbxd”~3 - 3*(a*xbx*
d"3*e - a¥b*c*d"2*f)*(fxx + e)~2 + 3*(a*b*d"3*e”2 - 2xaxbxckxd~2ke*xf + a*b*
cT2xd*xf"2) x (f*x + e))*cos(2*f*x + 2xe) + (I*(f*x + e) " 3*a*xb*d~3 + 3x(-I*ax
bxd~3*e + Ikaxb*c*d ™ 2*f)*(fxx + e)~2 + 3*(I*a*b*d"3*e”2 — 2xI*xaxbkckd 2*e*
f + Ixaxbkc™2xd*f~2)*(fxx + e))*sin(2*f*x + 2*e))*arctan2(cos(f*x + e), si
n(f*x + e) + 1) + 4x((f*x + e) 3*xa*b*d”3 - 3*x(a*b*d"3*e - axbkcxd~2+f)x*(f*
X + e)72 + 3*x(a*bxd"3*e”2 - 2kaxbkckxd"2xe*f + axbxc 2*xd*f 2)*(f*x + e) + (
(f*x + e) " 3*axb*d~3 - 3*(axb*d~3*%e - a*bkcxd~2*f)*(f*x + e)~2 + 3x(axb*xd~3
*@"2 — 2xaxbkckd 2xexf + axbkxc 2kd*f 2)*x(fxx + e))*kcos(2*f*x + 2%e) + (I*(
fxx + e) " 3*%axb*d~3 + 3*(-Ixaxbxd~3*e + I*axbkckxd 2*xf)*(fxx + e)~2 + 3*(I*a
*bxd"3*%e~2 - 2xIka*bxckd 2*exf + Ixaxb*c 2xd*f~2)*(f*xx + e))*sin(2xf*x ...

3.29.8 Giac [F]

/(c +dz)*(a + bsec(e + fr))?dx = / (dz + ¢)*(bsec (fz + e) + a)’ dz

-

input  integrate((d*x+c) ~3*(a+b*sec(f*x+e))~2,x, algorithm="giac")

N

output‘ integrate((d*x + c)“3x(b*sec(f*x + e) + a)72, x)
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3.29.9 Mupad [F(-1)]

Timed out.

b )>2@>+dxfdx

/(c+dm)3(a+bsec(e+fx))2 dx = / (a+ cos(et fa)

inputtint((a + b/cos(e + f*x))~2%(c + d*x)"3,x)

output Lint((a + b/cos(e + f*x))~2x(c + d*x)~3, x)
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3.30 [(c+dz)*(a+ bsec(e + fz))* dz

3.30.1 Optimalresult . . . . .. ... ... . 209
3.30.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 210
3.30.3 Rubi [A] (verified) . . . . . . ... .. 210
3.30.4 Maple [B] (verified) . . . ... ... . ... 212
3.30.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 212
3.30.6 Sympy [F] . . . . . . 213
3.30.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 214
3.30.8 Giac [F] . . . o . o 214
3.30.9 Mupad [F(-1)] . . . . o 215

3.30.1 Optimal result

Integrand size = 20, antiderivative size = 257

et | oot )
f 3d
4iab(c + dz)? arctan (ei(e” ”))
f o
2b%d(c + dz) log (1 + e2(e+/2))
IZ

4iabd(c + dz) PolyLog (2, —ie'c*/2))

_|_
Iz

4iabd(c + dz) PolyLog (2, ie'c*/2))
_ f2

ib?d? PolyLog (2, —e?(¢+/2))
_ A

4abd? PolyLog (3, —ie'(ct/2))
_ B

4abd? PolyLog (3, jeiletf w))
+

73
b%(c + dz)? tan(e + fx)
f

/(c +dz)*(a + bsec(e + fr))*dx =
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output | ~Ixb~2* (d*x+c) ~2/f+1/3*a”~2* (d*x+c) ~3/d-4*I*axb* (d*x+c) “2*arctan (exp (I* (f*x
+e)) ) /£+2xb~2%d* (d*x+c) *1n(1+exp (2*xI* (fxx+e))) /£~ 2+4*I*axb*d* (d*x+c) *polyl
og(2,-I*exp (I*(f*xx+e)))/f~2-4*I*xaxb*d* (d*x+c)*polylog(2,I*exp(I*(f*x+e)))/
£72-I*b~2*d"2*polylog(2,-exp(2*I* (f*x+e))) /f~3-4*axb*d~2*polylog(3,-I*exp(
Ix(f*xx+e)))/f~3+4*a*xb*d~2*polylog(3, I*exp(I*(f*x+e)))/£73+b~ 2% (d*x+c) "2*ta
n(fxx+e)/f

3.30.2 Mathematica [A] (verified)

Time = 1.54 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.39

/(c +dz)*(a + bsec(e + fz))* dzx
3a 2¢2 f3z — 3ib?d? f22? + 3a’cdf3x? + a’d? f31° — 24iabedf?z arctan (e'(¢T/2)) — 12iabd? f2z? arctan (e'(°

inputlIntegrate[(c + d*x) "2*%(a + b*Secl[e + f*x])~2,x] ‘

-

output | (3*xa”~2+c~2*f"3*x — (3*I)*b~2xd"2+f"2*x"2 + 3*a~2kxc*kd*f"3*x"2 + a~2xd"2*f"3
*x"3 - (24xI)*axb*ckd*f 2*x*ArcTan[E~(I*(e + f*x))] - (12%I)*axb*xd”~2*f~2x*x
~2*%ArcTan[E~(I*(e + f*x))] + 6*a*xbxc”2*f 2*ArcTanh[Sin[e + f*x]] + 6%b~2*d
~2xf*x*xLog[l + E~((2*I)*(e + f*x))] + 6*%b"2xcxdxf*Log[Cos[e + f*x]] + (12%
I)*axbxd*f*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + f*x))] - (12*I)*axbkd*f*(c
+ d*x)*PolyLog[2, I*E~(I*(e + f*x))] - (3*I)*b~2*d~2xPolyLog[2, -E~((2*I)=*
(e + f*x))] - 12%axbxd~2*PolyLogl[3, (-I)*E~(I*(e + f*x))] + 12*xa*b*d~2*Pol
yLog[3, I*E~(I*(e + f*x))] + 3*%b~"2*%c”2*f"2*Tan[e + f*x] + 6xb~2xcxd*f ~2*x*
Tan[e + f*x] + 3*%b~2*%d"2*f~2*x"2*Tan[e + f*xx])/(3*£73)

3.30.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 150 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?(a + bsec(e + fz))? dx

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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| 3042
/(c—l— dzx)? <a+ bcsc (e—l— fx+ g))Zd:E
| 4678

/ (a®(c + dz)® + 2ab(c + dz)*sec(e + fz) + b*(c + dz)?sec’(e + fz)) dx

| 2009
a?(c+dx)®  4iab(c+ dz)? arctan (ei(e+fm)) 4iabd(c + dz) PolyLog (2, —iei(t/=))
- + -
3d f . 72 |
4iabd(c + dz) PolyLog (2,ie'*/%)) _ 4abd? PolyLog (3, —ie /%))
2 B 3
4abd? PolyLog (3,ie'™/™)  2b%d(c + dz)log (1 + *(H/®))  52(c + dz)’ tan(e + f2)
f3 + 72 + —
ib®(c+dx)?  ib%d? PolyLog (2, —e®(e+/2))

f B 73

-

input LInt[(c + d*x)"2%(a + b*Sec[e + f*x])~2,x]

~—/

output | ((-I)*b~2*(c + d*x)~2)/f + (a"2x(c + d*x)"3)/(3*d) - ((4*I)*a*bk(c + d*x)~
2%ArcTan[E~(I*(e + f*x))])/f + (2*b~2+d*(c + d*x)*Log[l + E~((2*xI)*(e + f*
x))1)/£72 + ((4*I)*a*bxdx(c + d*x)*PolyLog[2, (-I)*E~(I*(e + f*x))]1)/f"2 -
((4xI)*axbxd*(c + d*x)*PolyLog[2, I*E~(I*(e + £*x))])/f"2 - (I*b~2*d"2%Po
lyLog[2, -E~((2*I)*(e + £*x))])/£"3 - (4*axb*d"2*PolyLog[3, (-I)*E~(I*(e +
fxx))])/£73 + (4*a*b*d~2+PolyLog[3, I*E~(I*(e + £*x))])/f"3 + (b"2x(c + d
xx) "2+Tan[e + f*x])/f

3.30.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 Int[(csc[(e_.) + (£_.)*(x_)]1*(b_.) + (a_))~(n_.)*((c_.) + (d_.)*(=x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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3.30.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 661 vs. 2(232) = 464.

Time = 1.38 (sec) , antiderivative size = 662, normalized size of antiderivative = 2.58

method | result

2 :i(fz+te) 2 _iat(fzte) _iat(fzte) : 2
risch 4abd polyloﬁs(?),ze ) . 4abd polylo%f(33, i€ ) + ade x2 + 0/202.'E + 4bacdln(1f;e )e . 4iba d* polyl
inputLint((d*x+c)‘2*(a+b*sec(f*x+e))‘2,x,method=_RETURNVERBUSE) J

e N

output | -4*axb*d~2*polylog(3,-I*exp (I*(f*x+e)))/f"3+4*a*b*d~2*polylog(3,I*exp(I*(£f
xx+e)) ) /£"3-I*%b"2*%d"2*polylog(2,-exp (2*I* (f*x+e))) /£~ 3+4/f " 2*b*a*c*d*1n(1-
Ixexp (I*(f*x+e)))*e—4*I1/f 2*%b*axd~2*polylog(2, I*xexp (I* (f*x+e)) ) *x+4*I/f~2%
b*a*xd~2*polylog(2,-I*exp(I*(f*x+e)))*x+4*I/f " 2xbxaxckxd*polylog(2,-I*exp (I*
(f*x+e)))-4xI1/f 2xb*axcxd*polylog(2,Ixexp (I* (fxx+e)))-4*I/f " 3*bxa*xd ~2xe 2%
arctan(exp (I*(f*x+e)))-4/fxb*axckd*1ln(1+I*exp(I*(f*x+e)))*x+4/fxb*axcxd*1ln
(1-Ixexp(I*(f*xx+e)))*x—-4/f " 2¥bxa*c*xd*1n(1+Ixexp (I*(£*x+e)))*e-2/f*b*xaxd ~2*
In(1+Ixexp (I* (f*x+e)))*x~2+2/f*bxa*xd~2*1n (1-Ixexp (I* (f*x+e)))*x~2+2/f " 3xb*
e~ 2*%d"2+ax1ln(1+Ixexp (I*(f*x+e)))-2/f " 3*b*e~2*xd"2*a*1ln(1-I*exp (I*(f*x+e)))-
4*I/£72*%b"2*%d"2*exx-4*1/f*b*a*c”2*arctan (exp (I*(f*x+e)))+a~2xd*cxx~2+a"~2%c
“2%x+1/3%a"2xd"2*x"3+1/3*%a"2/d*c"3+2*I*b~ 2% (d"2*x"2+2*cxd*x+c”2) /£ / (1+exp(
2xT* (fxx+e)))+4/£"3*%b"2xd"2xe*1n (exp (I* (f*x+e)))+2/f " 2*b~2*c*xd*1n (1+exp (2*
Ik (f*x+e)))-4/£"2%b"2xcxd*1n(exp (I* (f*xx+e)))+2/f"2%b"2xd"2*1n (1+exp (2*I* (£
xx+e)) ) xx—-2xI1/f*b~2%d"2*x"2-2%I/f " 3%b~2%d~2*e~2+8*I/f "2*b*a*c*d*e*arctan (e
xp(Ix(f*x+e)))

3.30.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1056 vs. 2(220) = 440.

Time = 0.37 (sec) , antiderivative size = 1056, normalized size of antiderivative = 4.11

/(c + dz)?(a + bsec(e + fz))* dz = Too large to display

input  integrate((d*x+c) ~2*(at+b*sec(f*x+e))~2,x, algorithm="fricas")

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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-1/3%(6*a*b*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6

*axb*d~2xcos (f*x + e)*polylog(3, Ixcos(f*x + e) - sin(f*x + e)) + 6*a*b*xd”
2xcos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*axb*d~2*cos(
f*x + e)*polylog(3, -I*cos(f*x + e) - sin(f*x + e)) + 3*(2kIxaxb*d 2xf*x +
2xIxaxbkckd*xf — I*b~2xd"2)*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x +
e)) + 3*%(2+I*kaxbxd~2*f*x + 2*Ikaxbxckd*f + I*b~2*xd~2)*cos(f*x + e)*dilog(I
xcos(f*x + e) - sin(f*x + e)) + 3*(-2kIxaxb*d 2xfxx — 2xIxa*bkckd*f + I*b~
2xd~2)*cos (f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*(-2*I*axbxd”
2%f*x - 2kI*xaxbxcxd*f - Ixb~2xd"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - si
n(f*x + e)) - 3x(axb*d™2*e”2 + axbxc™2xf~2 - b"2xd"2%e - (2*axb*cxd*e - b~
2%cx*d) *f)*cos (fxx + e)*log(cos(f*x + e) + I*sin(fxx + e) + I) + 3x(a*xbxd”~2
*e”2 + axbxc”2xf"2 + b"2xd"2xe - (2*%axbkckdke + b~2*xcxd)*f)*cos(f*x + e)*1
og(cos(f*xx + e) — Ixsin(f*x + e) + I) - 3*x(axb*d"2*f72*%x"2 - a*xb*d~2*e”2 +
2xaxbxckd*exf + b72*xd"2%e + (2*kaxbxckd*f~2 + b"2*d"2xf)*x)*cos(f*x + e)*1
og(Ixcos(f*x + e) + sin(f*x + e) + 1) + 3x(a*b*d™2*f"2*x"2 - a*b*d™2*e”2 +
2kaxbkckd*exf - bT2*d"2*%e + (2*axbkckd*f~2 - b72*d"2*f)*x)*cos(f*x + e)*1
og(Ixcos(f*x + e) - sin(f*x + e) + 1) - 3*x(a*b*d™2*f"2*x"2 - a*b*d™2*e”2 +
2xaxbkckd*exf + bT2*xd"2%e + (2%a*xbkckd*f~2 + b72%d"2*f)*x)*cos(f*x + e)*1
og(-Ixcos(f*x + e) + sin(f*x + e) + 1) + 3x(axbxd"2*f"2*x"2 - a*b*d~2*xe"2
+ 2%axbxcxd*e*f — b~2xd"2%e + (2¥axbkckd*f~2 - b72+d"2xf)*x)*cos(f*x + ...

-

3.30.6 Sympy [F]

/(c + dz)?(a + bsec(e + fz))*dxr = / (a + bsec (e + fz))? (c+ dz)® da

inputLintegrate((d*x+c)**2*(a+b*sec(f*x+e))**2,x)

output

N

-/

Integral((a + b*sec(e + f*x))**2kx(c + d*x)**2, x)

_

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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3.30.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1641 vs. 2(220) = 440.

Time = 0.47 (sec) , antiderivative size = 1641, normalized size of antiderivative = 6.39

/(c + dz)?*(a + bsec(e + fz))* dx = Too large to display

p
inputLintegrate((d*x+c)“2*(a+b*sec(f*x+e))“2,x, algorithm="maxima"

~—

output | 1/3* (3% (f*x + e)*a~2*%c™2 + (f*x + e) 3*a~2*d~2/f"2 - 3*%(f*xx + e) " 2*xa~2xd"2
xe/f72 + 3x(f*x + e)*a"2+%d"2%e"2/f72 + 3x(f*x + e) " 2*%a"2*c*d/f - 6x(f*xx +
e)*a~2xc*d*e/f + 6*axb*c”2xlog(sec(f*x + e) + tan(f*x + e)) + 6%axbxd~2xe”
2xlog(sec(f*x + e) + tan(f*x + e))/f"2 - 12xaxbxckxdxexlog(sec(f*x + e) + t
an(f*x + e))/f + 3x(2*xb"2xd"2%e"2 - 4*b~2xckdxexf + 2kb"2%c"2*f"2 - 2% ((fx*
X + e) 2%a*xb*d”~2 - 2%(axbxd"2xe - axbxcxd*f)*(fxx + e) + ((f*x + e) 2%axb*
d™2 - 2x(a*b*d~2%e - axbkckd*f)*(f*x + e))*cos(2xf*xx + 2%e) + (I*x(f*x + e)
~2%axb*d~2 + 2% (-I*a*xb*d 2%e + Ik*axbkckd*f)*(f*x + e))*sin(2xf*x + 2%e))*a
rctan2(cos(fxx + e), sin(f*x + e) + 1) - 2% ((fxx + e) " 2xaxb*xd"2 - 2x(axb*d
“2xe - axbkckdxf)*(fxx + e) + ((fxx + e) 2*a*bxd™2 - 2k (a*bxd~2%e — a*b*cx*
d*f)*(f*x + e))*cos(2xfxx + 2*%e) + (I*(f*x + e) 2xaxbxd~2 + 2k (-I*axb*d™2*
e + I*axbkckxd*f)*(fxx + e))*sin(2xf*x + 2x*e))*arctan2(cos(f*x + e), -sin(f
*x + e) + 1) + 2x((f*x + e)*b"2%d"2 - b~2*xd"2*e + b~ 2*ckd*f + ((f*x + e)*b
“2xd"2 - b72+%d"2*e + b"2*ckd*f)*cos(2*fxx + 2%e) - (-Ix(f*x + e)*b"2*d"2 +
I*b~2%d"2%xe - I*b~2xc*d*f)*sin(2*f*x + 2*e))*arctan2(sin(2*xfxx + 2*e), co
s(2xfxx + 2%e) + 1) - 2x((f*x + e)"24%b"2*%d"2 - 2% (b"2*%d"2*e — b~ 2xc*d*f) *(
fxx + e))*cos(2xf*xx + 2%xe) - (b~2xd"2xcos(2xf*x + 2%e) + I*b~2%d 2%sin(2*f
*x + 2%e) + b"2+d"2)*dilog(-e” (2*%Ixf*x + 2*Ixe)) - 4*((f*x + e)*a*xbxd™2 -
a*bxd”"2*e + a*bxckd*f + ((f*x + e)*a*xb*d™2 - a*bxd"2%e + a*bxcxd*f)*cos(2*
f*x + 2xe) + (Ix(f*xx + e)*a*b*d™2 - Ixaxbxd~2xe + Ikaxbkckd*f)*sin(2xfx*...

3.30.8 Giac [F]

/(c +dz)?(a + bsec(e + fr))?dx = / (dz + ¢)*(bsec (fz + €) + a)’ dz

-

input  integrate((d*x+c) ~2x(a+b*sec(f*x+e))~2,x, algorithm="giac")

N

output‘ integrate((d*x + c) 2x(b*sec(f*x + e) + a)~2, x)

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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3.30.9 Mupad [F(-1)]

Timed out.

b )>2@>+dxfdx

/(c+dx)2(a+bsec(e+fx))2 dx = / (a+ cos(et fa)

inputtint((a + b/cos(e + £*x))~2%(c + d*x)~2,x)

output Lint((a + b/cos(e + f*x))"2x(c + d*x)~2, x)

3.30.  [(c+dz)*(a+bsec(e+ fz))*dz
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3.31 [(c+dz)(a+ bsec(e + fz))* dx

3.31.1 Optimalresult . . . . .. ... ... .. 216
3.31.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 216
3.31.3 Rubi [A] (verified) . . . . . . ... .. 217
3.31.4 Maple [A] (verified) . . . .. .. ... ... 218
3.31.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 219
3.31.6 Sympy [F] . . . . . 219
3.31.7 Maxima [F] . . . . . . .. 220
3.31.8 Giac [F] . . . o o 220
3.31.9 Mupad [F(-1)] . . . . o o 221]

3.31.1 Optimal result

Integrand size = 18, antiderivative size = 131

2 2 diab(c+d tan (ei(etfo)
/(c +dz)(a + bsec(e + fz))?dz = & (c ;—ddx) _ 4iab(c + dz) a;c an (e )
b*dlog(cos(e + fz))  2iabd PolyLog (2, —ie'+/®))
+ +
f? 2
2iabd PolyLog (2,1€/“*/®)) (¢ + dz)tan(e + fz)
_ E n ;

e N

1/2%a~2* (d*x+c) ~2/d-4*I*a*b* (d*x+c)*arctan(exp (I* (f*x+e)))/f+b~2*d*1n(cos(
‘f*x+e))/f‘2+2*I*a*b*d*polylog(2,—I*exp(I*(f*x+e)))/f‘2—2*I*a*b*d*polylog(2
L,I*exp(I*(f*x+e)))/f“2+b‘2*(d*x+c)*tan(f*x+e)/f

output

3.31.2 Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.15

/(c + dz)(a + bsec(e + fx))* dz

_ 2d’cf’z + a’df*x® — 8iabdf x arctan (e'**™)) 4+ dabcfarctanh(sin(e + fz)) + 2b*dlog(cos(e + fz)) + 4
- 27

e

inputLIntegrate[(c + dxx)*(a + b*Sec[e + f*x])~2,x]

~—

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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output‘ (2xa~2xcxf72xx + a”2xd*f"2%x"2 - (8%I)*axb*d*f*x*ArcTan[E~(I*(e + f*x))] +
\ 4xaxb*ckxfxArcTanh[Sin[e + f*x]] + 2xb~2*d*Log[Cos[e + f*x]] + (4*I)*axbx*d
\*PolyLog[2, (-I)*#E~(I*(e + f*x))] - (4xI)*axb*d*PolyLog[2, I*E~(I*(e + f*x
‘))] + 2%b~2*cxf*Tan[e + f*x] + 2%b~2*kd*xf*x*xTan[e + f*x])/(2+%£72)

3.31.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(a + bsec(e + fz))%dx

l 3042

/(c+dac) <a+bcsc <e+ fr+ g))de
| 4678
/ (a®(c + dz) + 2ab(c + dz) sec(e + fz) + b*(c + dz) sec’(e + fz)) dz

l'2009

a’(c+dz)?  4iab(c+ dz)arctan (ei(e+f x)) 2iabd PolyLog (2, —geiletf x))
- +
2d , f f2
2iabd PolyLog (2,ie'**/2))  p2(c + dz)tan(e + fz) b2 dlog(cos(e + fz))
Iz " 7 ’ Iz

N

input‘ Int[(c + d*x)*(a + b*Sec[e + f*x])~2,x]

N

output‘{(a’?*(c + d*x)"2)/(2%d) - ((4xI)*a*b*(c + d*x)*ArcTan[E~(I*(e + f*x))])/f
‘+ (b~2*d*Log[Cos[e + fxx]])/£72 + ((2*I)*axb*d*PolyLogl[2, (-I)*E~(I*(e + £
(*x))1)/£7°2 - ((2xI)*axbxd*PolyLogl[2, I*E~(Ix(e + £xx))1)/£72 + (b"2x(c + d
‘*x)*Tan[e + f£xx])/f

ER———.—.——

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a )) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.31.4 Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.45

method result
2ab < d(f(fa:Jre) 1n(1+iei(fz+e>)
a
parts a? (ldIL‘Z + iL'C) + b2dtan(fr+e)z + b2dln(cos2(fz+e)) + b2ctan(fz+e) +
2 f f f
derivativedivid a?c(fzte)— a2de(ffw+e) + a2d(£fp+e)2 +2abcIn(sec(fz+e)+tan(fz+e))— 2abde ln(sec(fz?8)+tan(fw+e)) + Qabd(_(f:H—E) ]
erivativedlviaes
2 2 2 2abd(—(fz+e)!
2 __a“de(fz+e) | a®d(fz+e) __2abdeln(sec(fz+e)+tan(fz+e)) (
default a?c(fz+e) i + 37 +2abc In(sec(fz+e)+tan(fz+e)) + +
. a2d z2? 2 2ib? (dz+c) b2dln(1+e%(f$+e)) 2b2dln(ei(f’”+e)) 4iba,carctan(ei(fw+e)) 44
inputtint((d*x+c)*(a+b*sec(f*x+e))‘2,x,method=_RETURNVERBOSE) J

output‘a“2*(1/2*d*x‘2+x*c)+b‘2/f*d*tan(f*x+e)*x+b‘2*d*ln(cos(f*x+e))/f‘2+b“2/f*c*
\tan(f*x+e)+2*a*b/f*(1/f*d*(—(f*x+e)*1n(1+I*exp(I*(f*x+e)))+(f*x+e)*1n(1—I*
\exp(I*(f*x+e)))+I*dilog(1+1*exp(1*(f*x+e)))—I*dilog(1—1*exp(1*(f*x+e))))+c
*In(sec(f*x+e) +tan(f*x+e))-e/f+d*In(sec(f*x+e)+tan(frx+e))) |

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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3.31.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 505 vs. 2(111) = 222.

Time = 0.33 (sec) , antiderivative size = 505, normalized size of antiderivative = 3.85

/(c+dx)(a+ bsec(e + fz))* dz
_ —2i abd cos (fx + €) Liz(i cos (fx + €) + sin (fz + €)) — 2i abd cos (fz + e) Liz (i cos (fz + €) — sin (fz -

inputLintegrate((d*x+c)*(a+b*sec(f*x+e))“2,x, algorithm="fricas") J

e N

output | 1/2% (-2xI*a*b*d*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 2xIxax
b*d*cos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) + 2xIxa*b*d*cos(f*x
+ e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2xIxa*b*d*cos(f*x + e)*dilog(
-I*cos(f*x + e) - sin(f*x + e)) - (2%a*bxdxe — 2*axbxc*f - b~2*d)*cos(f*x
+ e)xlog(cos(f*x + e) + I*sin(f*x + e) + I) + (2%axb*dxe - 2%axbxcxf + b~2
*d)*xcos(f*x + e)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2k (axbxd*f*x + a
*xbkd*e) *cos (fxx + e)*log(Ixcos(f*x + e) + sin(f*x + e) + 1) - 2x(a*xbxdxf*x
+ axb*d*e)*cos(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(axbxd
xf*x + axb*d*e)*cos(f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x%(
axb*dxf*x + axb*d*e)*cos(f*x + e)*log(-I*cos(f*x + e) - sin(f*x + e) + 1)
- (2*%axbxd*e - 2xaxbkc*f - b~2*d)*cos(f*x + e)*log(-cos(f*x + e) + Ixsin(f
*x + e) + I) + (2%axbxdxe - 2*%axb*c*f + b~2%d)*cos(f*x + e)*log(-cos(f*x +
e) - Ixsin(f*x + e) + I) + (a”2*d*f~2*x"2 + 2*%a~2xc*f~2*x)*cos(f*x + e) +
2% (b"2*d*fxx + b"2*cxf)*sin(f*x + e))/(f " 2xcos(f*x + e))

N J

3.31.6 Sympy [F]

/(c +dz)(a + bsec(e + fx))dr = / (a+bsec (e + fz))* (c + dz) dx

inputLintegrate((d*x+c)*(a+b*sec(f*x+e))**2,x) J

e

outputLIntegral((a + bksec(e + f*x))**2x(c + d*x), x)

~—  /

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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p
input

3.31.7 Maxima [F]

/(c+da:)(a+bsec(e+fx))2 dz = /(dx-l—c)(bsec (fx+e)+a)de

integrate ((d*x+c)* (atb*sec(f*x+e))~2,x, algorithm="maxima")

~—

output

1/2% (a~2xd*£72+x72 + 2%a~2xcxf"2%x + (a"2xd*f"2%x"2 + 2%a”2xc*f2%x)*cos(2
*f*xx + 2%e)”2 + (a”2%d*f"2%xx"2 + 2%a~2%ckxf 2*x)*sin(2xf*x + 2%e) "2 + 2x(a”
2xd*f72%x”"2 + 2%a”2xckf 2%x)*kcos (2xf*x + 2ke) + 8k (axbkdxf ~3xcos(2%f*x + 2
*@) "2 + axb*d*f~3*sin(2*f*x + 2%e) "2 + 2xaxb*d*f~3*cos(2*f*x + 2*e) + axbx*
d*f~3)*integrate ((x*cos(2xf*x + 2*e)*cos(f*x + e) + x*sin(2*f*x + 2+%e)*sin
(f*x + e) + x*cos(f*xx + e))/(fxcos(2*f*xx + 2*e)”2 + f*sin(2xf*xx + 2%e)”2 +
2xfxcos (2xf*xx + 2%e) + f), x) + (b~2*%d*cos(2*f*xx + 2*e)~2 + b~ 2*d*sin(2*f
*X + 2%e)”2 + 2%b"2kd*cos(2*xf*x + 2%e) + b"2xd)*log(cos(2*f*x + 2%xe)”2 + s
in(2*f*x + 2%e)”2 + 2xcos(2xf*x + 2%e) + 1) + 2x(a*xbxckfrcos(2*f*x + 2%e)”
2 + axbkckxfxsin(2xf*xx + 2%e)”2 + 2*a*bkckf*cos(2*xf*x + 2%e) + axbxcxf)*log
(cos(f*x + e€)~2 + sin(f*x + e)~2 + 2*sin(f*x + e) + 1) - 2k (axbkcxf*cos (2%
fxx + 2%e) "2 + axbkckfrsin(2*fkx + 2%e) 2 + 2xaxbkckfxcos(2xf*xx + 2%e) + a
*bkc*xf)*log(cos(fxx + e)”2 + sin(f*x + e)”2 - 2*sin(f*x + e) + 1) + 4*x(b~2
*dxf*x + bT2%ckxf)*sin(2*xf*x + 2%e))/ (£ 2*xcos (2xf*x + 2%e) 2 + £ 2xsin(2*f*
X + 2%e)”2 + 2*%f"2xcos(2xfxx + 2*e) + £72)

3.31.8 Giac [F]

/(c+dx)(a—|—bsec(e—|—fx))2 dx = /(da:+c)(bsec (fr+e)+a)de

p
input

N\

integrate ((d*x+c)* (atb*sec(f*x+e))~2,x, algorithm="giac")

output!

integrate((d*x + c)*(bxsec(f*x + e) + a)~2, x)

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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3.31.9 Mupad [F(-1)]

Timed out.

b )>2(c+dac) dz

/(c—l—dm)(a+bsec(e+fx))2 dx = / <a+ cos(et fa)

inputtint((a + b/cos(e + £*x))~2x(c + d*x),x)

output Lint((a + b/cos(e + f*x))~2*(c + d*x), x)

33l.  [(c+dz)(a+bsec(e+ fz))*dz
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3.392 f (GL—H)sec(e%—fac))2 dz

ct+dz
3.32.1 Optimalresult . . .. ... .. . ... ... e 227
3.32.2 Mathematica [N/A] . . . . . . . . .
3.32.3 Rubi [N/A] « . o oo oo oo
3.32.4 Maple [N/A] (verified) . . . . . . . ... . 224
3.32.5 Fricas [N/A] . . . . . 224
3.32.6 Sympy [N/A] . . . o 224
3.32.7 Maxima [N/A] . . . . . . e
3.32.8 Giac [N/A] . . . . . o 225
3.32.9 Mupad [N/A] . . . . 226

3.32.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(a+bsec(e+fa:))2d _q t(((JL—I-bsec(e—i—f:c))2 )
c+dx v= c+dx ®

output Unintegrable((a+b*sec(f*x+e)) 2/ (d*x+c),x)

N\

3.32.2 Mathematica [N/A]

Not integrable

Time = 46.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2 2
(a + bsec(e + fx)) dp — (a+ bsec(e + fx)) i
c+dr c+dr

input LIntegrate[(a + b*Sec[e + f*x])72/(c + d*x),x]

output‘ Integrate[(a + bxSec[e + f*x])~2/(c + d*x), x]

3.32. [ letbscletfn) gy
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3.32.3 Rubi [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ bsec(e + fz))? de
c+dx

J’3042

dz

(a-l—bcsc (e+fm+ %))2
/ c+dx

l 4681

/ (a + bsec(e + fa:))de
c+dz

input‘ Int[(a + b*Sec[e + f*x])~2/(c + d*x),x] ‘

output ‘ $Aborted ‘

rule 3042

rule 4681

3.32.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.32. [ letbscletfn) gy
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3.32.4 Maple [N/A] (verified)

Not integrable
Time = 0.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + bsec (fz +¢€))?

d
dzr +c T

input Lint ((at+b*sec(f*x+e)) "2/ (d*x+c) ,x)

output Lint ((atb*sec (f*x+e)) "2/ (d*x+c) ,x)

3.32.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

(a+bsec(e+ fz))? | [ (bsec(fz+e)+a)’
/ c+dx do = / dr + c de

input tintegrate ((atb*sec(f*x+e)) "2/ (d*x+c) ,x, algorithm="fricas")

output Lintegral((b’?*sec(f*x + e)72 + 2%a*bxsec(f*x + e) + a”2)/(d*x + c), x)

3.32.6 Sympy [N/A]
Not integrable

Time = 1.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

dz

/ (a + bsec(e + fx))? (a + bsec (e + fz))?
dr =
c+dx c+dx

input Lintegrate ((atb*sec(f*x+e))**2/ (d*x+c) ,x)

output LIntegral((a + bksec(e + f*x))*x2/(c + d*x), x)

3.32. [ letbscletfn) gy
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3.32.7 Maxima [N/A]

Not integrable

Time = 1.05 (sec) , antiderivative size = 501, normalized size of antiderivative = 25.05

(a+bsec(e+ fz))? | [ (bsec(fz+e)+a)’
/ c+dx dﬁ_/ dr + c de

inputLintegrate((a+b*sec(f*x+e))‘2/(d*x+c),x, algorithm="maxima")

/

output | ((a"2*xd*f*x + a~2xc*f)*cos(2xf*x + 2%e) "2xlog(d*x + c) + 2*b~2*kd*sin(2*f*x

+ 2%e) + (a"2*d*xf*x + a"2xcxf)*log(d*x + c)*sin(2xf*x + 2%e)”2 + 2x(a”2xd
*f*xx + a~2xc*f)*cos(2xfxx + 2*xe)*log(d*x + c) + (d™2xf*x + cxd*xf + (d~2*fx*
X + cxdxf)*cos(2*xf*x + 2%e) "2 + (d~2xf*kx + ckd*f)*sin(2*f*x + 2%e) "2 + 2x(
d~2xf*x + ckd*f)*cos(2xf*x + 2%e))*integrate(2* (2% (axbxd*f*x + axb*cxf)*co
s(2xfxx + 2xe)*cos(f*x + e) + 2x(axbxd*f*x + a*bkckxf)*cos(f*x + e) + (b™2x%
d + 2x(a*bxd*xf*x + akbkcxf)*sin(f*x + e))*sin(2+f*xx + 2xe))/(d"2*f*x"2 + 2
*ckdkfxx + cT2xf + (d72*%f*x72 + 2xckd*fxx + cT2*%f)*cos(2*fxx + 2%xe)”2 + (d
“2xfxx"2 + 2kckdkfrx + cT2*f)*sin(2xfxx + 2k%e) "2 + 2% (d72*f*x72 + 2kckxdkf*
X + c”2xf)*cos(2*f*x + 2%e)), x) + (a~2*d*xf*x + a~2*cxf)*log(d*x + c))/(d~
2%f*x + cxd*f + (d"2xf*x + ckd*f)*cos(2*f*x + 2%xe) "2 + (d"2*f*x + c*xd*f)x*s
in(2*xf*xx + 2*%e) "2 + 2% (d"2*f*x + cxd*f)*cos(2xf*x + 2%e))

3.32.8 Giac [N/A]

Not integrable

Time = 2.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bsec(e + fz))? . [ (bsec(fz+e)+a)’
/ c+dzx de _/ dx +c de

-

input  integrate((a+b*sec(f*x+e)) 2/ (d*x+c),x, algorithm="giac")

output‘ integrate((b*sec(f*x + e) + a)~2/(d*x + c), x)

3.32. [ letbscletfn) gy
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3.32.9 Mupad [N/A]

Not integrable

Time = 13.95 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

c+dx ctdzx

2
2 a—"_COSeb x
/(a-l—bsec(e—l—fx)) dx=/< (etf )) dx

inputtint((a + b/cos(e + £*x))~2/(c + d*x),x)

output Lint((a + b/cos(e + £*x))~2/(c + d*x), x)

3.32. [ letbscletfn) gy
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3.33 f (GL—H)sec(e%—fac))2 dz

(ct+dz)?
3.33.1 Optimalresult . . . . .. . .. . . . 227
3.33.2 Mathematica [N/A] . . . . . . . . . 2271
3.33.3 Rubi [N/A] . . o oo oot et PR
3.33.4 Maple [N/A] (verified) . . . . . . ... .. L 229
3.33.5 Fricas [N/A] . . . . . 229
3.33.6 Sympy [N/A] . . . o 229
3.33.7 Maxima [N/A] . . . . . . 2301
3.33.8 Giac [N/A] . . . . . o 230
3.33.9 Mupad [N/A] . . . . 231

3.33.1 Optimal result

Integrand size = 20, antiderivative size = 20

(a+bsec(e + fx))* , (a + bsec(e + fx))?
/ (c+ dx)? do = Int ( (c+ dz)? ,x)

output LUnintegrable ((a+b*sec(fxx+e)) "2/ (d*x+c)~2,x) J

3.33.2 Mathematica [N/A]

Not integrable

Time = 28.33 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ bsec(e + fz))? g — (a+ bsec(e + fr))?

(c+ dx)? (c+ dx)? dz

p
input LIntegrate[(a + b*Secl[e + f*x])~2/(c + d*x)~2,x]

~—

output LIntegrate[(a + b*Sec[e + f*x])72/(c + d*x)~2, x]

~—

a secle x 2
3.33. [ (etbelcrfo) gy
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3.33.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a+ bsec(e + fzx))?
(c+dzx)?

l 3042

dz

(a-l—bcsc(e—l—fzz:+£))2
/ (c+ dx)? de

J'4681

/ (a + bsec(e + fx))QdI
(c+ dz)?

inputLInt[(a + bxSecle + f*x])~2/(c + d*x)~2,x]

output L$Aborted

rule 3042

rule 4681

3.33.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(0_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a sec(e T 2
3.33. [ (el gy
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3.33.4 Maple [N/A] (verified)

Not integrable
Time = 0.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a+bsec(fz+ e))2

dz
(dz + c)®

input Lint ((atb*sec(f*x+e)) "2/ (d*x+c)~2,x)

—

output Lint ((at+bxsec(f*x+e)) "2/ (d*x+c)~2,x)

3.33.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

dzx

/(a+bsec(e+fz (bsec (fz +e) —|—a)
(c+ dx)? (dz + ¢)?

input Lintegrate ((atbxsec(f*xx+e)) 2/ (d*x+c)~2,x, algorithm="fricas")

output‘ integral ((b"2*sec(f*x + e)~2 + 2xaxbxsec(f*x + e) + a~2)/(d™2*x"2 + 2xcxdx*
‘x + ¢c72), x)

3.33.6 Sympy [N/A]
Not integrable

Time = 2.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+bsec(e+ fz))? | [ (a+bsec(e+ fz))’ .
/ (c+ dx)? de = / (c + dz)® d

input Lintegrate ((atb*sec(f*x+e) ) **2/ (d*x+c) **2,Xx)

—

output LIntegral((a + bxsec(e + fxx))**2/(c + d*x)**2, x)

a sec(e T 2
3.33. [ (el gy
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3.33.7 Maxima [N/A]

Not integrable

Time = 1.46 (sec) , antiderivative size = 618, normalized size of antiderivative = 30.90

(a+bsec(e+ fz))? | [ (bsec(fz+e)+a)’ .
/ (c+ dx)? dz = / (dx + 0)2 d

‘integrate((a+b*sec(f*x+e))”2/(d*x+c)“2,x, algorithm="maxima")

-(a~2*%d*fxx + a~2kc*kf — 2*%b"2xd*sin(2*xf*x + 2%e) + (a~2kd*fxx + a~2kc*f)*c
0s(2*f*x + 2xe) "2 + (a”2kd*f*x + a~2*c*f)*sin(2xf*xx + 2%e) "2 + 2% (a~2*d*fx*
X + a"2%c*f)*cos(2*xfxx + 2xe) — (A"3*f*x"2 + 2*ckxd"2xfxx + c”2kd*f + (4d73*
f*x"2 + 2%c*kd"2*f*x + c”2xd*f)*kcos(2*%f*x + 2%e) "2 + (d"3*f*x"2 + 2kc*kd"2*f
*x + c72xd*f)*sin(2*%f*x + 2%e) "2 + 2% (d"3*f*kx"2 + 2kc*kd"2*f*x + cT2xd*f)*c
os(2xfxx + 2%e))*integrate(4*((axbxd*f*x + a*bkcxf)*cos(2*f*x + 2xe)*cos(f
*x + e) + (a*xbkdxfxx + axbxc*f)*cos(fxx + e) + (b~2+d + (axbxd*f*x + axb*c
*f)*sin(f*x + e))*sin(2*xf*x + 2%e)) /(A" 3*f*x"3 + 3*c*xd"2+f*x"2 + 3*c 2*d*f
*x + c”3xf + (d73*%f*xx"3 + 3kckd"2xf*x"2 + 3kc"2*d*f*x + c"3*f)*cos(2xfxx +
2%xe) "2 + (d73%f*x"3 + 3kckd 2xf*x"2 + 3kc"2kd*f*x + cT3*f)*sin(kfxx + 2%
e)”2 + 2x(d"3*f*xx"3 + 3kckd"2xf*x"2 + 3*kcT2kd*fxx + c”3*f)*cos(2*fxx + 2*e
)), x))/(@"3*%f*x"2 + 2xc*kd"2*f*kx + c”2*d*f + (d73*kf*kx"2 + 2*ckd"2xfxx + c”
2%d*f)*cos (2xf*xx + 2*%e) "2 + (d"3*f*x72 + 2xckxd"2xf*x + c"2*d*f)*sin(2xf*x
+ 2%e) "2 + 2% (d73*f*xx"2 + 2kckd"2*f*x + cT2xd*f)*cos(2xf*xx + 2%e))

3.33.8 Giac [N/A]
Not integrable

Time = 53.58 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + bsec(e + fx))? (bsec (fz + €) + a)? d

(c+dzx)? (dz + ¢)®

-

tlntegrate((a+b*sec(f*x+e))‘2/(d*x+c)‘2,x, algorithm="giac")

~—

Lintegrate((b*sec(f*x + e) + a)72/(d*x + ¢c)”2, x)

-/

a secle x 2
3.33. [ (etbelcrfo) gy
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3.33.9 Mupad [N/A]

Not integrable

Time = 13.60 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2
2 a—"_COSeb x
/(a-l—bsec(e—l—fx)) dx=/< (etf )) dx

(c+ dx)? (c+dzx)?

input‘ int((a + b/cos(e + f*x))~2/(c + d*x)~2,x)

output Lint((a + b/cos(e + £*x))~2/(c + d*x)~2, x)

a sec(e T 2
3.33. [ (el gy
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3.34

f (c+dz)3 dx

a+bsec(e+fx)

3.34.1 Optimalresult . . .. .. .. .. . .. ... . e
3.34.2 Mathematica [A] (verified) . . . . . . .. ... .. L
3.34.3 Rubi [A] (verified) . . . . . . . . . .. 234
3.344 Maple [F] . . . . . .
3.34.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 2361
3.34.6 Sympy [F] . . . . . 2361
3.34.7 Maxima [F(-2)] . . . . . . 237
3.34.8 Giac [F] . . . . . o 237
3.34.9 Mupad [F(-1)] . . . . o 237
3.34.1 Optimal result

Integrand size = 20, antiderivative size = 526

aei(e+£) )

/ (c+ dCL')?’ Y (C—I— dCL')4 N ib(c+ da:)3 log (1 + b —aTri?
a+bsec(e+ fr) ~ 4ad av/—a? + b2 f

ib(c + dz)*log (1 + ;252

a\/T—I—b?f

aeiletfz)
3bd(c + dz)? PolyLog (2, — ;217 )

a\/mﬁ

aei(e fz)
3bd(c + dz)? PolyLog <2, —ﬁ)

av/—a? + b2 f?

6ibd?(c + dz) PolyLog (3, _1)—\/(——”74:1))
av/—a? + b2f3

6ibd?(c + dz) PolyLog (37 __ aéiletfa) )

_+_

+

brv—a? 452
/= + B f
6bd? PolyLog (4,— ae'ct/7) ) 6bd3 PolyLog (4’_ aei(e+2) )
- +

b—v—a2102 brv—aZ 102
av—a? + b2 f4 av—a? + b2 f4

3.34.

(c+dzx)3
f a+bsec(e+fx) dzx



output
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1/4x (d*x+c) ~4/a/d+I*b* (d*x+c) ~3*1n(1+axexp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2))
)/a/f/(-a~2+b"2) " (1/2) -I*b* (d*x+c) “3*1n(1+a*exp (I* (£xx+e) )/ (b+(-a~2+b~2) ~(
1/2)))/a/f/(-a~2+b~2) "~ (1/2) +3*b*d* (d*x+c) ~2*polylog(2,-a*exp (I* (f*x+e)) /(b
-(-a~2+b~2)"(1/2)))/a/£72/(-a"2+b"2) " (1/2) -3*b*d* (d*x+c) “2+polylog(2,-a*ex
p(Ix(fxx+e))/(b+(-a~2+b"2)~(1/2)))/a/f"2/(~a~2+b"2) " (1/2) +6*I*b*d~2* (d*x+c
)*polylog(3,-a*exp (I*(f*x+e))/(b-(-a"2+b"2)~(1/2)))/a/£73/(-a"2+b"2)~(1/2)
-6*I*b*xd~2* (d*x+c) *polylog(3,-a*exp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a/f"3
/(-a~2+b~2) " (1/2) -6*b*d~3*polylog(4,-a*exp (I* (fxx+e))/(b-(-a~2+b~2)~(1/2))
)/a/f4/(-a~2+b~2) " (1/2)+6xbxd~3*polylog(4,-a*exp (I*(f*x+e))/(b+(-a~2+b~2)
~(1/2)))/a/f74/(-a~2+b"2)"(1/2)

3.34.2 Mathematica [A] (verified)

Time = 1.44 (sec) , antiderivative size = 449, normalized size of antiderivative = 0.85

(c+dz)?
/ a+ bsec(e + fx) de

aeiletfz)

aetletfz)
b+ —a2+t

(b+acos(e + fx)) | z(4c® + 6c2dz + 4ed*x? + dPx?

4idb ((c+dz)3 log (1_W> —(ctdz)3 log <1+
) +

inputLIntegrate[(c + d*x)~3/(a + bxSec[e + f*x]),x]

output

((b + a*Cos[e + f*xx])*(x*(4*xc™3 + 6xc™2xd*x + 4*xcxd"2*x"2 + d"3*x73) + ((4
*I)*b*x((c + d*x)~3xLog[l - (a*E~(I*(e + f*x)))/(-b + Sart[-a”2 + b~2])] -

(c + d*x)~3*Log[l + (a*E~(I*(e + £*x)))/(b + Sqrt[-a~2 + b72])] + (3*d*((-
I)*f~2+(c + dxx) 2xPolyLog[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a~2 + b~2])]
+ 2*%d*x(f*(c + d*x)*PolyLogl[3, (a*E~(Ix(e + fx*x)))/(-b + Sart[-a"2 + b~2])
] + I*d*PolyLog[4, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a~2 + b72])]1)))/£73 + (
(3*I)*d*(f~2*(c + d*x)~2*PolyLogl[2, -((a*xE~(I*(e + f*x)))/(b + Sqrt[-a~2 +
b~2]))] + (2%I)*d*f*(c + d*x)*PolyLogl[3, -((a*xE~(I*(e + £*x)))/(b + Sqrt[
-a”2 + b72]))] - 2*d~2*PolyLog[4, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a”2 + b
~21))1))/£73))/(Sqrt[-a~2 + b~2]*f))*Sec[e + f*x])/(4*a*x(a + bxSec[e + f*x
1

(c+dzx)3
334 f m d.’L‘
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3.34.3 Rubi [A] (verified)

Time = 1.30 (sec) , antiderivative size =
number of steps used = 3, number of rules
= {3042, 4679, 2009}

526, normalized size of antiderivative = 1.00,

number of rules _ ) 150 Ryles used
integrand size

used = 3,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dzx)3
a+ bsec(e + fz)
| 3042
/ (c+dz)3
a+besc(e+ fz+7%)
| 4679
/ (c+dx)® b(c + dz)3 e
a a(acos(e + fz) +b)
| 2009
. aei(e fz) . aei(e fz)
6ibd?(c + dx) PolyLog <3, —ﬁ) ~ 6ibd?(c + dx) PolyLog <3, —ﬁ) N
af3v/b? — a? af3v/b? — a?
aei(e fz) aei(e fz)
3bd(c + dx)? PolyLog <2, —ﬁ) ~ 3bd(c + dzx)? PolyLog (2, — Tt ﬁ) N
N N
. i(e+fz) . i(e+fx)
ib(c + dz)3log <1 :_e\/ﬁ) ~ ib(c + dx)? log <1 + %) B
afvb? — a? afvb? — a?
i(e+fz) i(e+fz)
6bd® PolyLog (4, —l)"_@ﬁ) s 6bd? PolyLog (4, —mﬁ) N (c+ dx)*
afivb? — a2 afivo? — a2 4ad

input Int[(c + d*x)~3/(a + b*Sec[e + f*x]),x]

(c+dzx)3

a+bsec(e+fx) dzx

3.34.

J



output
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(c + d*x)~4/(4*a*xd) + (I*bx(c + d*x)~3*Logl[l + (a*xE~(I*(e + f*x)))/(b - Sq
rt[-a”2 + b~2])]1)/(axSqrt[-a~2 + b~2]*f) - (Ixb*(c + d*x) 3*Logl[l + (a*E~(
Ix(e + £xx)))/(b + Sqrt[-a~2 + b72])]1)/(a*xSqrt[-a~2 + b~2]*f) + (3*bxd*(c

+ d*x) “2%PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a”2 + b~2]))])/(a*Sqr
t[-a"2 + b"2]*£72) - (3*bxd*(c + d*x) 2%PolyLog[2, -((a*E~(I*(e + f*x)))/(
b + Sqrt[-a~2 + b°2]))])/(a*Sqrt[-a~2 + b~2]*f~2) + ((6*I)*b*d~2*(c + d*x)
*PolyLog[3, -((a*E~(Ix(e + £*x)))/(b - Sqrt[-a”2 + b72]))]1)/(a*Sqrt[-a~2 +
b~2]*£~3) - ((6*I)*b*d~2*(c + d*x)*PolyLogl[3, -((a*E~(Ix(e + f*x)))/(b +

Sart[-a~2 + b~2]))]1)/(axSqrt[-a~2 + b~2]*£73) - (6%bxd~3*PolyLogl[4, -((a*E
“(Ix(e + £*x)))/(b - Sgrt[-a~2 + b~2]))])/(axSqrt[-a~2 + b~2]*f74) + (6%bx
d~3*PolyLog[4, -((a*xE~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a*Sqrt[-a"~
2 + b"2]*£74)

3.34.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

~—

3.34.4 Maple [F]

(dz + ¢)®
/a—l—bsec(fx—l—e)dx

input Lint ((d*x+c) "3/ (a+bxsec(f*x+e)) ,x)

output

~—

-

int ((d*x+c) "3/ (a+b*sec(f*x+e)),x)

4

(c+dzx)3
334 f m d.’L‘
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3.34.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2309 vs. 2(466) = 932.

Time = 0.52 (sec) , antiderivative size = 2309, normalized size of antiderivative = 4.39

(c+ dx)3 B .
/ a + bsec(e + fz) dxz = Too large to display

.
input‘integrate((d*x+c)‘3/(a+b*sec(f*x+e)),x, algorithm="fricas")

output | 1/4%((a”2 - b~2)*d"3*f"4*x"4 + 4x(a"2 - b"2)*xcxd"2*xf"4xx"3 + 6x(a”2 - b~2)
*xCT2*%d*f"4xx"2 + 4x(a”2 - bT2)*c"3*f"4xx + 12xaxb*d"3*sqrt(-(a”2 - b~2)/a"
2)*polylog(4, —(b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + Ixax
sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2))/a) - 12*%a*xb*d~3*sqrt(-(a”2 - b~"2)/a"
2)*polylog(4, -(b*cos(f*x + e) + Ixb*sin(f*x + e) - (a*cos(f*x + e) + Ixa*
sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/a) + 12*%axbxd~3*sqrt(-(a~2 - b~2)/a"
2)*polylog(4, —(b*cos(f*x + e) - Ixb*sin(f*x + e) + (a*cos(f*x + e) - Ixax
sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/a) - 12*axbxd~3*sqrt(-(a~2 - b~2)/a"
2)*polylog(4, —-(bxcos(f*x + e) - Ixb*sin(f*x + e) - (axcos(f*x + e) - Ixax
sin(f*x + e))*sqrt(-(a”2 - b72)/a"2))/a) - 6% (a*bxd~3*f~2*x"2 + 2xa*bxc*d”
2+¢f72%x + axbxc~2xd*f~2)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) + I
*bksin(fxx + e) + (axcos(f*x + e) + I*a*sin(f*x + e))*sqrt(-(a”2 - b~2)/a"
2) + a)/a + 1) + 6*(a*xb*d"3*x£72%x"2 + 2*kaxbkckd"2*xf"2%x + axbkxcT2*d*f"2)*s
grt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f
*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - 6*(a*b*d”
3*x£72%x72 + 2¥a¥bkcxd"2+f"2*%x + a¥bkc”2xd*f~2)*sqrt(-(a”2 - b72)/a"2)*dilo
g(-(b*cos(f*x + e) - Ixb*sin(f*x + e) + (a*cos(f*x + e) - I*axsin(f*x + e)
Y¥sqrt(-(a”2 - b72)/a"2) + a)/a + 1) + 6%(axb*d"3*f£72+x"2 + 2¥a*bkcxd 2*f"
2%x + axbxc”2xd*f"2)*sqrt(-(a”2 - b72)/a"2)*dilog(-(bxcos(f*x + e) - Ixb*s
in(f*x + e) - (a*cos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2...

3.34.6 Sympy [F]

(c+dzx)? B (c + dz)®
/a+bsec(e—|—fx)dm_/a+bSGC(€+f93)dx

input‘integrate((d*x+c)**3/(a+b*sec(f*x+e)),X)

(c+dzx)3
334 f m d.’L‘
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output LIntegral((c + dxx)**3/(a + b*sec(e + f*x)), x)

3.34.7 Maxima [F(-2)]

Exception generated.

3
/ (c+ dx) dx = Exception raised: ValueError
a+ bsec(e + fx)

inputLintegrate((d*x+c)“3/(a+b*sec(f*x+e)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

3.34.8 Giac [F]

(c+dz)? B (dz + c)®
/a—i—bsec(e-l—fac)dx_/bsec(f:c+e)+adx

input Lintegrate ((d*x+c) "3/ (atbxsec(f*x+e)) ,x, algorithm="giac")

outputtintegrate((d*x + ¢)73/(b*sec(f*x + e) + a), x)

3.34.9 Mupad [F(-1)]

Timed out.

/ (c+dz)? dx_/ (c+dzx)? i

a+bsecle + fr) a—i—m

inputtint((c + d*x)~3/(a + b/cos(e + £*x)),x)

outputtint((c + d*x)"3/(a + b/cos(e + f*x)), x)

(c+dzx)®
334 f m d.’L'
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3.35.1 Optimal result

Integrand size = 20, antiderivative size = 394

/ (c + dx)? _
a+ bsec(e + fz) ¥ 3ad

(c + dz)® N ib(c + dzx)?log (1 -

aetlet+fz)

b—v/—a2+b2

)

ib(c + dzx)?log (1 4 el

b++v—a2+b2 )

a\/T—i-b?f

a\/T-HPf

2bd(c + dz) PolyLog (2, _bae<_+f>>

— /_a2+b2

_|_

a\/mﬁ

2bd(c + dz) PolyLog (2, — =42 )

av/—a? + b2 f2

2ibd? PolyLog (3, — 2517
+

)

av/—a? + b2f3

. aetletfz)
- 2ibd? PolyLog (3, _W——ZTW

)

av/—a? + b2f3

3.35.

J

(ctdzx)?

a+bsec(e+fx)

dz
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output | 1/3*(d*x+c) ~3/a/d+I*b* (d*x+c) ~"2*1n(1+a*exp (I* (fxx+e))/(b-(-a~2+b~2)~(1/2))
)/a/f/(-a~2+b"2) " (1/2) -I*b* (d*x+c) "2x1n(1+a*exp (I* (£*x+e) )/ (b+(-a~2+b~2) ~(
1/2)))/a/f/(~a~2+b~2) =~ (1/2) +2xb*d* (d*x+c) *polylog(2,-a*exp (I* (f*x+e)) / (b-(
-a~2+b"2)"(1/2)))/a/f"2/(-a~2+b~2) ~(1/2) -2xb*d* (d*x+c) *polylog(2,-a*xexp (I*
(f*x+e))/(b+(-a~2+b"2)"(1/2)))/a/f72/(-a~2+b~2) ~(1/2) +2*xI*b*d~2*polylog(3,
—axexp (I*x(f*xx+e))/(b-(-a~2+b~2)~(1/2)))/a/£73/(-a"2+b~2) " (1/2) -2*I*b*d " 2*p
olylog(3,-a*exp(I*(fxx+e))/(b+(-a~2+b~2)~(1/2)))/a/£"3/(-a"2+b~2) " (1/2)

3.35.2 Mathematica [A] (verified)

Time = 1.12 (sec) , antiderivative size = 338, normalized size of antiderivative = 0.86

(c+ dx)?
/ a + bsec(e + fz) de

. . 2d( —if(c
. 2 1og (1— 2D\ (0, gy acters ) 2
3zb((c+da:) log(l Yl (c+dz)? log 1+b+ 2702 +

)+

(b+acos(e+ fz)) | z(3c* + 3edz + d*z?

3a(a +

;
input Integrate[(c + d*x)~2/(a + b*Sec[e + fx*x]),x]

output| ((b + a*Cos[e + f*x])*(x*x(3*%c™2 + 3kckd*x + d~2*%x~2) + ((3*I)*b*((c + d*x)
~2xLog[1 - (a*E~(I*(e + f*x)))/(-b + Sqrt[-a~2 + b~2])] - (c + d*x) 2xLogl
1 + (a*E"(I*(e + £*x)))/(b + Sqrt[-a”2 + b"2]1)] + (2xd*x((-I)*fx(c + d*x)*P
olyLog[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a”2 + b~2])] + d*PolyLogl[3, (a*E
“(Ix(e + £*x)))/(-b + Sart[-a”2 + b~"2]1)]1))/£f72 + ((2*I)*d*(f*(c + d*x)*Pol
yLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))] + I*d*PolyLogl[3, -(
(a*E"(I*(e + £*x)))/(b + Sqrt[-a~2 + b72]))1))/£72))/(Sqrt[-a~2 + b~2]*f))
xSec[e + f*x])/(3*%ax(a + bxSec[e + f*x]))

(c+dz)?
335 [ orpecctersay 0T
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3.35.3 Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 394, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)?
/ a+ bsec(e + fz) de

| 3042
(c+ dz)?
/a+bcsc(e+fx+g)
| 4679
¢+ dx)? ¢+ dz)?
/ <( +ad E- ala czi(e++df3:) + b)) de
| 2009

aei(e+fz) aei(e"'fz)
2bd(c + dz) PolyLog <2, - b—W) ~ 2bd(c + dz) PolyLog (2, - b+m>
af?v/b? — a? af?v/b? — a?

ibc+ do)log (1+ 2250 ) ib(e+ do)?log (1+ 25

- +
afvb? — a? afvb? — a?
. i(e+fx) . i(e+fx)
2ibd? PolyLog (3, — b‘f \/W) ~ 2ibd? PolyLog <3, - b‘f m) N (c+ dz)3
af3vb? — a2 af3vb? — a? 3ad

;
input‘ Int[(c + d*x)~2/(a + b*Sec[e + f*x]),x] ‘

output | (c + d*x)~3/(3*axd) + (I*bx(c + d*x) 2xLogl[l + (a*E~(Ix(e + f*x)))/(b - Sq
rt[-a”2 + b72])])/(a*xSqrt[-a~2 + b~2]*f) - (I*b*(c + d*x) 2xLog[l + (a*E~(
Ix(e + £xx)))/(b + Sqrt[-a~2 + b72])]1)/(a*xSqrt[-a~2 + b~2]*f) + (2*bxd*(c
+ d*x)*PolyLog[2, -((a*E~(Ix(e + f*x)))/(b - Sqrt[-a~2 + b~2]))])/(a*xSqrt([
-a”2 + b~2]*£72) - (2*%bxd*(c + d*x)*PolyLog[2, -((a*E~(Ix(e + £f*x)))/(b +
Sqrt[-a”2 + b~2]))])/(a*Sqrt[-a~2 + b~2]*£72) + ((2*I)*b*d~2*PolyLogl[3, -(
(a*E~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*£~3) - (
(2*I)*b*d~2%PolyLog[3, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2]))]1)/(a*
Sart[-a~2 + b~2]*£"3)

(c+dz)?
335 [ orpecctersay 0T
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3.35.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])™n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

3.35.4 Maple [F]

/ (dz + c)® i

a+bsec(fr+e)

inputLint((d*x+c)“2/(a+b*sec(f*x+e)),x)

output Lint ((d*x+c) "2/ (a+b*sec(f*x+e)) ,x)

3.35.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1625 vs. 2(346) = 692.

Time = 0.46 (sec) , antiderivative size = 1625, normalized size of antiderivative = 4.12

(c+ dx)? B .
/ a + bsec(e + f7) dz = Too large to display

inputLintegrate((d*x+c)‘2/(a+b*sec(f*x+e)),X, algorithm="fricas")

(c+dz)?
335 [ orpecctersay 0T
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1/6*% (2% (2”2 - b~2)*d"2+f"3*x"3 + 6*%(a”2 - b"2)*c*kd*f"3*x"2 + 6x(a”2 - b~2)
*xC"2*%f"3*x - 6*Ixaxb*d"2xsqrt(-(a”™2 - b~2)/a~2)*polylog(3, -(b*xcos(f*x + e
) + Isbxsin(f*x + e) + (axcos(f*x + e) + I*a*sin(f*x + e))*sqrt(-(a”2 - b~
2)/a"2))/a) + 6*I*axbxd"2*sqrt(-(a~2 - b~2)/a"2)*polylog(3, -(b*cos(f*x +
e) + I*bxsin(f*x + e) - (axcos(f*x + e) + I*axsin(f*x + e))*sqrt(-(a”2 - b
~2)/a"2))/a) + 6xIxaxbxd~2xsqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x +
e) - Ixbxsin(f*x + e) + (axcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a~2 -
b~2)/a~2))/a) - 6*Ixaxbxd~2*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x
+ e) - I*b*sin(f*x + e) - (a*cos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a~2 -
b~2)/a~2))/a) - 6*(a*bxd~2*f*x + akbkckxd*f)*sqrt(-(a~2 - b~2)/a"~2)*dilog(
—-(b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + Ixaxsin(f*x + e))*
sqrt(-(a”2 - b72)/a"2) + a)/a + 1) + 6%(axb*d"2xf*x + axbxc*d*f)*sqrt(-(a”
2 - b72)/a"2)*dilog(-(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f*x + e)
+ Ikxaxsin(f*x + e))#*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - 6*x(axb*d™2*f*x +
axbxckxd*f)*sqrt(-(a”2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) - I*b*sin(f*x + e
) + (axcos(f*x + e) - I*xaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1)
+ 6% (axb*d"2xf*x + axbxcxd*f)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x +
e) - Ixbxsin(f*x + e) - (a*cos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a”2 - b
"2)/a”2) + a)/a + 1) + 3x(Ixa*b*d"2%e”2 - 2kI*axbkckd*exf + Ixaxbkc™2%f~2)
*xsqrt(-(a”2 - b~2)/a"2)*log(2*a*cos(f*x + e) + 2xIxaxsin(f*x + e) + 2*a...

3.35.6 Sympy [F]

/ (c+ dz)? s — / (c + dz)® i

a+ bsec(e + fz) a+ bsec(e+ fz)

\

integrate ((d*x+c)**2/ (at+b*sec(f*x+e)),x)

Integral((c + d*x)**2/(a + b*sec(e + f*x)), x)

N

(c+dz)?
335 [ orpecctersay 0T
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3.35.7 Maxima [F(-2)]

Exception generated.

2
/ (c+ dz) dr = Exception raised: ValueError
a+ bsec(e + fzx)

input‘integrate((d*x+c)“2/(a+b*sec(f*x+e)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

3.35.8 Giac [F]

(c+ dx)? B (dz + ¢)?
/a+bsec(e+fx)d$_/bsec(f:z—i—e)—l—a v

U

inputtintegrate((d*x+c)‘2/(a+b*sec(f*x+e)),X, algorithm="giac")

-

outputtintegrate((d*x + c)~2/(bxsec(f*x + e) + a), x)

e—

3.35.9 Mupad [F(-1)]

Timed out.

/ (c+dz)? dx—/ (c+dzx)? i

a+bsec(e+fx) a G+W:_fx)

input‘int((c + d*x)~2/(a + b/cos(e + £*x)),x)

outputtint((c + d*x)~2/(a + b/cos(e + f*x)), x)

(c+dz)?
335 [ orpecctersay 0T



output
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ct+dx
3.36 f a+bsec(e+fx) dz
3.36.1 Optimal result . . . . . . .. . ... . ... 244
3.36.2 Mathematica [A] (verified) . . . . . . .. . ... .. 245
3.36.3 Rubi [A] (verified) . . . . . . .. ... 245
3.36.4 Maple [B] (verified) . . . ... ... ... .. 2761
3.36.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 247
3.36.6 Sympy [F] . . . . . 248
3.36.7 Maxima [F(-2)] . . . . . . . 249
3.36.8 Giac [F] . . . . . o o 249
3.36.9 Mupad [F(-1)] . . . . 249
3.36.1 Optimal result
Integrand size = 18, antiderivative size = 257
, qeiletia)
/ c+dx dp — (c+ dz)? N ib(c + dz) log (1 PR sl /Tu_bz)
a+ bsec(e + fz) 2ad av—a? + b2 f
, aeiletia)
_ ’Lb(C + d.’IJ) log (1 + m)
av/—a? + b2 f
aetletfz) aetletfz)
N bd POIYLOg <2, —m) B bd POIYLOg (2, _b-i-\/——T-l-bQ>
av/—a? + b2 f2 av/—a? + b2 f2

1/2% (d*x+c) ~2/a/d+I*b* (d*x+c) *1n(1+a*exp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2)))/
a/f/(-a~2+b~2) " (1/2) -I*b* (d*x+c)*1n(1+a*exp (I* (f*x+e))/ (b+(-a~2+b~2)~(1/2)
))/a/f/(-a~2+b~2) ~(1/2) +b*d*polylog(2,-a*exp (I*(f*x+e))/(b-(-a~2+b~2) ~(1/2
)))/a/f72/(-a~2+b~2) "~ (1/2) -b*d*polylog(2,-a*exp (I* (f*x+e) )/ (b+(-a~2+b~2) ~(
1/2)))/a/£72/(-a"2+b"2)"(1/2)

c+dx
3.36. [ ety de
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3.36.2 Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.83

/ c+dz d
a+ bsec(e + fz)
f(V=aT T fx(2c + do) + 2ib(c + do) log (1 — —222 ) — 2ib(c+ da) log (1 + ;2552 ) ) + 2ba
_ —b+v—a2+b2 b+v—a2+b2
2av/—a? + b2 f2

input‘ Integrate[(c + d*x)/(a + b*Sec[e + f*x]),x] ‘

output | (£x(Sqrt[-a~2 + b~2]*f*x*k(2*xc + d*x) + (2*xI)*b*(c + d*x)*Logl[l - (a*xE~ (I*(
e + £*x)))/(-b + Sart[-a”2 + b"2])] - (2*I)*b*(c + d*x)*Logl[l + (a*E~(I*(e
+ £xx)))/(b + Sqrt[-a”2 + b~2])]) + 2xbxd*PolyLogl[2, (a*E~(I*(e + f*x)))/
(-b + Sqrt[-a~2 + b~2])] - 2*bxd*PolyLogl[2, -((a*E~(I*(e + f*x)))/(b + Sqr
t[-a"2 + 172]1))1)/(2*xa*Sqrt[-a~2 + b~2]*£"2)

3.36.3 Rubi [A] (verified)
Time = 0.74 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dx iz
a+ bsec(e + fzx)

l 3042

/ c+dr
x
a+besc(e+ fz+7%)

l 4679

/ <c —tzdx ~afa cobs((cet-(i‘waz) + b)) de

l 2009

c+dx
3.36. [ ety de
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ib(c + dz) log (1 @%) ib(c + dz) log (1 + %) N bd PolyLog (2, — el ,,Z%;z)
afvVb? — a? afvVb? — a? af?v/b? — a?

i(e+fx)
bd PolyLog (2, — 2777 ) , (et doy?
af?vb? — a? 2ad
inputLInt[(c + d*x)/(a + bxSec[e + £*x1),x] J

output| (¢ + d*x)~2/(2*a*d) + (I*b*(c + d*x)*Log[l + (a*xE~(I*(e + f*x)))/(b - Sqrt
[-a~2 + b~2])]1)/(a*Sqrt[-a~2 + b~2]*f) - (I*bx(c + d*x)*Log[l + (a*E~(I*(e
+ £*x)))/(b + Sqrt[-a™2 + b~2])])/(a*Sqrt[-a~2 + b~2]*f) + (b*d*PolyLogl2
, —((a*E~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]1))])/(a*Sqrt[-a~2 + b~2]*f"2)
- (b*d*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a*Sqrt
[Fa~2 + b~2]*£72)

3.36.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

3.36.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 515 vs. 2(229) = 458.

Time = 0.56 (sec) , antiderivative size = 516, normalized size of antiderivative = 2.01

method | result

2ibc arctan 2a¢'(f74) 19p ibd In —aotfoH) 4/ —a? 152 b T ibd In act(FoHe) 4 v —a?1b24b T ibd
2va2-b2 + —b+v—a24b2 i b++v/—a24b2 + —
fava?—b2 fav/—a2+b2 fav—a2+b2

: dz? cT
risch 5+ <+

c+dx
3.36. [ ety de
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input‘int((d*x+c)/(a+b*sec(f*x+e)),x,method=_RETURNVERBOSE)

output | 1/2+d/a*x~2+c/a*x+2+I1/f/axbxc/(a~2-b"2) " (1/2) *arctan(1/2* (2*axexp (I* (f*x+e
))+2xb) /(a~2-b"2)~(1/2))+I/f/a*b*xd/(-a~2+b"2) " (1/2) *1n((-a*xexp (I* (f*x+e))+
(-a™2+b~2)~(1/2)-b) / (-b+(-a"2+b"2) " (1/2) ) ) *x-I/f/axb*d/(-a~2+b~2) ~(1/2) *1n
((a*xexp(I*(fxx+e))+(-a~2+b~2)~(1/2)+b) / (b+(-a~2+b~2) ~(1/2)) ) *x+I/£"2/a*b*d
/(-a~2+b~2) " (1/2) *1n((-a*xexp (I* (f*x+e))+(-a~2+b~2) " (1/2)-b) / (-b+(-a~2+b~2)
~(1/2)))*e-1/f~2/axbxd/(-a~2+b~2) " (1/2) *1n((a*exp (I* (f*x+e))+(-a~2+b"2) " (1
/2)+b) / (b+(-a~2+b"2)~(1/2))) *e+1/£72/a*b*d/ (-a~2+b~2) ~(1/2) *dilog((-a*exp(
Ix(f*x+e))+(-a"2+b"2)~(1/2)-b)/(-b+(-a~2+b~2)~(1/2)))-1/£"2/a*b*d/(-a~2+b~
2)~(1/2)*dilog((a*xexp(I*(f*x+e))+(-a~2+b"2) " (1/2)+b)/(b+(-a~2+b~2)~(1/2)))
-2xI1/£72/axb*d*e/(a~2-b"2) ~(1/2) *arctan(1/2* (2*a*exp (I* (fxx+e))+2xb)/(a~2-
b~2)~(1/2))

3.36.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1041 vs. 2(225) = 450.

Time = 0.45 (sec) , antiderivative size = 1041, normalized size of antiderivative = 4.05

c+dz .
/ a + bsec(e + f7) dz = Too large to display

inputLintegrate((d*x+c)/(a+b*sec(f*x+e)),x, algorithm="fricas")

c+dx
3.36. [ ety de




output

input

output
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1/2%x((a”2 - b™2)*d*f~2*x"2 + 2*%(a”2 - b~2)*c*f"2%x - a*bxd*sqrt(-(a”2 - b~
2)/a"2)*dilog(-(b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + Ixax
sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + ax*b*d*sqrt(-(a”2 - b~2)
/a~2)*dilog(-(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f*x + e) + I*axsi
n(f*xx + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - axb*d*sqrt(-(a”2 - b~2)/a
~2)*dilog(-(bxcos(f*x + e) - I*b*sin(f*x + e) + (a*cos(f*x + e) - Ixa*sin(
f*x + e))*sqrt(-(a"2 - b~2)/a"2) + a)/a + 1) + a*bxd*sqrt(-(a”2 - b~2)/a"2
)*dilog(-(b*cos(f*x + e) - Ixb*sin(f*x + e) - (axcos(f*x + e) - I*axsin(fx
x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - (I*axbk*dxe - I*axb*c*f)*sqrt(
-(a"2 - b"2)/a"2)*log(2*a*cos(f*x + e) + 2*I*a*sin(f*x + e) + 2xaxsqrt(-(a
"2 - b"2)/a"2) + 2xb) - (-I*a*b*dxe + I*a*bxcxf)*sqrt(-(a”2 - b~2)/a"2)*lo
g(2*a*xcos(f*x + e) - 2xIxa*sin(f*x + e) + 2xaxsqrt(-(a”2 - b~2)/a"2) + 2*b
) - (Ixax*bxd*e - Ixa*bkxc*f)*sqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(f*x + e) +
2xI*axsin(f*x + e) + 2xa*sqrt(-(a”2 - b72)/a"2) - 2%b) - (-I*axbk*dxe + I*
axbxc*f)*sqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(f*x + e) - 2xI*a*xsin(f*x + e)
+ 2xaxsqrt(-(a”2 - b~2)/a"2) - 2*b) - (I*axb*dxf*x + I*axbkdxe)*sqrt(-(a”
2 - b"2)/a"2)*log((b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + I
xaxsin(f*x + e))*sqrt(-(a™2 - b~2)/a"2) + a)/a) - (-I*xaxbxd*f*x - Ixa*bkd*
e)*sqrt(-(a~2 - b"2)/a"2)*log((b*cos(f*x + e) + I*b*sin(f*x + e) - (a*cos(

f*x + e) + I*xaxsin(fxx + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a) - (-I*xaxbxd...

3.36.6 Sympy [F]

/‘ c+dx Mr—/‘ c+dz dx
a+bsecle+ fr) ) a-+bsec(e+ fx)

integrate((d*x+c)/(atb*sec(f*x+e)) ,x)

N

-

Integral((c + d*x)/(a + b*sec(e + f*x)), x)

c+dx
3.36. [ ety de
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3.36.7 Maxima [F(-2)]

Exception generated.

d
/ ctax dx = Exception raised: ValueError
a+ bsec(e + fz)

inputLintegrate((d*x+c)/(a+b*sec(f*x+e)),x, algorithm="maxima"

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*xb~2>0)', see ~assume?  f
‘or more de

3.36.8 Giac [F]

/ c+dz dz—/ dr +c iz
a+bsec(e+ fr) ) bsec(fr+e)+a

-

inputtintegrate((d*x+c)/(a+b*sec(f*x+e)),x, algorithm="giac")

e—

output Lintegrate((d*x + c)/(bxsec(f*x + e) + a), x)

3.36.9 Mupad [F(-1)]

c+dz ct+dzx
dr = | —————dzx
a + bsec(e + fr) a+ —2

cos(e+f )

Timed out.

inputtint((c + d*x)/(a + b/cos(e + f*x)),x)

output Lint((c + d*x)/(a + b/cos(e + f*x)), x)

c+dx
3.36. [ ety de
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1
3.37 f (c+dz)(a+bsec(e+fx)) dz

3.37.1 Optimal result . . . . . . . . . .. .. . 250
3.37.2 Mathematica [N/A] . . . . ... .. . 250
3.37.3 Rubi [N/A] . . . oo 251l
3.37.4 Maple [N/A] (verified) . . . . . . . . ... . 2521
3.37.5 Fricas [N/A] . . . . . 252
3.37.6 Sympy [N/A] . . . . 252
3.37.7 Maxima [N/A] . . . . . . 253
3.37.8 Giac [N/A] . . . . o o 253
3.37.9 Mupad [N/A] . . . . 2541

3.37.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)(a + bsec(e + fz)) dz = Int<(c +dz)(a + bsec(e + fz))’ m>

e

output tUnintegrable (1/(d*x+c)/ (at+b*sec(f*x+e)) ,x)

~—

3.37.2 Mathematica [N/A]
Not integrable

Time = 1.74 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ (c+dzx)(a + bsec(e + fzx)) de = / (c+dzx)(a+ bsec(e + fx)) de

input

Integrate[1/((c + d*x)*(a + b*Secl[e + f*x])),x]

N\ J

output LIntegrate [1/((c + d*x)*(a + b*Sec[e + f*x])), x] J

3.37. dz

1
f (c+dz)(a+bsec(e+fx))
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3.37.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ L dz
(c+dz)(a+ bsec(e + fz))
| 3042

1
(c+dz) (a+besc(e+ fo+ %))da:

l 4681

1
/ (c+ dx)(a+ bsec(e + fzx)

)d:c

input‘ Int[1/((c + d*x)*(a + b*Sec[e + f*x])),x]

output ‘ $Aborted

rule 3042

rule 4681

3.37.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

dz

1
3.37. f (ct+dzx)(a+bsec(e+fx))




CHAPTER 3. LISTING OF INTEGRALS 252

3.37.4 Maple [N/A] (verified)

Not integrable

Time = 0.46 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ - dz
(dx +c)(a+bsec(fz+e))

inputLint(1/(d*x+c)/(a+b*sec(f*x+e)),x)

output tint (1/(d*x+c)/ (a+bxsec(f*x+e)) ,x)

3.37.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/(c+dw)(a+bsee(e+fx)) dm:/(dx+c)(bsec(fx+e)+a) de

inputLintegrate(1/(d*x+c)/(a+b*sec(f*x+e)),x, algorithm="fricas")

output Lintegral(l/(a*d*x + axc + (bxd*x + b*c)*sec(f*x + e)), x)

3.37.6 Sympy [N/A]

Not integrable

Time = 1.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/ (c+ dx)(a+ bsec(e + fz)) de = / (a +bsec(e+ fx)) (c+ dx) de

input tintegrate (1/(d*x+c)/ (atb*sec (f*x+e)) ,x)

output LIntegral(i/((a + bksec(e + f*x))*(c + d*x)), x)

dz

1
3.37. f (ct+dzx)(a+bsec(e+fx))
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3.37.7 Maxima [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 298, normalized size of antiderivative = 14.90

1 1
/(c—l—dz)(a—l—bsec(e—l—fx)) dw:/(dx+c)(bsec(fm+e)+a) de

B
input Lintegrate (1/(d*x+c)/ (atb*sec(f*x+e)) ,x, algorithm="maxima")

~—

output | - (2*axbxd*integrate((axcos(2*f*x + 2*e)*cos(f*x + e) + 2*b*cos(f*x + e)~2
+ a*sin(2xf*x + 2%e)*sin(f*x + e) + 2%bxsin(f*x + e)”2 + a*cos(f*x + e))/(
a~3xd*x + a~3*c + (a"3*d*x + a~3xc)*cos(2*xf*rx + 2%e) 2 + 4x(axb"2*d*x + a*
b~2xc)*cos(f*x + e)”2 + (a~3*d*x + a~3*c)*sin(2xf*x + 2%e) "2 + 4*(a~2xb*dx*
X + a~2*b*c)*sin(2xf*x + 2*e)*sin(f*x + e) + 4*(axb™2*d*x + a*b~2*c)*sin(f
*x + e)72 + 2x(a”3*d*x + a~3*c + 2x(a"2xbxd*x + a”~2*bxc)*cos(f*x + e))*cos
(2%fxx + 2%e) + 4*(a~2xb*d*x + a~2xb*c)*cos(f*x + e)), x) - log(d*x + c))/
(axd)

3.37.8 Giac [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
dx = d
/ (c+dzx)(a+ bsec(e + fx)) v /(dx+c)(bsec(fx+e)+a) v
input (integrate (1/(d*x+c) / (a+b*sec(f*x+e)) ,x, algorithm="giac") |
output Lintegrate(l/((d*x + c)*(bxsec(f*x + e) + a)), x) J

3.37. dz

1
f (c+dz)(a+bsec(e+fx))
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3.37.9 Mupad [N/A]

Not integrable

Time = 13.38 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

b
cos(e+f z)

1 1
/(c+dm)(a+bsec(e+fx)) dm:/ <a—|— > 1 do) dx

inputtint(l/((a + b/cos(e + f*x))*(c + d*x)),x)

output Lint(l/((a + b/cos(e + f*x))*(c + d*x)), x)

dz

1
3.37. f (c+dz)(a+bsec(e+fz))
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1

3.38 J (crdn X atbsecierta) 4%

3.38.1 Optimalresult . . . ... .. . .. . .. .. 255
3.38.2 Mathematica [N/JA] . . . . ... .. . . L 255
3.38.3 Rubi [N/A] « « o oo oo e e e
3.38.4 Maple [N/A] (verified) . . . . . . . .. ... 257
3.38.5 Fricas [N/A] . . . . . 257
3.38.6 Sympy [N/A] . . . . . 2571
3.38.7 Maxima [N/A] . . . . . . . 258
3.38.8 Giac [N/A] . . . . . o 258
3.38.9 Mupad [N/A] . . . . 259

3.38.1 Optimal result

Integrand size = 20, antiderivative size = 20

1
(c+dz)?(a + bsec(e + fx))

1 x)
(c+ dz)%(a + bsec(e + fx))’

dr = Int(

output ‘ Unintegrable (1/(d*x+c) "2/ (a+b*sec (f*x+e)) ,x)

3.38.2 Mathematica [N/A]

Not integrable

Time = 12.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

(c+ dx)%*(a+ bsec(e + fz)) de = / (c+ dx)%(a+ bsec(e + fz)) dz

inputLIntegrate [1/((c + d*x)"2x(a + b*Sec[e + f*x])),x]

~—

-

output LIntegrate [1/((c + d*x)~2*(a + b*Sec[e + f*x])), x]

~—

3.38. dz

1
f (c+dz)2(a+bsec(e+fz))
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3.38.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (c+dz)%(a+ bsec(e + fx)

l.3042

1
/ (c+dz)? (a+besc(e+ fz + %))da:

l 4681

1
/ (c+ dz)?(a+ bsec(e + fx)

)dx

)d:v

input‘ Int[1/((c + d*x)"2x(a + b*Sec[e + f*x])),x] ‘

output ‘ $Aborted ‘

3.38.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (f_.)*(x_)1*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.38. dz

1
f (c+dz)2(a+bsec(e+fz))
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3.38.4 Maple [N/A] (verified)

Not integrable

Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/ (dz + ¢)* (a + bsec (fac-l—e))dx

inputLint(1/(d*x+c)‘2/(a+b*sec(f*x+e)),x)

output tint (1/(d*x+c) "2/ (a+b*sec (f*x+e)) ,x)

3.38.5 Fricas [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/ (c+ dz)?(a + bsec(e + fz)) e = / (dz + ¢)*(bsec (fz + €) + a) d

inputLintegrate(1/(d*x+c)‘2/(a+b*sec(f*x+e)),x, algorithm="fricas")

output‘ integral(1/(a*d”2*x"2 + 2%akckd*x + a*c™2 + (b*d~2*x"2 + 2%b*c*d*x + b*c™2
‘)*sec(f*x +e)), x)

3.38.6 Sympy [N/A]

Not integrable

Time = 2.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+ dz)*(a + bsec(e + fx)) do = / (a + bsec (e + fz)) (c+ dx)? d

inputkintegrate(1/(d*x+c)**2/(a+b*sec(f*x+e)),x)

output LIntegral(i/((a + bxsec(e + f*x))*(c + d*x)**2), x)

3.38. dz

1
f (c+dz)2(a+bsec(e+fz))
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3.38.7 Maxima [N/A]
Not integrable

Time = 1.33 (sec) , antiderivative size = 439, normalized size of antiderivative = 21.95

1 1
/ (c+dz)?(a + bsec(e + fx)) do = / (dz + ¢)*(bsec (fz + €) + a) d

e

inputLintegrate(1/(d*x+c)‘2/(a+b*sec(f*x+e)),X, algorithm="maxima")

-/

output | -(2*(a*b*d~2*x + axbxcxd)*integrate((a*cos(2xf*x + 2xe)*cos(f*x + e) + 2xb
xcos(f*x + e)72 + axsin(2*f*x + 2xe)*sin(f*x + e) + 2*bxsin(f*x + €)”2 + a
xcos(fxx + e))/(a~3*%d™2%x~2 + 2ka~3kckd*x + a~3*c”2 + (a~3*%d"2*x"2 + 2%a”3
*ckd*x + a”~3*%c"2)*cos(2xf*x + 2%e) "2 + 4x(a*b"2+d"2%x"2 + 2xa*xb~2*ckd*x +

a*b~2xc"2)*xcos(fxx + e)”2 + (a”3*%d"2*x"2 + 2*a~3*ckd*x + a”~3*c”2)*sin(2*f*
X + 2%e) "2 + 4% (a~2xb*d"2*x"2 + 2*a~2xbkckd*x + a~2*%b*c”2)*sin(2*f*x + 2%*e
Yxsin(f*x + e) + 4*(a*xb™2xd"2xx"2 + 2ka*b”~2*c*d*x + axb"2xc”2)*sin(f*x + e
)72 + 2% (a”3*%d"2%x72 + 2*xa”3kckxd*x + a"3*%c”2 + 2% (a"2xbxd"2*xx"2 + 2%a”2*b*
cxd*x + a~2xbxc”2)*cos(f*x + e))*cos(2xf*xx + 2%e) + 4*(a”2xbxd"2*xx"2 + 2*a
~2%bkckxdxx + a~2%bxc"2)*cos(fxx + e)), x) + 1)/(axd™2*x + a*xcxd)

3.38.8 Giac [N/A]

Not integrable

Time = 0.79 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dzx)2(a + bsec(e + fz)) do = / (dz + ¢)*(bsec (fz + €) + a)

dx

input‘integrate(l/(d*x+c)‘2/(a+b*sec(f*x+e)),x, algorithm="giac")

output Lintegrate(l/((d*x + c)"2x(b*sec(f*x + e) + a)), x)

3.38. dz

1
f (c+dz)2(a+bsec(e+fz))
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3.38.9 Mupad [N/A]

Not integrable

Time = 13.35 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
(c+ dx)%*(a+ bsec(e + fz)) dz =/ <a+ > (C+d:c)2 dx

b
cos(e+f z)

inputtint(l/((a + b/cos(e + f*x))*(c + d*x)~2),x)

output Lint(l/((a + b/cos(e + f*x))*(c + d*x)~2), x)

dz

1
3.38. f (c+dx)2(a+bsec(et+fz))
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3.39 [ gy
’ (a+bsec(e+fx))?
3.39.1 Optimalresult . . . . .. . .. . . . 2611
3.39.2 Mathematica [B] (verified) . . . . . . ... ... ... Lo 2621
3.39.3 Rubi [A] (verified) . . . . . ... .. 263
3.39.4 Maple [F] . . . . . . o
3.39.5 Fricas [B] (verification not implemented) . . . . . . ... ... .. .. .... 260
3.39.6 Sympy [F] . . . . . .
3.39.7 Maxima [F(-2)] . . . . . . 267l
3.39.8 Giac [F] . . . . . o e 267
3.39.9 Mupad [F(-1)] . . . . . oo 267
_ (ctdm)®
3.39. f (a+bsec(e+fz))2 dx
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3.39.1 Optimal result

Integrand size = 20, antiderivative size = 1523

aei(e+ 7o)
(c+dz)3 oy — — ib*(c +dx)®  (c+dx)* N 3b%d(c + dz)” log <1 b—iW)
(a + bsec(e + fx))? a?(a? —b?) f 4a2d a? (a? — b?) f?
2 2 aeilet§2)
N 3b d(c + d.’L') log (1 + m)

a? (a2 — b2) f2
. aetletfz)
_ ib(c +dz)’log (1+55m)
a2 (—a? +b2)** f
. aeiletf2)
2ib(c + dz)?log <1 + ﬁ)
a’v—a?+ b f
. aeiletfz)
ib*(c + dz)* log (1 + ﬁ)

_|_

_|_
a? (—a? + b2)3/2f

aeiletfz)

2ib(c + dz)3 log (1 + v
a a2v/—a2 + b2 f
6ib%d%(c + dz) PolyLog <2, —ﬂ%)
a2 (a2 — b?) f3

6ib?d? (c + da) PolyLog (2, -2 )
a2 (a2 — b2) f3

3%d(c + dx)? PolyLog (2, —; 4%

b—v—a2+b2
a?(—a? + 52)3/2 f?

6bd(c + dz)? PolyLog (2, —&;f—;%)

a2y/—a? + b2 f2
36%(c + d)? PolyLog (2, - 2557 )

_|_

b+v—a?+b?
a? (—a? + b2)3/2 12
6bd(c + dz)? PolyLog (2, —M>

_|_

b+v/—a2+b?
a2v/—a? + b2 f?

913 aetletfz)
6b°d” PolyLog (3, —m)

a®(a® — b?) f*
2 13 aez(e+f:v)
612d° PolyLog (3, 27 )
a2 (a? — b?) f4

6zb3d2(c + dzx) PolyLog <3 —%)

_|_

_|_

a2 {—a2+ h2\3/2 £3

|7

_ (ctdm)® i(et+fz
3.39. f (a+bsec(e+fz))2 dx 12@bd2(c + dZL') POlyLOg (3 _af/(—zgi_:b)
+ n2+/—pn2 1 K2 £3
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output | I¥b~3* (d*x+c) “3*1n(1+axexp (I*(f*x+e))/(b+(-a"2+b~2)"(1/2)))/a~2/(-a"2+b~2)
~(3/2) /£+6*I*b~3*d~2* (d*x+c) *polylog(3,-a*exp (I* (f*x+e))/(b+(-a~2+b~2)~(1/
2)))/a"2/(-a~2+b~2) " (3/2) /£~ 3+12*%I*b*d~2* (d*x+c) *polylog(3,-a*exp (I* (f*x+e
))/ (b-(-a~2+b~2)"(1/2)))/a"2/£73/(-a"2+b~2) " (1/2) +b~2* (d*x+c) "3*sin(f*x+e)
/a/(a~2-b"2) /f/(b+axcos (f*x+e) ) +1/4* (d*x+c) ~4/a"2/d+2xI*b* (d*x+c) “3*x1n(1+a
*xexp (I*(f*x+e))/(b-(-a"2+b"2)"(1/2)))/a~2/£f/(-a"2+b"2) " (1/2) -6*I*b~2*d~ 2% (
d*x+c)*polylog(2,-a*exp(I*(f*x+e))/(b-I*x(a~2-b"2)~(1/2)))/a~2/(a"2-b"2)/£f"
3-6*I*b~2*d"2* (d*x+c) *polylog(2,-a*xexp (I*(f*x+e))/(b+I*(a~2-b"2)"(1/2)))/a
~2/(a~2-b"2) /£"3-6xI*b~3*d "2 (d*x+c) *polylog(3,-a*exp (I* (f*x+e))/ (b-(-a~2+
b~2)"(1/2)))/a~2/(-a~2+b~2) ~(3/2) /£~3-12*I*b*d "2 (d*x+c) *polylog(3,-a*exp(
Ix(f*x+e))/(b+(-a~2+b~2)"(1/2)))/a~2/£73/(-a"2+b"2) ~(1/2) +3*b~2%d* (d*x+c) ~
2x1n(1+axexp (I* (f*xx+e))/(b-I*(a"2-b"2)"(1/2)))/a"~2/(a"2-b"2) /£~2+3*b~2*d* (
d*x+c) “2*1n(1+a*exp (I*(fxx+e))/(b+I*x(a~2-b~2)~(1/2)))/a~2/(a~2-b"2) /£72-3*
b~ 3*d* (d*x+c) “2*polylog(2,-a*xexp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~
2+b~2) " (3/2) /£72+3*b"3*d* (d*x+c) “2*polylog(2,-a*exp (I* (f*x+e))/(b+(-a~2+b~
2)"(1/2)))/a~2/ (-a~2+b"2) " (3/2) /£~ 2+6*b*d* (d*x+c) ~2%polylog (2, —a*exp (I* (f*
x+e))/(b-(-a"2+b~2)~(1/2)))/a~2/£72/(-a"2+b"2) " (1/2) -6%b*d* (d*x+c) “2*polyl
og(2,-a*exp(I*(f*x+e))/(b+(-a~2+b~2)"(1/2)))/a"~2/£"2/(-a~2+b"2) ~(1/2)-I*b"
3% (d*x+c) "3*1n(1+axexp (I* (fxx+e))/(b-(-a~2+b"2)~(1/2)))/a~2/(-a"2+b~2)~(3/
2) /£-2*I*bx (d*x+c) ~3*1n(1+axexp (I* (f*x+e))/(b+(-a~2+b"2)~(1/2)))/a~2/f/...

3.39.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 20116 vs. 2(1523) = 3046.

Time = 22.31 (sec) , antiderivative size = 20116, normalized size of antiderivative = 13.21

dz)3
/ (a + (EZ:(:( :_i)_ F2)? dx = Result too large to show

input | Integrate[(c + d*x)~3/(a + bxSecle + £*x1)2,x]

p
outputLResult too large to show

_ (ctdm)®
3.39. f (a+bsec(e+fz))? dz

~—
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3.39.3 Rubi [A] (verified)
Time = 3.24 (sec) , antiderivative size = 1523, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 150 Ryles used

integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)?
(a + bsec(e + fz))?

l 3042

/ (c+ dz)? d
(a+bcsc (e+fo:+ g))2

dzr

| 4679

b?(c + dx)? 2b(c + dz)3 (c+ dzx)3 p

/ <a2(a cos(e + fz) +b)2  a2(acos(e+ fz) +b) a? > v
| 2009

_ (ctdm)®
3.39. f (a+bsec(e+fz))? dz
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. i(e+fx) . i(e+fx)
(c+ dz)* N 2iblog (bi\/% + 1) (c+dzx)® ibdlog (bi\/% + 1) (c+ dzx)?
4a2d a?v/b% — a?f B a2 (b2 — a2)3/2 f
. etletfz) g . etletfz) g
a2v/b? — a2 f a? (b? — (12)3/2 f
ciletfo)g
b?sin(e + fz)(c + dz)3 _ ib*(c+dx)® 3b*dlog (b_im + 1) (c+dx)? +
a(a? —b) f(b+acos(e+ fz)) a?(a?—b2)f a? (a? — b?) f?
i(e+fx) i(e+fx)
3b2dlog (wﬁ + 1) (c + dz)? N 6bd PolyLog (2, —&ﬁ) (c + dz)?
a? (a2 — b?) f2 a2v/b? — a2 f2
'L(e fx) i(et+fz)
363d PolyLog ( ot ) (c+dz)?  6bdPolyLog (2, —b‘i\/ﬁ) (c + dz)? N
a? (b2 a2)3/2 £2 a2v/b% — a2 f2
i(e+fx) . i(e+fx)
3b3d PolyLog ( ,—%) (c+ dz)? ~ 6ib?d? PolyLog (2, —%) (c+dx) ~
a? (b2 — (12)3/2 f2 a? (a —b?) f3
. aei(etfa) . aei(etfa)
67/b2d2 POlyLOg (2, —m> (C + d.’L‘) N 127,bd2 POlyLOg <3, _WW) (C + dx) B
a? (a? — b?) f3 a2v/b? — a2f3
. aeiletfa) . aeiletfa)
6ib3d? PolyLog (3, _b—\/ﬁ) (c+ dx) ~ 12ibd? PolyLog <3, —m> (c+ dx) N
a? (b2 — a2)3/2 13 a2v/b% — a2 f3
6ib3d2 PolyLo (3 —&> (c+dz) 662d® PolyLo (3 —M)
il S N YO8\~ /a2
a2 (b2 — a2)*/? f3 a2 (a2 — b?) f4
6b2d3 PolyLog (3 - bfjj%) 12bd3 PolyLog (4 - ba\jbjﬁi)) N
a? (a? — b?) f* a2v/b? — a2 f4
6b3d3 PolyLog (4, —b_é%) 12bd3 PolyLog (4, —@%) 6b3d3 PolyLog (4, ‘sz(%)
a2 (b2 — a2)3/2 i a2y/b? — a2 f4 B a2 (b2 — a2)3/2 f4

input‘ Int[(c + d*x)~3/(a + bxSec[e + f*x])~2,x]

339 [y

_ (ctdm)®
(a+bsec(e+fz))2 dx



output
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((-I)*b~2*x(c + d*x)~3)/(a"2*%(a”2 - b™2)*f) + (c + d*x)"4/(4*a"2xd) + (3*b~
2xdx(c + d*x) 2+Logl[1l + (a*xE~(I*(e + f*x)))/(b - I*Sqrt[a”2 - b"2])]1)/(a"2
*(a”2 - b"2)*f72) + (3*b~2*d*(c + d*x) 2xLog[l + (a*E~(I*(e + £f*x)))/(b +
IxSqrt[a”2 - b"2])])/(a"2*%(a"2 - b~2)*£72) - (I*b~3*(c + dx*x) 3*Logl[l + (a
*E~(Ix(e + £*x)))/(b - Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)~"(3/2)*f) + ((
2%I)*bx(c + d*x)~3*Logl[l + (a*E~(I*(e + f*x)))/(b - Sqrt[-a”2 + b"2])]1)/(a
~2xSqrt[-a”2 + b"2]*f) + (I*b~3*(c + d*x) "3*Logl[l + (axE~(Ix(e + £f*x)))/(b
+ Sqrt[-a”2 + b~2])]1)/(a"2*(-a~2 + b~2)~(3/2)*f) - ((2*I)*bx(c + d*x) 3*L
ogll + (a*E~(Ix(e + £*x)))/(b + Sqrt[-a~2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*
f) - ((6*I)*b~2+d"2*x(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - IxSqrt
[a”2 - ©72]))1)/(a"2*%(a"2 - b~2)*£73) - ((6%I)*b~2*d"2%(c + d*x)*PolyLog[2
, —((a*xE~(Ix(e + £*x)))/(b + IxSqrt[a~2 - b72]1))])/(a"2%(a"2 - b~2)*f~3) -
(3*%b~3*d*(c + d*x) ~"2#PolyLog[2, -((a*E~(I*x(e + f*x)))/(b - Sqrt[-a"2 + b~
21))1)/(a"2+%(-a~2 + b"2)"(3/2)*£72) + (6%b*d*(c + d#*x) 2xPolyLogl[2, -((a*E
“(Ix(e + £*x)))/(b - Sqrt[-a~"2 + b~2]))]1)/(a~2*Sqrt[-a~2 + b~2]*£"2) + (3*
b~3*d*(c + d*x) 2*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2]))
1D/@2%(-a"2 + b™2)7(3/2)*£72) - (6*bxd*(c + d*x) 2*xPolyLogl[2, -((a*E~(I*
(e + £*x)))/(b + Sqrt[-a”2 + b~2]))])/(a"2*Sqrt[-a~2 + b~2]*f~2) + (6%b~2*
d~3*PolyLog[3, -((a*E~(I*(e + f*x)))/(b - IxSqrt[a”2 - b~2]))]1)/(a"2x(a"2
- b"2)*£74) + (6%b~2xd"3*PolyLog[3, -((a*E~(I*(e + f*x)))/(b + IxSqrt[a...

3.39.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)

, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]“"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt

Qm, 0]

_ (ctdm)®
3.39. f (a+bsec(e+fz))? dz
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3.39.4 Maple [F]

(dz + c)®

(a+bsec(fz+ e))2dx

input Lint ((d*x+c) "3/ (atb*sec(f*x+e)) "2,x)

output Lint ((d*x+c) 3/ (a+b*sec(f*x+e))"2,x)

3.39.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 7008 vs. 2(1361) = 2722.

Time = 0.71 (sec) , antiderivative size = 7008, normalized size of antiderivative = 4.60

c+dz)3 .
/ (a+ Ifsec(e —|)- 1)) dz = Too large to display

inputLintegrate((d*x+c)“3/(a+b*sec(f*x+e))“2,x, algorithm="fricas")

output LToo large to include

3.39.6 Sympy [F]

/ (c+dz)3 o — (c+dz)? iz
(a + bsec(e + fx))? (a + bsec (e + fz))?

input Lintegrate ((d*x+c) **3/ (a+b*sec (f*x+e) ) ¥*2,x)

output LIntegral((c + d*x)**3/(a + bxsec(e + f*x))**2, x)

_ (ctdm)®
3.39. f (a+bsec(e+fz))? dz
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3.39.7 Maxima [F(-2)]

Exception generated.

(c+ dzx)?
(a + bsec(e + fx))?

dx = Exception raised: ValueError

input‘integrate((d*x+c)“3/(a+b*sec(f*x+e))“2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

3.39.8 Giac [F]

/ (c + dx)3 (dz + ¢)®
(a + bsec(e + fx))? (bsec (fz +e) + a)?

inputLintegrate((d*x+c)‘3/(a+b*sec(f*x+e))“2,x, algorithm="giac")

p
outputtintegrate((d*x + c)~3/(bxsec(f*x + e) + a)~2, x)

e—

3.39.9 Mupad [F(-1)]

Timed out.

(c+dz)? _
/ (a + bsec(e + fx))? dz = Hanged

input Lint((c + d*x)~3/(a + b/cos(e + £*x))~2,x)

output L\text{Hanged}

_ (ctdm)®
3.39. f (a+bsec(e+fz))? dz
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(c+dzx)?

3.40 f (a+bsec(e+fz))? dx

3.40.1 Optimalresult . . .. . .. .. . ... .. 269
3.40.2 Mathematica [B] (verified) . . . . . . . .. .. ... Lo 2701
3.40.3 Rubi [A] (verified) . . . . .. ... .. 271]
3.40.4 Maple [F] . . . . . . 273
3.40.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 273
3.40.6 Sympy [F] . . . . . . 274
3.40.7 Maxima [F(-2)] . . . . . . . 274
3.40.8 Giac [F] . . . . . . 274
3.40.9 Mupad [F(-1)] . . . . oo 275
340. [ et dr

(a+bsec(e+fz))2
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3.40.1 Optimal result

Integrand size = 20, antiderivative size = 1117

aetletfz)
(c+ dz)? ; b2 (c+dz)?  (c+ dz)? 2b%d(c + dz) log <1 + —b—iJJW>
(a + bsec(e + fx))? T (a2 —-0%) f + 3a%d * a? (a? — b2) f2
aeiletfz)
N 2b2d(c + dz) log <1 + b~|—z\/+2ffb2>

a? (a2 _ b2) f2

ib%(c + dz)?log (1 + %
(

—a? + b2)3/2f

2ib(c + dz)?log <1 + bfez(e—ﬂz)

)

)

PN

ib(c + dz)2log (1 el )
)

_|_

b+v/—a2+b2
a2 (—a2 +12)* f
2zb(c + dz)?log (1 et

_|_

. )
- 2ib%d? PolyLog <2 Sy a1 “/;—b>

a? (a2 — b?) f3
2ib?d” PolyLog (2, —ﬂ%)
— a2 (a2 _ b2) f3

2b3d(c + dx) PolyLog (27 _g/i_lé‘%)

a2 (—a2 + b2)3/2 f2

4bd(c + dz) PolyLog (2, —%)
a?yv/—a? + b2 f?

aei(e fx)
2b%d(c + dz) PolyLog (2, —ﬁ)

a2 (—a2 + b?2)*/? f2

aeile+12)
- 4bd(c + dz) PolyLog <2, _b+\/——:Tb2>
a2y/—a? + b2 f2
. aetlet+fo)
- 2ib*d? PolyLog (3, —ﬁ>
a? (—a? + b2)*? f3
. aetletfz)
4ibd? PolyLog (3, - 2557 )
a2y/—a? t B2 f3
2ib3d? PolyLog (3 —M>

b+v—a?+b?
+ 3 /2
9\ 3 £3

a2 (_a‘. ) 13
_ (ctdm)? )
3.40. f (a+bsec(e+fz))? dx 43bd? POlyLOg (3’ _M)

_|_

_|_

+

btv—a2 10
2 /J 92 1 1.2 £




output

CHAPTER 3. LISTING OF INTEGRALS

270

-I*b~3* (d*x+c) "2x1n(1+axexp (I* (f*xx+e))/(b-(-a"2+b~2)~(1/2)))/a"2/(-a"2+b"2
)~ (3/2) /£+1/3*(d*x+c) ~3/a~2/d+2xb~2*d* (d*x+c) *1n (1+a*exp (I* (f*x+e)) / (b-I*(
a~2-b"2)"(1/2)))/a"2/(a~2-b"2) /£72+2%b"2*d* (d*x+c) *1n (1+a*exp (I* (f*x+e) ) /(
b+I*x(a~2-b~2)~(1/2)))/a"2/(a"2-b"2) /£72-2%I*xb~3*d"2*polylog(3,—a*exp (I* (f*
x+e))/(b-(-a"2+b"2)"(1/2)))/a~2/(-a~2+b~2) " (3/2) /£~ 3-4*I*b*d~2*polylog(3,-
axexp (Ix(fxx+e))/(b+(-a~2+b~2)~(1/2)))/a~2/£73/(-a~2+b~2) ~(1/2) -2*I*b* (d*x
+c) "2x1n(1+a*exp (I* (fxx+e))/(b+(-a"2+b"2)~(1/2)))/a~2/f/(-a~2+b~2) " (1/2)+I
*b~ 3% (d*x+c) “2*1n(1+a*exp (I* (fxx+e))/(b+(-a~2+b"2)~(1/2)))/a~2/(-a"2+b"2) "~
(3/2) /£-2*b~3*d* (d*x+c) *polylog (2, -a*exp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2)))/
a~2/(-a~2+b"2) " (3/2) /£~ 2+2*b"3*d* (d*x+c) *polylog (2, -a*exp (I* (fxx+e) )/ (b+(-
a”2+b~2)7(1/2)))/a~2/(-a"2+b~2) " (3/2) /£~2-Ixb~2* (d*x+c) "2/a"2/(a"2-b"2) /f+
2xIxb~3*d"2*polylog(3,-axexp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~
2)~(3/2) /£73+b"2x (d*x+c) "2*sin(f*x+e) /a/(a"2-b"2) /£f/ (b+a*cos (f*x+e) ) +4*xI*b
*d~2*polylog(3,-a*xexp(I*(fxx+e))/(b-(-a"2+b"2)~(1/2)))/a~2/£"3/(-a"2+b"2)"
(1/2) -2%I*b~2*d"2*polylog(2,-a*exp (I*(f*x+e))/(b-I*(a"2-b~2)~(1/2)))/a~2/(
a~2-b"2) /£~ 3+4xb*d* (d*x+c) *polylog(2,-a*exp (I*(f*x+e))/(b-(-a~2+b~2)~(1/2)
))/a~2/£72/(-a~2+b~2) "~ (1/2) -4*b*d* (d*x+c) *polylog (2, -a*exp (I* (f*x+e) )/ (b+(
-a~2+b~2)~(1/2)))/a~2/£~2/(-a~2+b~2) ~(1/2) -2*I*b~2*d"2*polylog(2,-a*exp (I*
(fxx+e))/(b+I*(a"2-b"2)"(1/2)))/a"~2/(a"2-b"2) /£~ 3+2*%I*b* (d*x+c) "2*1n(1+axe

xp(Ix(f*x+e))/(b-(-a~2+b~2)~(1/2)))/a"2/£f/(-a"~2+b~2)~(1/2)

3.40.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 11147 vs. 2(1117) = 2234.

Time = 20.08 (sec) , antiderivative size = 11147, normalized size of antiderivative = 9.98

d 2
/ (a + (EZ:(:( :_i)_ F2)? dx = Result too large to show

input | Integrate[(c + d*x)~2/(a + bxSecle + £*x])2,x]

output

g
LResult too large to show

~—

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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3.40.3 Rubi [A] (verified)

Time = 2.52 (sec) , antiderivative size = 1117, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Lumber of rules _ ¢ 15, Ryles used
integrand size

= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dz)? de
(a + bsec(e + fz))?
| 3042
/ (c+ dz)? d
(a + bcesc (e + fr+ g))2
| 4679

/ ( b(c+ds)®  2b(c+dz)? (C+dx)2>dx

a’(acos(e+ fz) +b)2 a?(acos(e+ fzr)+b) a?

| 2009
. 2 i(et+fz) g 3 . 2 ilet+fz) g 3
_z(c—i—dm) log (lf_\/ﬁ + 1) b N i(c+ dz)*log <m + 1) b ~
a2 (b2 — a2)*? f a2 (b2 — a?)*? f

2d(c + dz) PolyLog (2 - baei;‘ﬂ) b¥®  2d(c+ dz) PolyLog (2, —ﬁ:}%) b3
n _

a2 (b2 — a2)3/2 £2 a2 (b2 — a2)3/2 £2

. aei(e fz) . aei(e fz)
2id? PolyLog (3, _b—\/ﬁ) b3 2id? PolyLog (3, _Wﬁ) b3 i(c + dz)2b?

a2 (b2 — a2)*/? #3 a2 (b2 — a2)*/? f3 Ca2(a2 -2 f
i(e+fx) i(et+fzx)
m@+mm%(;mﬂ$+4yﬂ+m@+mn%Q;ﬁL;+Qw_
a2 (a2 _ b2) f2 (12 ((12 _ b2) f2

a2 (a2 — b2) f3 - a2 (a2 — b2) f3
. ei(e+fz)a
(c+ dx)?sin(e + fz)b? N 2i(c + dz)?log (b—\/ﬁ + 1) b ~
a(a? = 1?) f(b+ acos(e + fz)) VP — a2 f

2i(c + dz)* log (% + 1) b 4d(c+ dz)PolyLog (2, —;‘j}%) b
+ —

VB — a2f VB — a2

4d(c + dz) PolyLog (2, —ﬂ%) b 4id? PolyLog (3, _ﬁ}%) b

AV = f? | VP = f3
4id? PolyLog (3, —M> b (c+ dz)3

+

b+vb2—a? 4
a?v/b? —a? f3 3a2d

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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input‘ Int[(c + d*x)"2/(a + bxSec[e + f*x])~2,x]

output

((-I)*b"2*(c + d*x)"2)/(a"2%(a"2 - b~2)*f) + (c + d*x)~3/(3*a"2xd) + (2%b~
2xd*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b - IxSqrt[a~2 - b~2])])/(a~2*(
a"2 - b72)*£72) + (2%b~2*d*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b + I*Sq
rt[a”2 - b72]1)])/(a"2*%(a"2 - b~2)*£72) - (I*b~3*(c + d*x) 2*Logl[l + (a*E~(
Ix(e + £*x)))/(b - Sqrt[-a”2 + b~2]1)]1)/(a"2%(-a"2 + b~2)7(3/2)*f) + ((2*I)
*b*(c + d*x)"2xLog[1l + (a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2]1)]1)/(a~2*S
grt[-a”2 + b™2]*f) + (I*b~3*(c + d*x)~2xLog[l + (a*E~(I*(e + f*x)))/(b + S
grt[-a”2 + b72])])/(a"2x(-a"2 + b~2)7(3/2)*f) - ((2*I)*b*(c + d*x) 2+Log[1
+ (a*E~(Ix(e + f*x)))/(b + Sqrt[-a~2 + b~2]1)])/(a~2*Sqrt[-a~2 + b~2]*f) -
((2%I)*b~2xd~2*PolyLog[2, -((a*E~(I*(e + £*x)))/(b - I*Sqrt[a~2 - b~2]))]
)/ (@ 2%(a"2 - b~2)*£73) - ((2*I)*b~2xd"2+PolyLog[2, -((a*xE~(I*(e + f*x)))/
(b + I*Sqrt[a”2 - b72]))])/(a"2*(a"2 - b~"2)*£73) - (2*b~3*d*(c + d+*x)*Poly
Logl[2, -((a*E~(I*(e + £*x)))/(b - Sqrt[-a"2 + b~2]))])/(a"2*(-a"2 + b~2)~(
3/2)*£72) + (4*b*d*(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a
"2 + b72]1))]1)/(a"2%Sqrt[-a~2 + b~2]*f72) + (2xb~3*d*(c + d*x)*PolyLogl[2, -
((a*E~(I*(e + £*x)))/(b + Sgrt[-a”2 + b~2]))1)/(a"2*(-a"2 + b~2)"(3/2)*f"2
) - (4*bxd*(c + d*x)*PolyLog[2, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a~2 + b~2
D)1 /(@ 2#sqrt[-a”2 + b"2]*£72) - ((2*I)*b~3*d"2*PolyLog[3, -((axE~(I*(e
+ £*x)))/(b - Sart[-a”2 + b~2]))]1)/(a"2x(-a"2 + b~2)"(3/2)*£73) + ((4*I)*b
*d~2*%PolyLog[3, -((a*xE~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]))])/(a"2*Sq...

3.40.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4679

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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3.40.4 Maple [F]

(dz + c)®
(a—kbsec(fx—%e)f

dz

input’int((d*x+c)“2/(a+b*sec(f*x+e))‘2,x)

output Lint ((d*x+c) "2/ (atbxsec (f*x+e))~2,x)

~—

3.40.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 4274 vs. 2(991) = 1982.

Time = 0.64 (sec) , antiderivative size = 4274, normalized size of antiderivative = 3.83

c+dz)? '
/ (a+ Ifsec(e _?_ 1)) dz = Too large to display

input  integrate((d*x+c)~2/(at+b*sec(f*x+e))~2,x, algorithm="fricas")

output

1/6%(2*%(a"4*b - 2*a~2%b~3 + b75)*d"2*f"3*x"3 + 6%(a”4*b - 2*%a~2*b"3 + b~5)
*xckd*f~3%x"2 + 6%(a"4*b - 2%a"2%b"3 + b"5)*cT2*f"3xx - 6% (I*(2*xa"4*b - a2
*b~3)*d"2*cos(f*x + e) + I*(2%a"3*b~2 - a*xb~4)*d~2)*sqrt(-(a"2 - b~2)/a"2)
*polylog(3, —-(b*cos(f*x + e) + I*bxsin(f*x + e) + (axcos(f*x + e) + I*a*si
n(f*x + e))*sqrt(-(a”2 - b"2)/a"2))/a) - 6*%(-Ix(2*a~4*b - a~2%b~3)*d”2*cos
(f*x + e) - Ix(2%a~3%b"2 - a*b”4)*d"2)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -
(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f*x + e) + I*a*sin(f*x + e))*s
grt(-(a”2 - b"2)/a"2))/a) - 6*%(-I*(2*a"4xb - a~2*xb~3)*d"2*cos(f*x + e) - I
*(2*a~3*b"2 - a*b~4)*d"2)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(bxcos(f*x +
e) - Ixb*sin(f*x + e) + (axcos(f*x + e) - Ixaxsin(f*x + e))*sqrt(-(a”2 - b
"2)/a”2))/a) - 6*%(Ix(2*a"4*b - a~2*%b~3)*d"2*cos(f*x + e) + I*(2*a"3*b~2 -
axb~4)*d"2)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x + e) - Ix*bxsin(f
*x + e) — (axcos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2))/a) +
2x((a”h - 2*a”3%b”2 + a*b”4)*d"2*f73*x"3 + 3*(a”5 - 2*a~3*%b”2 + axb”4)*cx
d*£73*%x"2 + 3%(a”5 - 2%a”3%b"2 + a*b”4)*c"2*f73*x)*cos(f*x + e) - 6% (I*x(a”
3%b~2 - a*b~4)*d"2*cos(f*x + e) + I*(a"2*%b”3 - b"5)*d"2 + ((2%a~3%b~2 - ax
b~4)*d"2xf*x + (2%a~3%b"2 - a*b~4)*cxd*f + ((2%a"4xb - a"2xb~3)*d"2*f*x +
(2*a"4%b - a~2*%b"3)*c*d*f)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*dilog(-(b
*xcos(f*x + e) + I*b*sin(f*x + e) + (a*cos(f*x + e) + I*a*xsin(f*x + e))*sqr
t(-(a”2 - b72)/a"2) + a)/a + 1) - 6x(I*(a"3%b"2 - a*b~4)*d"2*cos(f*x + ...

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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3.40.6 Sympy [F]

(c+dx) B (c+dx) .
/ (a + bsec(e + fx))? de = / (a + bsec (e + fz))? d

inputLintegrate((d*x+c)**2/(a+b*sec(f*x+e))**2,x)

output‘Integral((c + dxx)**2/(a + bxsec(e + f*xx))**2, x)

3.40.7 Maxima [F(-2)]

Exception generated.

(c+ dz)?
(a + bsec(e + fx))?

dx = Exception raised: ValueError

inputLintegrate((d*x+c)“2/(a+b*sec(f*x+e))”2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%b"2>0)', see “assume?  f
‘or more de

3.40.8 Giac [F]

/ (c + dx)? (dz + ¢)* i
(a + bsec(e + fx))? (bsec (fz +e) + a)?

inputLintegrate((d*x+c)“2/(a+b*sec(f*x+e))“2,x, algorithm="giac")

outputtintegrate((d*x + c)"2/(bxsec(f*x + e) + a)~2, x)

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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3.40.9 Mupad [F(-1)]

Timed out.

(c+dz)? B
/ (a + bSGC(e + ffL'))z dr = Ha,nged

input Lint((c + d*x)~2/(a + b/cos(e + f*x))~2,x)

output L\text{Ha.nged}

_ (ctdm)?
3.40. f (a+bsec(e+fz))2 dz
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341 [ petiopde

a+bsec(e+fx))
3.41.1 Optimalresult . . .. . ... .. . .. ... e 276
3.41.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... ...
3.41.3 Rubi [A] (verified) . . . . . . . . . . .. 278
3.41.4 Maple [B] (verified) . . . ... ... ... 20
3.41.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... ... .... 28Tl
3.41.6 Sympy [F] . . . . . 28T]
3.41.7 Maxima [F(-2)] . . . . . . .
3.41.8 Giac [F] . . . . . o
3.41.9 Mupad [F(-1)] . . . . o o 282

3.41.1 Optimal result

Integrand size = 18, antiderivative size = 582

c+dx (c + dz)? ib%(c + dzx) log (1 + b_“f/(_e—gii)b?)
(a + bsec(e+ fz))? YT a2 a2 (—a2 + b2)*/% f
2ib(c + dz) log (1 + %)
T evawy
. ib3(c + dz) log (1 + ﬁ%)

a2 (—a2 + 02" f

) aei(e-ﬁ-fz)
- 2ib(c + dz) log (1 + m)

G,Q\/T_l_b?f
aei(€+fm)
b*dlog(b+ acos(e + fz)) bd PolyLog (2’ _ﬁ)
a? (a2 — b2) f2 a? (—a? + b2)3/2 72

2bd PolyLog (2’ __geiletfa) >

a2‘ /_a2 + b2f2

aetletfz)
b3d POIYLOg (2, _IH-\/——T-H)Z)

a2 (_a2 + b2)3/2 f2
2bd PolyLog (2, __aeiletfo) )

+

_|_

b+v/—a?+52
a7 ¥ PP
b%(c + dz)sin(e + fx)
a(a? —b?) f(b+ acos(e + fx))

ctdx
3L | Grpecterrar 9



CHAPTER 3. LISTING OF INTEGRALS 277

output | 1/2*(d*x+c)~2/a~2/d+b~2*d*1n(b+a*cos (f*x+e))/a~2/(a~2-b"2) /£~2-I*b~3* (d*x+
c)*1n(1+a*xexp (I* (£xx+e))/(b-(-a~2+b"2)~(1/2)))/a"2/(-a~2+b"2) " (3/2) /£+I*b~
3x(d*x+c)*1n(1+axexp (I* (f*x+e))/(b+(-a~2+b~"2)"(1/2)))/a~2/(-a"2+b"2)~(3/2)
/f-b~3*d*polylog(2,-a*exp(I*(f*x+e))/(b-(-a"2+b"2)~(1/2)))/a~2/(-a"2+b"2)"
(3/2) /£72+b~3*d*polylog(2,-a*exp(I*(f*x+e))/(b+(-a"2+b~2)~(1/2)))/a~2/(-a"
2+b72) ~(3/2) /£72+b"2* (d*x+c) *sin(f*x+e) /a/(a"2-b"2) /f/ (b+a*cos (f*x+e) ) +2*I
*b* (d*x+c) *1n (1+a*xexp (I* (fxx+e) )/ (b-(-a~2+b"2)~(1/2)))/a~2/f/(-a~2+b~2)~ (1
/2)-2xIxb* (d*x+c) *1n(1+a*exp (I*(f*x+e))/(b+(-a"2+b~2)"(1/2)))/a"2/£f/(-a"~2+
b~2) ~(1/2)+2*b*d*polylog(2,-a*exp (I*(f*x+e))/(b-(-a~2+b~2)~(1/2)))/a~2/£"2
/(-a~2+b~2) " (1/2)-2*%b*d*polylog(2,-a*exp (I* (fxx+e))/(b+(-a~2+b~2)~(1/2)))/
a~2/f72/(-a"2+b"2)~(1/2)

3.41.2 Mathematica [A] (warning: unable to verify)

Time = 11.64 (sec) , antiderivative size = 1037, normalized size of antiderivative = 1.78

c+dz
(a + bsec(e + fx))?
_ (e+ fr)(—2de+2cf + d(e+ fx))(b+ acos(e + fr))?sec?(e + fx)
N 2a2f2(a + bsec(e + fx))?
(b+ acos(e + fz))sec(e + fx) (b?desin(e + fx) — b’cf sin(e + fz) — b?d(e + fx)sin(e + fz))
+ a(—a+b)(@+0)f2(a + bsec(e + f7))?

dx

9 2 ;92 \/Htan(%(e-kfx))
(2a2—b?) (de—cf) arctan ——
beos? (3(e+ fz)) (b+acos(e + fz)) | — — — bdlog (sec? (3(e + fa
+
inputLIntegrate[(c + d*x)/(a + b*Secl[e + f*x])~2,x] J

ctdx
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output | ((e + f*x)*(-2xd*e + 2xc*f + dk(e + f*x))*(b + a*xCos[e + f*x]) 2+Secl[e + f
*x]72) /(2*a~2*f"2*%(a + b*Sec[e + f*x])~2) + ((b + a*Cos[e + f*x])*Sec[e +
f*xx] “2*(b"2*d*e*Sin[e + f*xx] - b 2*c*f*Sin[e + f*x] - b~2xd*(e + f*x)*Sin[
e + f*x]))/(a*x(-a + b)*x(a + b)*f"2x(a + bxSec[e + f*x])~2) + (b*Cos[(e + £
xx) /2] "2x (b + axCos[e + f*x])*((-2*x(2*xa"2 - b~2)*(d*e - c*f)*ArcTan[(Sqrt[
a - b]*Tan[(e + f*x)/2])/Sqrt[-a - b]])/(Sqrt[-a - bl*Sqrt[a - b]) - b*d*L
oglSec[(e + f*x)/2]72] + b*d*Log[-((b + a*Cos[e + f*x])*Sec[(e + f*x)/2]"2
)1 - (Ix(2*a~2 - b~2)*d*(Log[1 + I*Tan[(e + f*x)/2]]*Log[(I*(Sqrt[a + b] -
Sqrt[a - bl*Tan[(e + f*x)/2]1))/(Sqrt[a - bl + IxSqrtla + bl)] - Logll - I
xTan[(e + f*x)/2]]*Logl[(Sqrt[a + b] - Sqrt[a - bl*Tan[(e + f*x)/2])/(I*Sqr
t[a - b] + Sqrt[a + bl)] + Log[l - I*Tan[(e + fx*x)/2]]*Log[(I*(Sqrt[a + b]
+ Sqrt[a - bl*Tan[(e + £*x)/2]))/(Sqrtla - b] + I*Sqrt[a + b])] - Logll +
I*Tan[(e + f#*x)/2]]*Log[(Sqrt[a + b] + Sqrtl[a - bl*Tan[(e + f*x)/2])/(I*S
grt[a - b] + Sqrt[a + b])] - PolyLogl[2, (Sqrtl[a - b]l*(1 - I*Tan[(e + f*x)/
2]1))/(Sqrt[a - b] - I*Sqrtl[a + b]l)] + PolyLog[2, (Sqrtla - bl*(1 - I*Tan[(
e + £xx)/2]1))/(Sqrt[a - bl + IxSqrt[a + b])] - PolyLogl[2, (Sqrtl[a - blx*(1
+ I*Tan[(e + f*x)/2]))/(Sqrt[a - b] - IxSqrt[a + b])] + PolyLogl[2, (Sqrtl[a
- bl*(1 + IxTan[(e + £*x)/2]))/(Sqrtla - b] + IxSqrt[a + b])]))/(Sqrtla -
bl*Sqrt[a + bl))*Sec[e + f*x]~2x((2*xa"2 - b~2)*(c*xf + dxf*x) + a*b*d*Sin[
e + f*xx])*(Sqrt[a + b] - Sqrt[a - bl*Tan[(e + £*x)/2])*(Sqrt[a + b] + S...

3.41.3 Rubi [A] (verified)

Time = 1.42 (sec) , antiderivative size = 582, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.167, Rules used

' integrand size
= {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

c+dzx
(a+ bsec(e + fx))?

l 3042

dz

c+dz
L/‘ - 5dT
(a+besc(e+ fz+7%))

| 4679
b?(c + dz) 2b(c + dx) c+dz p
/ (aQ(acos(e + fz)+b)2  a2(acos(e + fz) +b) T ) v

l 2009

ctdx
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2ib(c + dr) log (1+ 2572} 2ib(c + da)log (1+ S5

- +
a?fv/b? — a? a?fv/b? — a?
i(e+fx) i(e+fx)
(et dr)sin(e + fr) 2bd PolyLog (2, — e m) 2bd PolyLog (2, e m)
af (@ = V) (acos(e + f2) + ) YN g YN e
. i(e+fz) . i(e+fx)
b2dlog(acos(e + fz) + b) ib3(c + dz) log (1 + ba_em) ib3(c + dz) log (1 + \%2—71124-(;)
2£2 (g2 _ 12 - 3/2 + 3/2 -
a’f?(a ) a2f (b2 — a?) a2f (b2 — a?)
i(e+fx) i(e+fzx)
b3d PolyLog (2, —b“_e\/m> b3d PolyLog (2, —b‘f\/m> (c+ dz)?
aZf2 (b2 — a2)%/? aZf2 (b2 — q2)%/2 2a%d

-

input LInt[(c + d*x)/(a + bxSec[e + f*x])"2,x]

| —

output | (c + d*x)~2/(2*a~2*d) - (I*b~3*(c + d*x)*Logl[l + (a*E~(I*(e + £*x)))/(b -
Sqrt[-a”2 + b72])])/(a"2*%(-a"2 + b~2)"(3/2)*f) + ((2*I)*bx(c + d*x)*Logl[1
+ (a*E~(Ix(e + £*x)))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*f) +

(I¥b~3*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2])])/(a"2
x(-a”2 + b72)7(3/2)*f) - ((2*I)*b*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b
+ Sgrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a”~2 + b~2]*f) + (b~2*d*Log[b + axCos[e +
£*x]11)/(a”2*%(a”2 - b2)*f"2) - (b~3*d*PolyLog[2, -((a*xE~(Ix(e + £*x)))/(b
- Sqrt[-a”2 + b72]1))]1)/(a"2*(-a"2 + b~2)~(3/2)*£"2) + (2xb*d*PolyLogl[2, -
((a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a~2#Sqrt[-a~2 + b~2]*f"2)
+ (b~3*d*PolyLog[2, -((a*E~(I*(e + £*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a~2*(
-a"2 + b~2)"(3/2)*£72) - (2xb*d*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt
[-a”2 + b72]))]1)/(a"2*Sqrt[-a~2 + b~2]*£72) + (b"2*(c + d*x)*Sin[e + f*xx])
/(ax(a”2 - b"2)*f*(b + axCos[e + f*x]))

3.41.3.1 Defintions of rubi rules used

-

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (£_.)*(x )1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

ctdx
3L | Grpecterrar 9
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3.41.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1288 vs. 2(528) = 1056.

Time = 0.64 (sec) , antiderivative size = 1289, normalized size of antiderivative = 2.21

method | result size

risch Expression too large to display | 1289

-

inputLint((d*x+c)/(a+b*sec(f*x+e))“2,x,method=_RETURNVERBOSE)

output

| —

1/2/a"2xd*x"2+1/a~2*%x*xc+2xI/f/(a~2-b"2) *b*d/ (-a~2+b~2) ~(1/2) #*1n((-a*exp (I*
(f*x+e))+(-a"2+b"2) " (1/2)-b)/ (-b+(-a"2+b"2) " (1/2) ) ) *x-4*I/£72/(a"2-b"2) " (3
/2)*bxd*e*xarctan (1/2* (2xaxexp (I* (f*x+e))+2%b)/(a~2-b"2)~(1/2))+1/£"2/(a~2-
b~2) /a~2*b~3*d/ (-a~2+b~2) ~(1/2) *dilog((a*exp (I* (f*x+e) ) +(-a~2+b"2) " (1/2)+b
)/ (b+(-a~2+b~2)~(1/2)))-2/£"2/(a"2-b~2) *b*d/ (-a~2+b"2) ~(1/2) *dilog((a*exp(
Ix(f*xx+e))+(-a"2+b~2) " (1/2)+b) / (b+(-a~2+b"2) " (1/2)))+2/£72/(a"2-b"2) *¥b*d/ (
-a”~2+b~2) " (1/2) *dilog((-a*exp (I*(f*x+e))+(-a~2+b~2)~(1/2)-b)/(-b+(-a"~2+b~2
)"(1/2)))-1/£72/(a"2-b"2) /a~2*b~3*d/ (-a~2+b~2) ~(1/2) *dilog ((-axexp (I* (f*x+
e))+(-a"2+b"2) " (1/2)-b) / (-b+(-a~2+b"2) " (1/2)))-2*I/£72/ (a"2-b"2) ¥b*d/ (-a~2
+b~2) ~(1/2) *1n((axexp (I* (f*x+e) ) +(-a~2+b~2) " (1/2)+b) / (b+(-a"2+b"2) " (1/2)))
xe-I/f/(a"2-b"2)/a~2*b~3*d/(-a~2+b~2) ~(1/2) #*1n((-a*exp (I* (f*x+e) ) +(-a~2+b~
2)~(1/2)-b)/ (-b+(-a~2+b~2) ~(1/2)) ) #x+2*I*b~2* (d*x+c) * (exp (I* (f*x+e) ) ¥b+a) /
a~2/(a~2-b~2) /£/ (exp (2*I* (f*x+e) ) *a+2*xexp (I* (fxx+e))*¥b+a)-I/£"2/(a~2-b"2)/
a~2*b~3*d/ (-a~2+b~2) ~(1/2) *1n((-a*exp (I* (f*x+e) )+(-a~2+b~2) ~(1/2)-b) / (-b+(
-a~2+b~2)"(1/2)))*e+2*I/£°2/(a"~2-b"2) " (3/2) /a~2*b~3*d*e*arctan (1/2* (2*xaxex
p(I*(f*xx+e))+2*b) /(a~2-b"2) ~(1/2))+2*I/£~2/(a"~2-b"2) *bxd/ (-a~2+b~2) ~(1/2) *
1n((-a*xexp (I*(f*xx+e))+(-a~2+b~2)~(1/2)-b)/(-b+(-a"2+b~2) " (1/2))) *e+4xI/£/(
a~2-b"2) " (3/2) ¥*b*c*arctan(1/2* (2*a*exp (I* (f*x+e))+2xb)/(a~2-b~2) " (1/2)) -2/
£72/(a"2-b"2) /a"2*b~2*d*1n (exp (I* (£*x+e)))+1/£72/(a"2-b"2) /a~2+b"2*d*1n (ex
p(2*xI* (f*xx+e))*a+2xexp(I* (f*x+e))*b+a)+I/f/(a"2-b"2)/a~2*%b~3*%d/(-a"2+b"...

ctdx
3L | Grpecterrar 9



CHAPTER 3. LISTING OF INTEGRALS 281

3.41.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2080 vs. 2(520) = 1040.

Time = 0.49 (sec) , antiderivative size = 2080, normalized size of antiderivative = 3.57

c+dx
=Tool to displ
/ (a + bsec(e + fz))? dz = Too large to display

input‘integrate((d*x+c)/(a+b*sec(f*x+e))”2,x, algorithm="fricas")

output | 1/2%((a~4*b - 2%a~2xb~3 + b~5)*xd*f"2*x"2 + 2*x(a"4*b - 2*%a~2%b~3 + b~5) *c*f
~2*%x - ((2#a”4%b - a"2xb"3)*dxcos(f*x + e) + (2#a"3*b”2 - axb”4)*d)*sqrt(-
(2”2 - b72)/a"2)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) + (axcos(f*x +
e) + Ikxaxsin(f*x + e))#*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + ((2*¥a"4xb - a~
2xb~3) *d*xcos(f*x + e) + (2¥a"3*b"2 - axb~4)*d)*sqrt(-(a”2 - b"2)/a"2)*dilo
g(-(b*cos(f*x + e) + Ixb*sin(f*x + e) - (a*cos(f*x + e) + I*axsin(f*x + e)
)xsqrt(-(a”2 - b72)/a"2) + a)/a + 1) - ((2*%a"4*b - a~2xb~3)*d*cos(f*x + e)
+ (2%a”3*b"2 - axb~4)*d)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) -
Ixbxsin(f*x + e) + (axcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a”2 - b~2)/a
72) + a)/a + 1) + ((2%¥a”4xb - a”2*%b~3)*dxcos(f*x + e) + (2*a”3*%b"2 - a*b”4
Y*d)*sqrt(-(a”2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) - Ixbxsin(f*x + e) - (a
xcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + (-I
*(2%a~3%b"2 - a*b”4)*dxfxx - I*(2*%a~3*%b"2 - a*b~4)*d*e + (-I*(2*xa"4*b - a”
2xb~3) *d*xf*x - I*(2*a~4*b - a~2%b~3)*d*e)*cos(f*x + e))*sqrt(-(a”2 - b~2)/
a~2)*log((bxcos(f*x + e) + I*b*sin(f*x + e) + (axcos(f*x + e) + I*a*sin(f*
x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a) + (I*(2*a"3*¥b"2 - axb~4)xd*f*x + Ix
(2%xa~3*b~2 - axb~4)*d*e + (I*(2*a~4*b - a~2*b~3)*d*f*x + I*(2*xa~4*b - a~2x%
b~3)*d*e) *cos (f*x + e))*sqrt(-(a~2 - b~2)/a"~2)*log((b*cos(f*x + e) + Ixb*s
in(f*x + e) - (a*cos(f*x + e) + I*a*sin(f*x + e))*sqrt(-(a~2 - b~2)/a"2) +
a)/a) + (Ix(2%a"3*b~2 - axb~4)*d*f*x + I*x(2*¥a~3*b"2 - axb~4)x*dxe + (Ix*...

3.41.6 Sympy [F]

c+dz _ c+dzx
/ (a + bsec(e + fx))? de = / (a +bsec (e + fz))? d

input‘integrate((d*x+c)/(a+b*sec(f*X+e))**2,X)

ctdx
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output LIntegral((c + d*x)/(a + bksec(e + f*x))**2, x)

3.41.7 Maxima [F(-2)]

Exception generated.

c+dx
(a + bsec(e + fx))?

dx = Exception raised: ValueError

inputtintegrate((d*x+c)/(a+b*sec(f*x+e))“2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*xb~2>0)', see ~assume?  f
‘or more de

3.41.8 Giac [F]

c+dz _ dz +c
/ (a + bsec(e + fz))? do = / (bsec (fz + €) + a)’ d

inputLintegrate((d*x+c)/(a+b*sec(f*x+e))‘2,x, algorithm="giac")

outputtintegrate((d*x + c)/(bxsec(f*x + e) + a)”2, x)

3.41.9 Mupad [F(-1)]

Timed out.

c+dz
/ (a + bsecle + f2))? dz = Hanged

input Lint((c + d*x)/(a + b/cos(e + f*x))~2,x)

outputt\text{Hanged}

ctdx
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3.42

3.42.1
3.42.2
3.42.3
3.42.4
3.42.5
3.42.6
3.42.7
3.42.8
3.42.9

Optimal result

1

f (c+dz)(

Mathematica [N/A]

Rubi [N/A]

Maple [N/A] (verified)
Fricas [N/A]
Sympy [N/A]
JA] .

Al o

Maxima [N
Giac [N/A]
Mupad [N/

3.42.1 Optimal result

a+bsec(e+fx))

Integrand size = 20, antiderivative size = 20

1

(c+dz)(a+ bsec(e + fx))?

dr = Int(

1 x)
(c+dz)(a+ bsec(e + fx))?’

2851
284
2301
230
289)
280
280
237}

output ‘ Unintegrable(1/(d*x+c)/(atb*sec(f*x+e))~2,x)

3.42.2 Mathematica [N/A]

Not integrable

Time = 22.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

(c+dzx)(a+ bsec(e + fz))? de = / (c+dz)(a+

bsec(e + fx))? dz

inputLIntegrate[l/((c + d*x)*(a + b*Sec[e + £*x])"2),x]

~—

-

output LIntegrate [1/((c + d*x)*(a + b*Sec[e + f*x])~2), x]

~—

3.42.

1

f (c+dz)(a+

bsec(e+fz))?

dz
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3.42.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
(c+dz)(a+ bsec(e + fz))

l.3042

2dm

/ 1 5dx
(c+dz) (a+besc(e+ fr+ %))
| 4681

1 d
/ (c+dz)(a + bsec(e + fz))? v

input | Int[1/((c + d*x)*(a + bxSec[e + fxx])~2),x]

output L$Aborted

rule 3042

rule 4681

3.42.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
3.42. f (c+dz)(a+bsec(e+fx))? dx
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3.42.4 Maple [N/A] (verified)

Not integrable

Time = 0.49 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz + c) (a + bsec (fz +e))?

input Lint (1/(d*x+c)/ (a+bxsec(f*x+e))~2,x)

output tint (1/(d*x+c)/ (a+bxsec (f*x+e))~2,x)

3.42.5 Fricas [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1 1
/ (c+dz)(a+ bsec(e + fx))? do = / (dz + c)(bsec (fz + €) + a)® d

inputLintegrate(1/(d*x+c)/(a+b*sec(f*x+e))‘2,x, algorithm="fricas")

Output‘ integral(1/(a"2#d*x + a"2*c + (b"2xd*x + b~2xc)*sec(f*x + e)~2 + 2x(axb*dx
‘x + axbkc)*sec(f*x + e)), x)

3.42.6 Sympy [N/A]
Not integrable

Time = 1.92 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+ dz)(a+ bsec(e + fx))? dr = / (a+bsec (e + fz))? (c + dz) de

inputkintegrate(1/(d*x+c)/(a+b*sec(f*x+e))**2,x)

output LIntegral(i/((a + bksec(e + f*x))**2*(c + d*x)), x)

1
3.42. f (ct+dzx)(a+bsec(e+fx))? dz
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3.42.7 Maxima [N/A]

Not integrable

Time = 13.54 (sec) , antiderivative size = 2279, normalized size of antiderivative = 113.95

1

1
/ (c+dz)(a + bsec(e + fx))? do = / (dz + c)(bsec (fz +e) +a)? d

-

inputLintegrate(1/(d*x+c)/(a+b*sec(f*x+e))‘2,x, algorithm="maxima")

output | (2*xa*xb~3*d*sin(f*x + e) + ((a”4 - a~2xb~2)*d*xf*x + (a"4 - a~2%b~2)*c*xf)*co
s(2xfxx + 2%e) "2*log(d*x + c) + 4%((a”2*%b”2 - b~4)*dxf*x + (a"2*%b~2 - b~4)
*xckxf)*cos(f*x + e) 2xlog(d*x + c) + ((a”4 - a™2xb~2)*d*f*x + (a”4 - a~2*b~
2)*c*f)*log(d*x + c)*sin(2xf*x + 2%e)”2 + 4x((a™2%b"2 - b~4)*xd*f*x + (a~2%
b~2 - b~4)*cxf)*log(d*x + c)*sin(f*x + e)~2 + 4*((a~3*b - a*b~3)*d*f*x + (
a~3xb - a*b~3)*cxf)*cos(f*x + e)xlog(d*x + c) - 2*(axb”3*d*sin(f*x + e) -

2x((a~3%b - a*b~3)*d*f*x + (a"3*b - a*b”~3)*c*f)*cos(f*x + e)*log(d*x + c)

- ((a"4 - a"2*b"2)*d*f*x + (a"4 - a~2*b~2)*c*f)*log(d*x + c))*cos(2xf*x +

2%e) - ((a"6 - a~4xb~2)*d"2xf*x + (a”6 - a~4*b~2)*cxd*f + ((a~6 - a~4*xb~2)
*d"2*+f*xx + (2”6 - a~4*xb"2)*ckd*f)*cos(2xf*x + 2*e) 2 + 4*((a"4%b~2 - a~2*b
~4)*q"2xfkx + (2a74%b72 - a~2*b"4)*ckd*f)*cos(fxx + e)”2 + ((a”6 - a"4%b”2)
*d"2xfxx + (2”6 - a~4*b"2)*xcxd*f)*sin(2xf*xx + 2xe)”2 + 4*x((a”b*b - a”~3%b"3
)*¥d"2xf*x + (a"5*b - a~3*b”~3)*c*d*f)*sin(2xfxx + 2xe)*sin(f*x + e) + 4x((a
~4%xb~2 - a”2*b"4)*d"2*f*x + (a"4*%b”"2 - a~2*b~4)*ckd*f)*sin(fkx + e)”2 + 2%
((a”6 - a~4xb~2)*d~2+f*x + (a~6 - a~4*b~2)*cxd*f + 2x((a~5*b - a~3%b~3)*d~
2+%fxx + (a~5*b - a”~3*b~3)*ckd*f)*cos(f*x + e))*cos(2*fxx + 2xe) + 4x((a~5b*
b - a”3*b"3)*d"2*f*x + (a~5*%b - a~3%b”3)*ckd*f)*cos(f*x + e))*integrate(-2
*(axb~3xdxsin(f*x + e) - 2% ((2*¥a"2*xb"2 — b"4)*d*f*x + (2%a~2%b"2 - b~4)*c*
f)*cos(f*x + e)72 - 2x((2*%a"2*b"2 — b~4)*d*f*x + (2*%a~2*xb"2 — b~4)*c*f)*si
n(fxx + e)”2 - (a*b"3*d*sin(f*x + e) + ((2*%a"3%b - a*b~3)*d*xfxx + (2*a™...

3.42.8 Giac [N/A]

Not integrable

Time = 0.51 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a + bsec(e + fx))? de = / (dz + ¢)(bsec (fz + €) + a)? d

1
3.42. f (c+dz)(a+bsec(e+fx))? dx

- J
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inputLintegrate(1/(d*x+c)/(a+b*sec(f*x+e))”2,x, algorithm="giac")

outputtintegrate(l/((d*x + c)x(bxsec(f*x + e) + a)72), x)

3.42.9 Mupad [N/A]

Not integrable

Time = 16.84 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

dz

/(+d)( +; (+f))2dx:/ RE
¢+ dz)(a + bsec(e + fz (“er) (c+dx)

input tint(l/((a + b/cos(e + f*x)) 2x(c + d*x)),x)

output Lint(l/((a + b/cos(e + f*x))"2x(c + d*x)), x)

1
3.42. f (c+dz)(a+bsec(e+fz))2 dz
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1

3.43 J (Crdn X athsecier )2 OF

3.43.1 Optimalresult . . . . . . .. . ... . 288]
3.43.2 Mathematica [N/A] . . . .. .. ..
3433 Rubi [N/A] « . o o oo oo 280
3.43.4 Maple [N/A] (verified) . . . . . . . ... .. 290
3.43.5 Fricas [N/A] . . . . . 290
3.43.6 Sympy [N/A] . . . . 2901
3.43.7 Maxima [N/A] . . . . . . . 291]
343.8 Giac [N/A] . . . . o e 291]
3.43.9 Mupad [N/A] . . . . o 292

3.43.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+ dzx)?(a + bsec(e + fx))?

(c+ dz)%(a + bsec(e + fx))?’ :c)

dr = Int(

output Unintegrable(1/(d*x+c) 2/ (at+bxsec(fxx+e))2,x)

3.43.2 Mathematica [N/A]

Not integrable

Time = 41.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dx)%(a+ bsec(e + fz))? de = / (c+ dx)%(a+ bsec(e + fz))

2dw

inputLIntegrate[l/((c + d*x)~2%(a + b*Sec[e + £*x]1)~2),x]

~—

-

output LIntegrate [1/((c + d*x)"2x(a + bxSecle + f*x])72), x]

~—

3.43. dz

1
f (c+dz)2 (a+bsec(e+fz))?
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3.43.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
(c+ dz)?(a + bsec(e + fx))

l.3042

de

/ 1 5dx
(c+dz)? (a+besc(e+ fz+ 7))
| 4681

1 d
/kc+dﬂ%a+bwde+f@ﬁ v

input‘ Int[1/((c + d*x)"2x(a + bxSec[e + f*x])~2),x]

output L$Aborted

rule 3042

rule 4681

3.43.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

dz

1
3.43. f (c+dz)2(a+bsec(e+fx))2
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3.43.4 Maple [N/A] (verified)

Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1
(dz + c)® (a + bsec (fz +¢e))?

dz

input Lint (1/ (d*x+c) "2/ (at+b*sec(f*x+e) ) "2,x)

output Lint (1/(d*x+c) "2/ (a+b*sec (f*x+e)) ~2,x)

3.43.5 Fricas [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1
(c+dz)*(a+ bsec(e + fx))? do = / (dz + ¢)*(bsec (fz + €) + a)? e

inputLintegrate(l/(d*x+c)“2/(a+b*sec(f*x+e))‘2,x, algorithm="fricas")

output‘integral(l/(a‘Q*d“2*x‘2 + 2%a"2xckdkx + a”2%xc”2 + (bT2%d"2*x”2 + 2¥b~2%c*d
‘*x + b"2xc"2)*sec(f*x + e)~2 + 2% (axb*d~2*x"2 + 2*axbxckd*x + a*b*c~2)*sec
‘(f*x +e)), x)

3.43.6 Sympy [N/A]

Not integrable

Time = 7.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
(c+ dz)?(a + bsec(e + fx))? do = / (a + bsec (e + fz))* (c + dz)® d

input Lintegrate (1/(d*x+c) **2/ (at+b*sec (fxx+e) ) ¥*2,x)

—

output LIntegral(l/((a + bksec(e + f*x))*x2%(c + dxx)**2), x)

dz

1
3.43. f (c+dz)2(a+bsec(e+fx))2
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3.43.7 Maxima [N/A]

Not integrable

Time = 39.39 (sec) , antiderivative size = 2918, normalized size of antiderivative = 145.90

1 1
(c+ dz)%(a + bsec(e + fx))? do = / (dz + ¢)?(bsec (fz + €) + a)? de

inputLintegrate(l/(d*x+c)‘2/(a+b*sec(f*x+e))‘2,x, algorithm="maxima")

output

- J

(2*xaxb~3*d*sin(f*x + e) - (a”4 - a~2*xb"2)*d*xf*x - (a4 - a~2*b~2)*cxf - ((
a”4 - a"2xb~2)*dxf*x + (a”4 - a”2*%b"2)*kcxf)kcos(2*f*x + 2%e) "2 - 4*x((a”2*b
2 - bT4)*dxf*x + (a”2*%b"2 - b~4)*ckf)*cos(f*x + e)”2 - ((a™4 - a~2*b~2)*d
*f*xx + (2”4 - a~2%b"2)*c*xf)*sin(2%f*x + 2%e) "2 - 4*%((a~2%b"2 - b~4)*d*f*x
+ (a™2%b"2 - b~4)*c*f)*sin(f*x + e)~2 - 2x(a*b~3*d*sin(f*x + e) + (2”4 - a
“2xb"2) xdxf*x + (a4 - a"2*%b”2)*cxf + 2x((a"3*b - a*b”~3)*dxf*x + (a~3%b -
a*b~3) *cxf)*xcos(fxx + e))*cos(2*f*x + 2xe) - 4x((a"3*b - a*b~3)*d*f*x + (a
~3%b - axb"3)*ckf)*cos(f*x + e) - ((a”6 - a"4*b"2)*d"3*f*x"2 + 2*x(a"6 - a”
4xb"2) *c*d"2*f*xx + (2”6 — a"4*xb"2)*c”2*d*f + ((a”6 - a~4*xb”"2)*d"3*f*x"2 +
2%(a”6 - a~4xb"2)xcxd"2xf*x + (2”6 - a~4*b"2)*c”2xd*f)*cos(2*f*x + 2%e) "2
+ 4% ((a"4%b"2 - a™2*%b"4)*d"3*f*x"2 + 2% (a”4%b"2 - a~2*xb"4)*ckd"2xf*x + (a”
4¥b"2 - a~2*b~4)*xc”2xd*f)*cos(f*x + e)72 + ((a”6 - a~4*b~2)*d"3*f*x"2 + 2%
(a”6 - a~4xb~2)*kckd 2%xf*x + (2”6 - a~4*b~2)*c 2xd*f)*sin(2*xf*x + 2%e) "2 +
4x((a~b*b - a~3*b~3)*d"3*f*x"2 + 2%(a”5*b - a~3*%b"3)*ckd"2xf*x + (a~5*xb -
a~3%b"3) *c~2*d*f) *sin (2*%f*x + 2%e)*sin(f*x + e) + 4*x((a~4%b~2 - a~2%b~4)*d
“3%f*x72 + 2% (a”4%b"2 - a"2*xb"4)*cxd"2*fxx + (a"4*%b"2 - a”2xb"4)*cT2kd*f)*
sin(fxx + e)”2 + 2*((a"™6 - a~4*b~2)*d"3xf*x"2 + 2*%(a”"6 - a~4*b~2)*xcxd~2*xf*
x + (276 - a”4xb"2)*xc”2xd*f + 2% ((a”5%b - a”3*b"3)*d"3*f*x"2 + 2*(a”5*b -
a~3%b"3)*cxd"2xfxx + (a"5*%b - a”3*b"3)*c"2xd*f)*cos(f*x + e))*cos(2xf*xx +
2%e) + 4x((a"b*b - a~3*b"3)*d"3*f*x"2 + 2*x(a"5*b - a~3*b"3)*xckxd"2*f*xx +...

3.43.8 Giac [N/A]

Not integrable

Time = 3.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
(c+ dzx)2(a + bsec(e + fz))? do = / (dz + ¢)*(bsec (fz + €) + a)?

dz

dz

1
3.43. f (c+dz)2(a+bsec(e+fx))2



CHAPTER 3. LISTING OF INTEGRALS 292

input Lintegrate (1/(d*x+c) "2/ (a+tb*sec(f*x+e))~2,x, algorithm="giac")

output Lintegrate(l/((d*x + c)"2*x(b*sec(f*x + e) + a)~2), x)

3.43.9 Mupad [N/A]

Not integrable

Time = 17.96 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
dz = dz
| erararsmeerrmpte= | 2
(c+dz)?(a + bsec(e + fr)) <a+ cos(elji—fz)) (c+dz)?

input tint(l/((a + b/cos(e + f*x)) " 2x(c + d*x)~2),x)

output Lint(l/((a + b/cos(e + f*x))"2x(c + d*x)~2), x)

3.43. dz

1
f (c+dz)2 (a+bsec(e+fz))?
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3.44 [(c+ dx)™(a + bsec(e + fz))" dx

3.44.1 Optimalresult . . . . . . . . . .. . 293]
3.44.2 Mathematica [N/A] . . . . ... .. 293
3.44.3 Rubi [N/A] © .« o oo oot 092
3.44.4 Maple [N/A] (verified) . . . . . . . . ... 295
3.44.5 Fricas [N/A] . . . . o 295
3.44.6 Sympy [F(-1)] . . . . 2951
3.44.7 Maxima [N/A] . . . . . . . 296
3.44.8 Giac [N/A] . . . . o o 296
3.44.9 Mupad [N/A] . .o oot 296

3.44.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(c + dz)™(a + bsec(e + fz))" dz = Int((c + dz)™(a + bsec(e + fz))", x)

outputLUnintegrable((d*x+c)‘m*(a+b*sec(f*x+e))“n,x)

3.44.2 Mathematica [N/A]

Not integrable

Time = 2.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dx)™(a + bsec(e + fz))" dx = /(c + dx)™(a + bsec(e + fx))" dz

input

Integrate[(c + d*x) m*(a + b*Sec[e + f*x]) n,x]

N

output Integrate[(c + d*x)mx(a + bxSec[e + £*x]1)°n, x]

344.  [(c+dz)™(a+ bsec(e + fz))"dz




input

output

rule 3042

rule 4681
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3.44.3 Rubi [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/kc+dxwwa+bsaxe+fx»ndx
| 3042
/(c+dw)m <a+bcsc (e+f:c+ g))nd:c
| 4681

/(c + dx)™(a + bsec(e + fx))"dx

-

LInt[(c + d*x) "m*(a + b*Secl[e + f*x]) n,x]

L$Aborted

3.44.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)1*(b_.)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

344.  [(c+dz)™(a+ bsec(e + fz))"dz
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3.44.4 Maple [N/A] (verified)

Not integrable

Time = 0.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz +¢)™ (a+ bsec(fz +e€))" dz

input Lint ((d*x+c) “m* (a+b*sec(f*x+e)) “n,x)

output Lint ((d*x+c) “m* (a+b*sec(f*x+e)) "n,x)

-/

3.44.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fzr))"dz = / (dz +c)"(bsec (fr + €) +a)" dz

inputtintegrate((d*x+c)‘m*(a+b*sec(f*x+e))‘n,x, algorithm="fricas")

outputLintegral((d*x + c) "m*(b*sec(f*x + e) + a)"n, x)

3.44.6 Sympy [F(-1)]
Timed out.

/(c + dx)™(a + bsec(e + fx))" dr = Timed out

input Lintegrate ((d*x+c) **m* (a+b*sec (f*x+e) ) **n,x)

output LTimed out

344.  [(c+dz)™(a+ bsec(e + fz))"dz
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3.44.7 Maxima [N/A]

Not integrable

Time = 0.73 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fz))"dz = / (dz + )" (bsec(fr +e)+a)" dx

p
inputLintegrate((d*x+c)“m*(a+b*sec(f*x+e))“n,x, algorithm="maxima")

—

output Lintegrate((d*x + c)"mx(b*sec(f*x + e) + a)”n, x)

3.44.8 Giac [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fz))"dz = / (dz +c)"(bsec (fr + €) + a)" dz

input Lintegrate ((d*x+c) “m* (atb*sec(f*x+e)) "n,x, algorithm="giac")

-

output Lintegrate((d*x + c)"mx(b*sec(f*x + e) + a)”n, x)

3.44.9 Mupad [N/A]

Not integrable

Time = 14.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c +dz)™(a + bsec(e + fz))"dz = / (a + ng_f@)" (c+dz)"dx

input Lint((a + b/cos(e + f*x)) nx(c + d*x) m,x)

output Lint((a + b/cos(e + f*x)) nx(c + d*x)“m, x)

-/

344.  [(c+dz)™(a+ bsec(e + fz))"dz
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3.45 [(c+ dx)™(a + bsec(e + fz))dz

3.45.1 Optimal result . . . . . . .. . .. . . 297
3.45.2 Mathematica [N/A] . . . . . .. . . L 297
3453 Rubi [N/A] « . o oot oo e DAL
3.45.4 Maple [N/A] (verified) . . . . . . . . ... 299
3.45.5 Fricas [N/A] . . . . . 299
3.45.6 Sympy [N/A] . . . . 2991
3.45.7 Maxima [N/A] . . . . . . . 300
3.45.8 Giac [N/A] . . . . . o 300
3.45.9 Mupad [N/A] . . . o 300

3.45.1

Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + bsec(e + fz)) dxz = Int((c + dz)™(a + bsec(e + fx)), )

output LUnintegrable ((a*x+c) “m* (atbxsec(f*x+e)) ,x)

3.45.2

Mathematica [N/A]

Not integrable

Time = 0.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dx)™(a + bsec(e + fz)) dx = /(c + dx)™(a + bsec(e + fx))dz

input

N

Integrate[(c + d*x) m*(a + bxSec[e + f*x]),x]

output Integrate[(c + d*x)mx(a + bxSecle + £*x1), x]

3.45.

J(c+ dz)™(a+ bsec(e + fz)) dx




input

output

rule 3042

rule 4681
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3.45.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)™(a + bsec(e + fx)) dx
| 3042
/(c+ dz)™ (a+ bcsc (e + fx + g)) dx

l 4681

/(c + dx)™(a + bsec(e + fx))dx

-

LInt[(c + d*x) “m*(a + b*Sec[e + f*x]),x]

L$Aborted

3.45.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)1*(b_.)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

345.  [(c+dz)™(a+ bsec(e + fz))dz
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3.45.4 Maple [N/A] (verified)

Not integrable

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dx +c¢)" (a+bsec(fz+e))dzx

input Lint ((d*x+c) “m* (a+b*sec(f*x+e)) ,x)

output Lint ((d*x+c) “m* (a+b*sec (f*x+e)) ,x)

-/

3.45.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dx = / (bsec(fz+e) +a)(dz+c)" dx

inputtintegrate((d*x+c)‘m*(a+b*sec(f*x+e)),X, algorithm="fricas")

outputLintegral((b*sec(f*x + e) + a)x(d*x + c)"m, x)

3.45.6 Sympy [N/A]
Not integrable

Time = 4.68 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(c+ dz)™(a + bsec(e + fz)) dz = / (a+bsec(e+ fx)) (c+dx)™ dx

inputLintegrate((d*x+c)**m*(a+b*sec(f*x+e)),x)

outputtlntegral((a + bxsec(e + f*x))*(c + d*x)**m, Xx)

345.  [(c+dz)™(a+ bsec(e + fz))dz
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3.45.7 Maxima [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c +dz)™(a + bsec(e + fz))dz = / (bsec (fz +e€) +a)(dz +c)™ dx

inputLintegrate((d*x+c)‘m*(a+b*sec(f*x+e)),x, algorithm="maxima")

output‘ 2*¢b*integrate (((d*x + c) m*cos(2xf*x + 2%e)*cos(f*x + e) + (d*x + c) m*sin
‘ (2*f*x + 2%e)*sin(f*xx + e) + (d*x + c) mkcos(f*x + e))/(cos(2xf*xx + 2%e) "2
\ + sin(2kfxx + 2%e) "2 + 2xcos(2xfxx + 2*e) + 1), x) + (d*x + ¢c)"(m + 1)*a/
(@x(m + 1))

3.45.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dzx = / (bsec (fz+e) +a)(dz+c)" dx

input‘integrate((d*x+c)“m*(a+b*sec(f*x+e)),x, algorithm="giac")

.
output Lintegrate((b*sec(f*x + e) + a)x(d*x + c)"m, x)

~—

3.45.9 Mupad [N/A]

Not integrable

Time = 12.98 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

b

/(c+ dz)™(a + bsec(e + fz))dr = / <a + cos(et fa)

) (c+dz)™ do

-

input  int((a + b/cos(e + f*x))*(c + d*x) m,x)

N

output Lint((a + b/cos(e + f*x))*(c + d*x)"m, x)

345.  [(c+dz)™(a+ bsec(e + fz))dz
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c+dzx)™
3.46 f a—|—l()sec(e)—|—fx) dx

3.46.1 Optimalresult . . . . . . .. . ... ..
3.46.2 Mathematica [N/A] . . . . . .. ..
3.46.3 Rubi [N/A] « . o oot oo e
3.46.4 Maple [N/A] (verified) . . . . . . ... ...
3.46.5 Fricas [N/A] . . . . .
3.46.6 Sympy [N/A] . . . .
3.46.7 Maxima [N/A] . . . . . . .
3.46.8 Giac [N/A] . . . . . o e
3.46.9 Mupad [N/A] . . . .

3.46.1 Optimal result

Integrand size = 20, antiderivative size = 20

(c+ dx)™ B (c+ dx)™
/ a+ bsec(e + fx) do = Int(

a+ bsec(e + fz)’

)

301

202
303!
3041
204

output ‘ Unintegrable ((d*x+c) “m/(at+b*sec(f*x+e)),x)

3.46.2 Mathematica [N/A]

Not integrable

Time = 0.88 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dzx)™ _ (c+ dx)™
/ a+ bsec(e + fr) do = / a + bsec(e + fx)

dz

input LIntegrate[(c + d*x)"m/(a + b*Sec[e + f*x]),x]

~—

output‘ Integrate[(c + d*x)"m/(a + bxSec[e + f*x]), x]

(ct+dz)™
346. [ e 4T



input

output

rule 3042

rule 4681
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3.46.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+dx)™
/ a+ bsec(e + fzx) dz

l.3042

/ (c+dx)™ i
a+besc(e+ fz+7%)

l.4681

(c+dx)™
/ a+ bsec(e + fzx) de

~—

LInt[(c + d*x)"m/(a + b*Sec[e + f*x]),x]

e hY

$Aborted

3.46.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)1*(_.))"(a_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

(ct+dz)™
346. [ e 4T
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3.46.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz 4+ )™
/a—l—bsec(fx—l—e)dx

input Lint ((d*x+c) “m/ (a+bxsec (f*x+e)) ,x)

N _

output Lint ((d*x+c) “m/ (a+b*sec (f*x+e)) ,x)

3.46.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dzx)™ dp — (dz+c)™
a+bsecle+ fz) " ) bsec(fz+e)+a

input Lintegrate ((d*x+c) “m/ (atb*sec(f*x+e)) ,x, algorithm="fricas")

output Lintegral((d*x + c)"m/(b*sec(f*x + e) + a), x)

3.46.6 Sympy [N/A]

Not integrable

Time = 1.52 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(c+ dz)™ B (c+dx)™
/a+bsec(e+fx)dm_/a+bsec(€+f33)dx

input Lintegrate ((d*x+c)*+m/ (a+bksec (f*x+e)) ,x)

output LIntegral((c + d*x)**m/(a + bksec(e + f*x)), x)

(c+dz)™
346. [ e 4T
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3.46.7 Maxima [N/A]

Not integrable

Time = 0.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dzx)™ dp — (dz+c)™
a+bsecle+ fz) " ) bsec(fz+e)+a

inputLintegrate((d*x+c)“m/(a+b*sec(f*x+e)),x, algorithm="maxima")

output Lintegrate((d*x + c)"m/(bksec(f*x + e) + a), x)

3.46.8 Giac [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dz)™ B (dz 4+ )™
/(JL—I-bsec(e—i-fazc)dac_/bsec(fac-i—e)—i—adaC

inputLintegrate((d*x+c)‘m/(a+b*sec(f*x+e)),X, algorithm="giac")

outputtintegrate((d*x + c)"m/(bxsec(f*x + e) + a), x)

3.46.9 Mupad [N/A]

Not integrable
Time = 13.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+dx)™ da::/ (c+dx)™ i

a+ bsec(e + fz) @+ i

input Lint((c + d*x)"m/(a + b/cos(e + £*x)),x)

output Lint((c + d*x)"m/(a + b/cos(e + f*x)), x)

(c+dz)™
346. [ e 4T
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

305
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^m (a+b (e+f x))^n  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^m (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^m  a+b (e+f x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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